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preface 


This booh is designed so that it may he used 
m several ways: it can he used for self study, 
as a yuide for tutorially directed work , or as 
a supplementary text or source of problems for 
an ordinary first or second course »n number 
theory. The aim of the booh is similar to that 
of Auj-qaben tmef Ledrsaizc aus der Ana/ysis 
by Polya and S;ceyo . 

A considerable part of the work consists 
of sets of problems culmina+my in well known 
theorems. In this way much of the material of 
an elementary course in number theory is covered. 
Moreover, many theorems not often met in such 
elementary courses, but which require little or 
no yreater sophistication, are included. 

A larye part of the book may be read by a 
Student- with little or no colleye mathematics. 
In the earlier parts of the book such a student 
would only infrequently find it necessary to skip 
a problem because of its dependence on some 
Special mathematics not in his backyround. 



Later in the book, especially in the last half of xm 
and in xvi,xxi,xxiii,xxiv the reader will need a fairly 
good workmy knowledge of limiting processes as met 
in elementary and advanced calculus. Some chapters, 
such as vi, xv, and xix, are guite technical though not 
advanced so far as the mathematical techniques used 
are concerned. Most chapters are independent of 
one another and even a mathematical beginner 
should find it relatively easy to dip and choose 
at random. Nevertheless, each chapter is 
written with the thought that most readers 
will wish to work it through in detail. 

The solution section (pp is-356 s) is designed 
to serve two functions : the first is to complete 

the problem section in a way so as to make of 
the two sections together a self contained ex¬ 
position of the topics discussed; the second is to 
offer to the student wishing to work on his own an 
opportunity to (sparingly) use it for hints and 
ideas. This section should be well thumbed rather 
than well read. After saying this it should be added 
that many of the problems are of considerable 
difficulty and a reader unable to make any headway 




with a problem should not feel guilty about turning 
to the solutions for help. 

Appended to the tejet is a rather extended list 
of references, most of which have some direct bearing 
on at least one problem. rt must, however, be 
emphasised that the list is riot intended to be 
complete and contains only those references 
familar to the author and felt to be particularly 
relevant to the material presented. Turther 
references on virtually every topic may be found 
in the 9ctraordmarily useful compendium LeVegue 
£1974]. Symbols such as vii, vii zz , vii R appearing 
at the end of a reference indicate, respectively, 
the reference is a general one for much or all of 
chapter vii , is relevant to problem zz of chapter 
vii, or is mentioned in the remarks for chapter VII. 

Finally, a word concerning the format and 
style of the booh is in order. It has lony been the 
author’s opmi on that the format ofa mat hematics 
booh is of greater importance than is generally 
recognised ♦ Consequently, when the opportumtg 
arose to have the manuscript hand calligraphed it 
was decided to proceed with this even though it 



was necessary to be^in before the entire manuscript 
was completed. This has led to some stylistic 
disod vantages in the final t^ct. However, though 
their occurrence is rentable, the^ do not seem 
to be a serious deterrent to the general aims of 
the presentation. 

Though the author can make no claim to have 
written a book on a par with that bv^ Polina and 
fze^o, mentioned above,that work has consistsntlvj 
been considered as a model for excellence, it has 
been an inspiration from the be<pnn»n<^. 

Great thanks are due to Gre^ori^Maskarinec 
for undertaking the arduous task of callxyaphm^ 
the manuscript from a hand written manuscript 
of cjuite different appearance. Throughout,our 
working relation has been excellent and left nothing 
to be desired. Thanks also are due to mv^ mam^ 
students who, over the vpars, have worked through 
various versions of parts °f this material and to 
helpful colleagues for their criticisms . 

All comments from readers designed to help in the 
improvement of the work will be cpatefull^ received. 

Joe Roberts 


Portland, Oregon 197 s 



Special Symbols and where 

1 # used or defined. 

* 

1 

*n * * 

(07 

(a,6). 

2 

BA2 

(12 

X (number) • 

2 

V(«) * 

1(8 

U n • 

6 

C(t) • • 

126 

X' 

* 


132 

T n * • 

22 

P«6 * 

142 

M • 

*7 

NjOO • 

149 

00 • 

25 

T n IX) ♦ 

156 

A<«) . 

28 

V(n) * 

159,246 

S(«) • 

28 

* * 

168 

H>(n) • 

SC 
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169 

tf(n) . 

sc 

/V(oO,T(o<) . 

169 

t'(n) . 

so 

x,c,i 

(70 
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55 
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186 

H (n) . 

56 

<Y , anr . 

(92 

cr°(n) . 

57 

(?) • • 

197 

a | B • 

5$ 

(m) * 

204 

XCn) • 

£2 

S(^nTr • 

207 

Fi$(modp) . 


T e a, • 

207 

F-G(modp) • 

66 

P(a),P m (a) 

2(1 


88 

W.HWt) 

211 

E(X«,— ; X n ) * 

94 

M n • 

223 

ptn.^rn (««")* 

97 

XrOO * 

236 


98 

''•NJ* * * 

237 

C^ot***! 

98 

0(f(X)) ♦ 

249 

scf 

102 

<(s) • 

256 

SAl 

106 

X • 

261,262 








Other notations used in the t^<t. 

Tor integers: 

a 1 6 means there is an integer c such 
that £*a*c ; 

fls 6 (mod m) means m | a - £ ; 
n! s 1*2 *3.n ; o! = i ; 

(s) r (»-t"U! » oiSsa-, 

H is the set of positive integers • 

<jcd stands for "greatest common 
divisor ” *, 

[u,v] is the least common multiple 
of u and v * 

LHS (RHS) left (ri<^ht) hand side . 
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I The Game of Euclid er the Euclidean Algorithm 


Consider the sequence of sets (duplicate 
elements are permitted ) : 

{IS, 35 }-4 {43,Sj] ->{ 8 ,3J ] ->•{ 8 , U } -4 
{8,3 3-^fi,3 5-4{2,l]^{0,i] . 

Each set in the sequence mag be obtained 
from the preceding one bg subtracting some 
positive integral multiple of one of i+s elements 
from the other. When a set [ a, S j of non~ 
negative integers arises m this wag from another 
such set [m,n^ we sag it is a derweefsei' of 
As sequence of sets, li he the above, »n 
which each set is a derived set of thepreceding 
set and in which the last set contains a xero 
will be called a cCervvecf sequence. 

if {a, £ ] is a derived set of [m,n j with 
least value for a+£ we call it a mimmaCdCvrivu£ 
set of In the above sequence [43,35] 



2 


is not a minimal derived set of [ 78 , 3 sj while 
{2,3] is a minimal derived set of [ 8 ,3] .The 


passage from ang set to a derived set is called 
a move and a move to a set one element of 


which is O is called a winning move. 
Throughout, all integers are to be non* negative 
and m<n . “Further, V = - • 


1. Noting that Jm,n^ * [n,m] forallm,n 
we see that : 

i) £m,nj has t derived sets, where t is the 
largestpositivemtegerforwhichtm^n is true; 

w) £m,n] has exactlg one minimal derived 
set,which is [m,n-tm] ,wheret is as in (i)) 
w) if f a, 6 ] is a derived set of [m,nj then 
the greatest common divisor of a and & is 
egual to the greatest common divisor of m 
and n ; in sgmbols, (a, 6 ) = (m,n) j 



iv) every derived sequence starting with 
[m,n] ends with fo, (m,n) ] . 


2. if two players, sag A and B, start with 
[m,n] and alternately make the moves of 
a derived sequence } A moving first and each 
desiring to make the winning move of the 
sequence then we call the play resulting ‘the 
game of Euclid The following assertions 
are true of this game : 

i) if at any stage of the game a set occurs 
in which one element is a positive integral 
multiple of the other then theplayer ne*+ to move 
can win by moving to the minimal derived set) 
u) it is not always to a player’s advantage 
to move to a minimal derived set j 
Hi) tf there is a winning strategy for A then at 
each play he must select one or the other of: 
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the minimal derived set, or, the derived set whose 
onlvj derived set is the minimal derived set • 
i v) when there is a unique move 

from (a,m^ and that is to a set [r,m^ where 


m 


>r. 


3. i) The plavjer moving first in the (jame 
of Euclid ,starting from jm,n^ ,o<m<n,can 
force a win for himself if and onlij i f ■ > Z ; 

n) when a ejame starts with then 

placer A mavj force a win if 1 or ^->t: 
while if neither of these is trueplaijerBmaij 
force a win . 


4. An efficient method of computing the ^reat* 
est common divisor (hereafter denoted ^cd)of 
two positive integers a and 6 is to compute a 
derived sequence be^mnin^ with and in which 

each other element of the sequence is the minimal 



I 
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dknvcd set of the preceding one.Thus if a, >B 
and a*f|£+'r ) o<r<6, where cj and r are 
integers ,the first move would he {a, 

Putting a*r*, 6*r, ,cj *<j 0 , r = r 2 ,etc. one 
finds the ged of a and 9 is r n when 
r 0 s cj„r 2 t r 2 0 < r 2 < r t 

r 2 s ^r 2 + r 3 0 < r 3 <r 2 

r * s qgTTj0< r 4 <r 3 


T n - 2 = ^n-2 r n-i+nt 0 < r n<^«-1 

r n-i s <Jn*i r n + 0 

This process is called the EucCtdcan ACyoriifim . 
In theprocess the ged of the starting numbers 
is the last non~zero “ remainder ”. 


5. Using the Euclidean algorithm it is not hard 
to see that given ang positive integers a and 6 
there exist positive integers * and \j for which 
(a,6) = a*~9y . 
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We call expressions like ax - btj or ax + 6tj 
Cmear comQmat tons of a and £ . 


6. 1+ is interesting ho ask Wow efficient the 
Euclidean algorithm is for the determination of 
the ^cd of two numbers. Information about 
this question is c^tven in a theorem dueto Lame. 
To prove the theorem we wil) make use of the 
Fibonacci sequence u 0 ,u,,u 2 , defined bi^: 

U e = u,* l , 

w n «* w n+l +u n forn>o. 
t) For ns l, u 5n+1 >io n , so u* n+1 has 
at least n +1 base to dibits • 

it) if n steps are used in the Euclidean 
algorithm determining the <jcd of r 0 andr t) 
r 0 >r 1 >o,usin^ r t as the first divisor,then 

> 1 / * 





I 


7 


Hi) (Lame [i 544 ]) the number of divisions 
needed bgthe Euclidean algorithm in finding 
the ged of two numbers does not exceed five 
times the number of base 10 dibits in the 
smaller of the two numbers } 
vo) the maximum number of divisions 
allowed bg (tw) is actually used in computing 
the ged’s of (8,13), ( 89 , m), ( 987 , i? 97 ) bg 
the Euclidean algorithm*, note that all 
numbers involved are in the Tibonaca sequence; 

v) if the Euclidean algorithm in computing 
the ged of a and S ; a >6 , 6 having t base 
10 digits, takes st steps then the number of 
base 10 diqits of u« f is £ t ; 

Vi) I |< ifr; 


v ») u n+J > 10 u n for n> 4 ; 
vwt) for t 24 , u 5 t >io* and , therefore, 
u st has more than t base 10 digits • 
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ax) the Euclidean algorithm when 
to two numbers the smaller of which has at 
least h base i© dibits never tabes as man\j 
dtvistons as allowed b\j Lame’s Theorem j 
i.e. Lame’s theorem is not u best possi ble ” 
when applied to numbers the smaller of 
which is 5 to 3 . 



ternaries. 

The <^ame of Euclid is due to Cole er Davie [ I9fe9] 
and has been further analysed bij Spit;enacjel 
[ 1973] . The theorem of Lame was first proved bvj 
him in 1844. The result in y fe(ix) isf»r from the 
best known result of this kind .The interested 
reader mi^ht consult Dubiscb [ 1949 ], Dixon 
[l9Ti] , Brown [i96i] ,or Plankensteiner [ 1970“] 
for further information and references. 



H The Golden Mean 


The point C divides r~ r — j. ———j 

a line segment AB into “ extreme and mean 
ratio” (Euclid ,Boofc iv,“Definition 3 ) when 


m _ m+r 
r “ m • 


Such a division of a line segment is sometimes 
called a gofefen section or a goCcfencui.The 
ratio F-f or such a division is called the yoCdCw 
mean or the go Cden ratio. A rectangle whose 
sides are in this ratio is a goCfen rectanyCe. 
In the following we again use Z for the 
irrational number and use “C'for i+s 
“ conjugate’’ - . 


1. if o<r<m and I2 ^ 21 then . 


2. r 2 si+r , r _1 = r-i, and -V. 




to 


3. if r and m arc posi+ivc numbers with 
then Z lies strictlg between -pr- 
and J! ^ 2 -. Further, no other number shares 
this property with Z ) even if r and m are 
cons+rained to be integers. 


4. Consider the sequence 

m-t-r tmtr 3 m + zr sm+3r 
) m+r f zm+r > 3 tn+ 2 r > 


m _ 

r ) m 


where each term has a numerator which isthe 
sum of the previous numerator and denominator 
and has a denominator which is the previous 
numerator . 

») if C = mtn^r ,mj ,i.e. C*r if r6m and 
C = m if m < r ^then the numerator of the 
term is 2 nC and,therefore, when r and m 
are positive both numerator and denominator 
increase without bound ) 

») given 3 consecutive terms of the sequence, 






IT 


II 


savj -f, , y, it is true that 

acf-£c = -(cf-cfe) j 

”0 if oc s)rn 1 -rrir-r i [ then the sequence 
of moduli of the successive differences in 
the <^iven sequence is 

oc o( _ & _ 0 

mr > tn(rn + r)) (m + r)(;m+r) ) *** j 


<v) the secjuence converges to X 


5. Consider the sequence of *h in the 


special 


case m ® r * a : 

1 1 J. X 1 _!1 
1 ) 1 j 2 ) 3 > 5 ) 8 ; 


the sequence i , l, e, 3,5, a, ••• of 
denominators is the Fibonacci sequence 
and is denoted bvj (seeT*s). 

♦) tm«*w n+1 +M n forn^o j 
*) (u n+1 ,u n )®i for n^o 5 

«) ^n Z -^n-i^n + i* (* 0” fOr TV 2 1 5 

w) w n 2n •, 




12 


V) 


U 


t 14 1 „ T ^ 

U n ^ < Uy* ’ 


V) ^ 


►'C as n—»©o . 


S, i-a) r ■ u n . 1 + iA n T forn^i j 
6) (-i) n r (n+1 *for nsi ; 
tY) (Binct »S43) 

Un s vT( t n+1 -t: ,n41 ] for ns o. 




c « 

V ^ 

A \ 

6. 

X v 

lA 

m 

B 


T. Considerthetriangle 
inscribed in a rectangle 
os shown. 

i) if the triangles A,B, C 
are egual in area then P and (X cut their 
respective sides in the golden ratio; 
u) if ,in addition, a = 9 then the large 
rectangle is golden. 

8. The diagonal of a regular pentagon with 
side i-ist . 





9. The lengths of the 
segments of the dork 
zigzag line in the 
“star-pentagram” 
are as indicated, further, 
the process mag be continued mdefmitdg both 
in the inward and outward directions. The 
diagonal of the large pentagon is of length t 3 . 

10. One mag cut a sguare into four pieces, as 
indicated, in such a wag 
that the fourpieces mag 
be reassembled into a 
non-sguare rectangle. 

11. (Schlcgel) Attempting to carrg out the 
decomposition of *io with 
dimensions as shown at the 
right leads to a surprising 
result when one constructs a model . 









I<+ 


12 . i) Z m 1 + s 1 + ~ X g 1 t l j l 


1 +- 


andthe“yieces”of the- limiting “ continued 
fraction ” i + - - jj 


arc 


i + 


1, l+± = 2, 1 + 


l t 

1_3_ 


14 




2 > 


1 + 


14 —V- 

1 + 4 - 


_ 5 _ 

“ 3 > 


with the general one bem<^ 


Utt»l 

Un 


u) it 15 entire-l^ reasonable- to write- 

r= u u =r=r~ 


11 


it- 


13. Tor mil ,n>i : 

^tn+n s ^tn-i^n-l ) 

m) u n . t divides u nm . t ; 

^0 ( ^n-i > ^m-i) “ - 1 * 


m. Usin<j matrix multiplication one has 
( 1 l \ n - (Un U n-i \ r 

Vio) ■Vu n . 1 u n . 8 )^ n «- 






IT 


15 


15 . Let A n be the set of all those subsets 
of £ l, 1 , • • •, n ^ containing no pair of* 
consecutive integers. “Further, let g(n) be 
the cardinality of A n and let j '(n, k) be 
the number of dements in A n having exactly 
H elements. Then 

t) g(n) * <j(n-i) + g(n-2) forn>z * 

<0 g(n) = u n+l for mi ) 
m) the number of strings of 6 i’s and 
n-£ o’s in which no two i’s are consecutive 
is just f(n, (z) 3 

w) the number of ways of placing k i’s 
into rt-k+i boxes so that no box has more 
than l element is exactly j(n,k) ; 

v) f (n, k ) * £ n 'j ?'* 1 ^whene£<n,+i 
and is 0 otherwise 3 
vt) setting (\) = o when s < t we have 
u »=^*( n ft 6 ), fornil. 






I6 


vti) the sums m the 
indicated slant rows of 
Pascal’s triangle are 
consecutive terms of 
fheTibonacci sequence. 



16 . Let *U be the power senes 
1 + ?c+2X 2 +3;c 3 +S?e%8?c 5 +i3V 6 +--- 


Then; 

i) *11 converges to i- *- x * f or 1*1 

"\ l l C r s. 7 

w ) l- x-x 4 = r-s I l-rx ” l- sxj > 

where r+s=i=-rs ; 
li'i) “from one sees 

_L_C~n+i r /n+i 1 , 

u n s v^Tt r " r j > 

(comparewith 


VO) ^^«1.0I0103050S132I3H559-; 
V) l+2 + 3 + - + U n :M nn '2. 
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Jlemar les. 

i. The Tibonacci sequence seems to have 
originated in connection with The famous 
rabbit problem posed bvj Leonardo of Pisa 
(“Fibonacci) »n <202. One phrasing of the 
problem is as follows . 

One places a pair of rabbits »n a 
confined area. Wow mamj pairs 
of rabbits can be produced in a year 
if everij month each pair begets a 
new pair which from the second 
month itself becomes productive 


It will be noted that the sequence of numbers 
obtained for the numbers of pairs of rabbits 
at the ends of consecutive months is just the 
Pibonacci sequence . 


2. The Pythagoreans were 
so Taken bvjthe properties of 

the star-pentagram ( see e.<^ r 9) that thevj 
used it as a symbol ofrecognition and 
brotherhood . In his booh Science Awahemnej 
[ 1954 p. 101 ] van der Waerden tells a charming 
storij ofthis . 

3. The “paradoxical ” decomposition of* 
*n seems to cjo bach to Schiedel [ises] . 

See also Coxeter [ 1 ^ 53 ] . 


4 . The freejuent occurrence, in a wide varie+ij 
of settings , of the golden mean and the Fibonacci 
numbers has lead in recent ijears to a new 
mathematics journal ,The FibonacciQ.uarterhj. 
Besides this journal the interested reader 



rru^ht consult anvj ofthe following for 
further information : Co voter £>953] , 
Gardner ,Pacioli [iso^rejprint i^Sfc] 

Muntlev^ p<)7o] , Archibald [i^is] 
thom-pson [ 1 ^ 52 ] . 


J 



m Prime Factorisations e?-Primes 


A positive integer n which satisfies 
an equation n = ab } where a and 6 are 
integers larger than 1 f is called a composite 
integer, if n is neither composite nor 
equal to i it is called prime . 


1 . Everg integer larger than i has at least 
one prime divisor. (This prime divisor mag 
be the number itself.) 


2. Each integer larger than 1 is either prime 
or a product of two or more primes j i.e.each 
integer largerthan i has a prime factorisation. 


3. if a primenumber divides a product of 
two integers then that prime must divide 
one or the other of the two integers. 


4 . The prime factorixation of an integer 
larger than i is unique except for the order 
in which the factors occur. 


5. Given any integer n there is a prime factor 
of i + n! exceeding n. Therefore there are 
infinitely many primes. 


6 . The last conclusion of *5 also follows 
from observing that every prime factor of 
i + pi •••p fe , where each of p„--,p fc is prime, 
differs from each of p t /*-,p &. (This proof 
was yiven by Euclid in his Elements.) 

7. Given a positive integer k £ 2 there exists 
a string of £ consecutive composite integers. 


8 . if pi,***,pfc is any finite collection of primes 
the number 4p t ••♦pg- 1 contains aprimefactor 
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of the form ^£ + 3 and This prime differs 
from each of p t , • *• ,p &. Therefore, there 
are infinitely man^ 4&+3 primes. 

9. let Fn = 2 + i for .These 

numbers are called Fermat numbers . 
t) The base to unit’s diyit of is 7 * 

ti) if 2 W + 1 is prime then m is a power 
of 2 ] i.e. 2 m + i is a Termat number whenever 
1 + is a prime ; 

ni) though Termat thought all f n to be 
prime this is not the case s»nce ; as Euler 
first observed , 641 is a prime divisor 

of h ; 

iV ' a) cX.Jn = F m - 2 

6) (F„,r-ml* 1 for n; 

v) (w-6) implies the infinitude of the 
number of primes. 



10. No integral polynomial has only prime 
values for all sufficiently larye integers. (By 
“wteyral polynomial” we mean a polynomial 
with inteyer coefficients.) 


H. (luthar) Write x n = p t t-'* + p„ f 
n > 1 } where p^ is the prime number. 
0 p n+1 >2n-M for ni4 ; 

u) X „ > n 2 for n 5 1 ; 

l “) Pn..‘ 2 ( n + l «V> implies 

а) a > o ; 

б) p n .j ^ 2 (ntfe) - (2 j+ 1 ) for 

0£j<n ; 
c) x n < (n + le ) 2 ; 
w) (n+k) 2 £ x n < (ntle+i) 2 implies 

Pn +1 >2(ntfe)+i ; 

v) for n * i there is a square strictly 

between x n and Xn+i ♦ 




\ 2 . ( 
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Grimm} 7©r each (e, 2 s £ s n , put 
£ if -§-< dsn and 6 is prime • 
ang prime factor of ^ + i otherwise. 


i) <j*|n! + 6 j 

«) j , 2f jVn, implies j*C j 

w) <j t , ••*,<!„ are pairwise distinct j 
w) it is possible “to select n-i pairwise 
distinct prime divisors, one from each of 
nUi, ♦** ,n! + n . 


Bernards. 

l. Results such as the one proved in # 8 are 
verg special cases of a general theorem of 
Dmchlet to the effect that everg arithmetic 
progression a, a + b ; a + 2 b , a + 3b, for 
which (a,b)*l contains mfmitelg mang 
primes ( see XXiv ) . 



B 


IS 


2 . The onlij known prime J n ( see * 9 ) are 
those with n*o,i,2,3,4. There ore 38 values 
ofn for which F n is known to he composite. 
These ore: 5 through 16, is, 19 , 23,36,38,39, 
55, 58,63,73,77, 61,117, I2S, 144,150,207, 226, 
226,260,267, 268,264,316, 452,194 ST. The 
number J n has more than 30000 dtp+sandits 
character is not known. Until vervj recently 
(1971) Y 1 was known to he composite hut its 
“factorisation was not known. In 1971 this 
number was factored bvj Morrison and 
Brillhart and it was found that f 7 s 
340 262 366 920 938 463 463 374 607 431 768 211 457 
y(59 649 589 *27 497217)(5704 689 200 68S 129 054721). 
The number of dibits in J ^ 45 exceeds io 582 but 
nevertheless it is known that 5 * 2 l9,f7 + 1 is its 
smallest prime divisor, Turther information 
about Fermat primes mavj bef>und in xix .The 
interested reader mi^htalso consult Sierpinski [i 964 a,b]. 




3. Despite the truth of the result in *\o it 
has recently been proved, as a consequence 
of Matyasevich’s solution of Hilbert’s 
Tenth Problem,that there do exist integral 
polynomials whosepos litre ranye consists 
precisely of the prime numbers . ( See 
Davis [1973].) 


4. Problems # 11,12 are due,respectively, 
to Lutbar [ 1069] , and Grimm [ . 

Tor related work to *12 see Just [1972] and 
CijsouWjTijdeman 0472] . 



iv Square Brackets 


The largest integer not exceeding x is 
denoted b\j [x].Thus [tt] = 3, [4-] = o,[- it]=- 4, 
ate. This function appears in a number of 
diverse settings. In this chapter we set forth 
a number of its properties as well as use it in 
expressions for various other number theoretic 
functions. Throughout the chapter weuse 
m ,n, 6 for integers and a and p for 
arbitrary real numbers . 

1. Oi - i < [cx] £o< and [<x] < oc < [<*]+ l. 

2. [ cx + n”) s [ a] + n . 

3. , n>o . 


*• im-i*) 




n > o. 




5. No integer is closer to « than [a + -f] . 

6. -[-a] is the smallest integer not less than a. 


t. [a] + [Ji] *[«+p]s [«]+[£]♦!. 

8. [cx+ji]+[«3 + [jJls[20(] + [2p] . 
■for ooo ) p>o. 


to. When o<^sa , [-f-] is thenumberof 
positive integral multiples of 6 not e^ceedtneja. 


it. When oc>p , fa']-[p] is the number 
of integers m satisfvpn^ p < m s cx . 



if a is an tn+e^er *, 
otherwise. 



IV 




»s. [a] - *[-^1 15 w+hcr o or 1 . 

"*• [-?-]-1--fl s n - 

15. Iim s ot . 

n-*oo ri 

•*• [ ] *[ fel] f» r «*<>. 

iz [a]+[o<+-k]+[o<+£]+-"'*[o<+ ! ^ 1 ] ! [na]. 

»• m 

»9. [ m«]+[mcx+f-] + **‘ + [moi+^ : ^] 
r[ncx ] + [na+$]+**’ + [no+ • 


20. VOlxr> n ar><d m arc of opposite pantvj 
(\ -J n *3+tmxl 1 n-\ \[ m-i\ 




2 . 1 . [r 2 n] Z [r [tn] + 1 ] , when Z = . 

ii. (skolem) [V^[(i + vr) n+- r]]=[(i + v^)n]. 

»• U n" + ) ^here W n »S 

the- n+i^ Fibonacci number . 


24. if p is a prime number then the Highest 
power of p »n n\ is [ p"] 4 [pr] + [^V] + ** 4 • 


Z5. Problem *24 mavj be used to show : 
l) (yn) »s on integer ) 

»> 15 an ,nt4 5 sr 5 

tf)(Ca+cilan) d.v.des (*£)(«") • 

OO 

26 . n is aprimc if cmdonlij 'f J.UmH m*])' 2 - 


27 . (P.Alcjee) The number of primes not 

" 15 nl 2 [ J t VW1 ] ‘ 



tv 
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f © for x irrationalj 

36. Itm rcos i tnlTTx] * < r . 

w "*°° ( i yor x rational. 


if AT is the number ofsolutions ofthe 
system xvjsn, o<x, o < y , then 

hi ♦»]♦“•♦[«] 

30 . Tor £ odd there is an integer ^ such 
that : 

i) osx-£<j<-| if and only if is even • 
ti) x-£<j<0 if and only if is odd . 

31 . i) \\ [^] = > where 

cfs (a,6) • 

u) (Eisenstem) 

6-1 

c r*ni r rirn _ (a-i)(6-a) 

nTl L S J + Ai L « J - ■* ) 

when a and £ are relatively prime odd 
positive integers. 





32. let (a, 6 ) s 1 and suppose £y 0 * l. 
Further, consider the equation 
M ax t fiy * £ • 

A pair of integers x,y satisfying (x) is 
called a sofutwm of the equation and if, in 
addition,both x and vj are non*negative, 
we call x,y a non - negative 5 ofi<£ton . 

i) if x ,y is a solution of (*)then 
there is an integer t such that 
X = £x 0 + , 

y=£y 0 -at 3 

u) the number of non*negative solutions 
of (*) wyv«nl»j H= 1+ [% !L ]+[-^ 2 -] ; 

m) for £ > o, {*■) has no non*negative 
solutions precisely when there exist r,s, 
osr<S,oss<a such that 
fc=artfis-a 6 3 


vi) (%) always has a non-negative solution 
when k>ab-a-b but does not have a non- 
negative solution when k=ab-a-b • 

v) for exactly (a ' n 2 ( ^' - positive values of 
|e does (?K) fail to have a non -negative 

solution. 


Remarks . 

l. There is a wide literature on sojuare 
brackets . The interested reader mi^ht 
consult the following :Bcm<^ [1957]; Beatty 
[ 1937] Coxeter [1953]*, Traenkel [ 1969 ] • 
Fraenkel, Levitt, shimshoni [1972]; Graham, 
Pollack [1970] 5 Graham[i 973 ] * Skolem 
[ 1957 ] ; Watson [ 1956 ]. 
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2. The result m *32 (tv) <joes back to Frobemus 
and Schur. Similar results have beer* sought jor 
the general linear forms 

a,x,t** • + Xfe - n 

but even for k*3 the general solution is not 
known. Tor an introduction to the literature 
the reader mi^bt consult Braucr,shocMeij[i9&2]^ 
Erdos, (orabam [i97i] ) Hofmester [i9&fc], tewin 
[1972,1973] , Roberts [l95fc], Bateman [ 1958] , 
and Note 14 bvj skolem in Netto [ 1927 ] . 



v Kronecher theorems 


Tor x a real number wewn+t (x) for the 
jracticnaCjiart of X ) • ♦£-. (x) - X "[*1 • 

1. let a be irrational and put P n = (n ex ) . 

Then: 

i) O < Pn 5 VI s l f 2, ^ • ) 

ii) P n * Pm for n4m *, 

w) qiven £ > o there are positive integers 
n and r such that | P n -P n +r|< £ > 
tv) qiven £>o there is an v such that 
P r < e or i ~ e < P r ^ 
v)(Kronecber’s one dimensional theorem) 
\s dense in the open unit interval. 

2. Define the mapping f of the plane into 
the unit square bq f (x ) = ((%) ,(tj)) ♦ 
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■Further, suppose ©<,j3 irrational and 
P n s^(no<,nj3), n« i, 2 ,***. Write PQ,for 
the vector from P to and | PC^ | for the 
length of this vector. 

Then ; 

i) Pn*P r n for n ^ m ; 

«) »f P m Q, = P n Pn + r+hen/(CV)-P m+ r ) 
tii) if PiQ^-mP, p 1+r + nP t P, +5 then 

l+mr+ns ] 

tv) if PjPj+r and P t P„s are not parallel 
and L is the greatest of their lengths then 
everg point ofthe unit sejuare is within C of 
some point of the form P i+mr+ns , where m 
and n are non-negative integers . 


3. let P,,teas in *2 and suppose 
that the onlg triple of integers r,s,t 
for which ra + sj3 +1 * O is 0,0,0 * 


».e. arc, rationaffg mcfcpencfent'. 

Then : 

i) a and p arc, irrational ; 

ii) given e > o, there, are integers n and r 

such that |P n P n+r | < e j 
w)for o<e< mtn[(cx),i-(oO,(p), i-(p)} 
and n,r as in (it) the vector Pj J? +r equals J£ +r • 

tv) ^or e as in (ui) there are mfinitelg mcmg 
positive integers r such that | P t P 1+r | < e ) 

v) it is not possible that mfinrhelg mang 
of the vectors P^+r appearing in (w) be 

parallel j 

vi) ( Kronecher’s two dimensional theorem) 
[ Pi )^,***] ,s in the unit square. 


Remark. 

Tor expositions of the theorems in th is 
chapter see Niven [i^&s] and Hardg and Wright 

[ 1 ^ 62 ] . 






vi Beatty, 5taolem Theorems 

Let S(o<) be the sequence [oi] ,[2o0,[3o0,“* 
and let A (a) be the set of distinct dements 
of 5(a). (In the following we use Z for the 
set of positive integers and,as before, Z 
for . ) Then ( for ^ positive ) : 

1. A(o0 is precisely the set of non-negative 

integers when o<cx< l . 

2 . A(oOOA(p) = ^ implies ooi and ji> t . 

3. A(«)SA(|-). 


4. A(i + Vz)i A(v/e). 


5. A(a)nA((J) is an infinite set when both 
o< and p are rational . 




VI 
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6. (Beattg> if o< is positive ond irrational 
and -5^ + -^ =1 then everij positive integer is in 
ejeac'hvj one of S(o<), S(p) and these sequences 
have no duplicate terms . 


7. A(V5) 0 A(z+ Vi ) s $ and 

A(VI)UA(2 + V2)= 2 . 

8. A(r)ftA(r z )*4 and 

A(r)uA(r^ri . 


9 . (sholem) The three sequences (n > 1) 

{[tltnH], {[z'n]} 


are mutually disjoint and their union is Z 



10 . if A 0 =A('C)and A m+1 * {[r 2 n] | neA m *J 
for m>o, then the A^ are disjoint in pairs 
and their union is Z . 





h. if oc is positive and irrational and 
h + f * 1 and if A c * A (op , A m+1 s [[pn] |n€,A m ] 
for m 2 o,then the A^ are disjoint m pairs 
and their union is 2 . 


12. if A(a)OA(p) is finite and A(oOuA(p)*l 

JL + _L 

a* p 


then-ir+4- = l. 


12. A(a)fiA(p) non*emptij and finite is 
incompatible with A(o<) U A(p) = 2 » 

14. (Ban<p A neccessarvj and sufficient 
condition for S(a\S(p)tobe complementary 
(i.e. A(a)0 A(p)s f A(©0u A(p) = 2 ) is 
that a and p be positive irrational numbers 

such that-^- + ys i. 





m 


15. (Uspensky)Anm+crcs+mc^ result alon<j 
the lines of *6 and *9 is the following 
theorem proved bg Uspenskg in 1927 . 
There do not exist 3 or more numbers 
«i,•**,«« suchthat 5(cx t ),S(cx„) 
are non~emptg disjoint sequences 
which taken together contain each 
positive integer precisely once. 

We prove this following Graham p963]. In 
fact we shall assume; n>3, a t < •••<o< n and 
S(o<i), • S (o^n) are non-emptvj disjoint 


sets exhaustina the int 


egers 


without 


duplication and shall show that this leads 
to a contradiction.Throughout ) m is the 
least positive integer not in S(ociJ . 

i) i + d where o<d<i 5 

ii) S («0 does not miss ang pair of 

consecutive integers} 
tit) (tn-i)c 5 <i^ m<5 • 





iv) m is the first element of $(& z ) and 

ocj = m+e , of £< i j 

v) »f x 15 a positive integer not m 5(a,) 
the next posrhve integer not in S(oc t ) is 

other x + mor x + m+i ; 

vi) the next element often [noi^inS^) 
is either [naj+m or [naj + rn + i 5 

vii) the positive integer missing from 

S(ocj) is the element m S(oc 2 ^ ) 

vvii)the assumption is false . 


16. Let o< and p he positive irrational 
numbers and suppose a, h,c are integers 
such that -§-+-£-= c * i, a >o, (a,6,c)= l. 
Further, let cT=(a,h) 
and denote the shaded 
rectangle in the diagram 
bg S . 
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i) if &<© and c»0 then A(o<)0 ; 

w) if 9< o then ax+ 6ij = at 6 passes through S j 
vw) if £>o and cm then ax+ fivj * a+ £ - i 
passes through 5. 

17. Let j3,a,£,c,cf, S be as in *16. Then t 
i) there are integers u and v such that 

a(u*4) = -&(v+f) ; 

«).f w„*^f( u ^)-[Y(u + 4)l, 

=-!■«„, tj n s—^-w n th«n ^ «,,«!,•••^ is 
dense in [o,i] while the points (x n ,ij n ) are 
dense on the line segment’ joining (o,o) to 

(■frlr); 

w) if c # o and is a fixed integer there 
are integers tjS^u^Vt such that cCt + sc = ^ 
and au t tbv i =cft ; 

’f ^nm s x n t W 1 1 ^ J 
^nm s tjn- J2 ^'tv l + then 
is always a point on the line ax46ys<j', 




V) the points (x nm ,i|nm) W dense on 
ax+£y»y 5 

vi) ifeither £<o,c*o or £>o, c>l then 
there are infinitely many points (x W n,y»4 

in S j 

vu) if £ < o or if £ > o, c > l then 
A(oOOA(p)*<t> . 

18. if ^ i oT >"p are rationally independent 
(i.e. if there does not exist a triple cijfijC 
of mteyers not all *ero such that 
a+ £-^+c-pr= o ) 
then A(cx)oA(p) t <|> . 


19. (sholem) If 0< and p are positive irrational 
numbers then A(©0 0 A(j3) s <J> if and only if 
there are positive inteyers a and £ such 
+Kat + y * 1. 


VI 


to. (Sholem) This special case of Uspensky’s 
theorem (see*is) was proved by skolem [ t^57] . 

There do not exist positive irrational numbers 
«, p,tf such that A (a), A(j3), A(JT) are 
pairwise disjoint. 

zi. (Sany) rf & and p are positive irrational 
numbers then A(a) 0 A(p) # § if and only if 
the line segment joimny (a,o) and ( o,p) 
passes through a lattice point. 

Remarks. 

The material of this chapter is drawn primarily 
from Sbolem [i<957] ,Bany [i957],and Graham 
[wi ]. The interested reader miyhtalso consult 
NJiven [ i9feV) , Connell [ i^5<^, 1 ^ 60 ], Uspensky 
[ 1 ^ 27 ] , Graham [ins] and the references yiven 
in the remark at the end of IV . 

For * 10,11 see Roberts [ i<m]. 






VII the Game of \V\pt-hoff 


Consider the sequence of sets ( duplicate 
elements are permitted ) : 

{ 75, 3s]—^70,35]-*{70, 15 ]—>^yo,s] 

Each dement in the sequence mcnj be obtained 
jrom the preceding one b^ subtracting a 
positive integer from one or the other of the 
two elements or bv^ subtracting one and the 
same positive integer from each of the two 
elements. When a set [a_,6j of non-negative 
integers arises from a set fn/nfnone of these 
three waijs we sai^ f a, 6 ^ is a cUrivccfstfr 
of A sequence of sets , as above, 

in which each set is a derived set of the 
preceding set and which ends with { 0 , 0 ] 

is called a derived"sequence • the passage 



*7 


from any set to a derived set is called a 
move and a move to {©,©] is called a 
winning move , if two placers, A andB, 
Start with [m,n^ and alternately make 
the moves of a derived sequence, A tnovmy 
first, and each desiriny to mahe+he winnmy 
move of the sequence, then we call the play 
resulting the game of Wytfto >jf, vOe are interested 
in knowmy the conditions under which the 
player moviny jirst, A for us, can force a 
win for himself. Notmy that ^trijnj s |n,mj 
and assuminy all mteyers are non^neyative 
we may prove : 


1 . if A can leave any of the followiny pairs 
to B then } reyard less of B’s move, A can win : 

{‘•*1 1 { 3 - 5 l . {".■'] , [*.'«] , { s ,' 3 ], 

{«.»}, r• 






2 . if [ «, 6 ] is a set of distinct nonzero 
integers not in the list in *1 and fthe smaller of 
a, S is < 12 then there is a move taking J a, 6 j 
into one of the sets l isted in *i. 


3. In the game of Wgthoff starting with 
, n j , m s 1$ , n * 18 , A can force a wm 
for himself if and onlg if fm,n] does not 


appear 


in the list in *i . 


4. There exists an inf mte sequence of sets, 
of which the frst 7 one those listed in * l , 
such that A can alwags force a win for 
himself f and onltj if he starts from a set 

not in the sequence . 

5. the sequence given in *4 is just 


[[nt] , n21 , 


1 *>fS 


i&emarks. 

T^e (jamc of VOvytboffwas first introduced 
btj W^tboff [ 1907 3 as a variant of the <^ame 
of Nim (see Bouton [ 1902] ). It is discussed in 
Coveter ["19533 an d bas been generalised bvj 
Holladaij [19&9] and Connell [1959] . 







vtn V, O', 


are 


Tbe number theoretic functions T, O’, 4> 
defined as follows : 


T(n) s number of positive integral 
divisors of n =^1 ; 

O(u) r sum of the positive integral 
divisors ofn s I of *, 

I cfln J 

p(n) z number of positive integers 
not exceeding n and relatively 


irime to n * I 1 


a 

(a,n)s 1 


i. if (a,6) s l then : 

i) T(a£)s T(a)'C(£) ; 

ii) C'(aC)»0’(a)0’(£) j 

iil) <f(a(5)stp(a)*p(f>) • 



Z. if a is 01 non-negative integer and p is 
a prime then: 

i) TCp*) * a + 1 *, 

«) 

wi) ^f(p a )* Jf( 1-j) . 

3. Let n* p/* 1 ** , pg 0<fe ‘ Then: 

\) r(n)«(«,+iy~(« ft + O ; 

«) tr W’|, i fr(' f lfr) i 

it’) ft * 1 ) 1 n ? Vr. (l * p 1 • 

*• if T(n) is odd then n is a square . 


S. tt cf * n zTCn) . 

ain 


s. r(2 n -0>r(n). 


7. T( 2 n ti) >T*(n), where T*(n) is the 
number of*positive odd divisors of*n . 
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8. r ^ 3 (cT) » ( x )Y 

cC|n cfl« 


Tor n > o , 

+ T(n)a [^] + [-r] + — + [-n] 



io. if <r t (n)rX^<f t tKch ey t (n)»TT • 


u. if a>o, 6> i then 

a(a) ,, g(a£) v g(a)cx(6) 
a a6 " a& 


( 2 . if a>o, £>o then 


13. 0 '(i)+cr( 2 )+-+o , (n)s[-^]+ 2 [-f ]+•••♦ n[£] . 


14. <f( 5186) s *P(5187) * f (5188) * 2592 . 


VIM 


S3 


IF. i) Tor nil, = ♦, 

ii) for ni2, f (n) < n ; 
w) forni3, f (n*) + f ((n+if ) < 2n 2 . 


is. Tor n>2 we have 


.L, m = tn'ftn) • 


(tn 
i^mSu 


17. if f (n) | n then n is of one of the forms 


l^V^sl 3 • 


is. if ci and 6 are larger than 1 and c is the 
product of the dist-mct prime factors of 
(a, 6) then f (a£) = * 


i^. I y(d) =n. 

cC| n 


zo. j. ?(<£)[*] «+n(rmV 


|2 4>(n> x 


T . 


21 . 






22. The formula for <f(n) ^iven in *3 implies 
that ti*»e number of" primes is inf m+e . 

23. (Schm;cel) let A,* be the number of solutions 

of the equation ^(x^sm. Then the sequence 
Ni, ATa, ••• is not bounded ) as can be seen 
from tbe fact that f ( p A *“ p 6 “ ft) 

is independent of j ) i S j's fi . Here pi,*",pfi 
are the first (e primes in their natural order . 

24. Let n^p* 1 •••p 6 °' e an d ' vri ^ <f (X,n) for 
the number of positive integers not exceed iny 
X and relatively prime to n . Then : 

\) ( Leyendre) *f(x,n)s 

U J 

H) the expression for f (n) yiven in *3(jCC) 
is a special case of (*) j 
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fH) TT(x) f the number of primes not 
exceeding x , satisfies : 

TT(*)»TT (^)-i + vf (x,p t —p t ), 
where p u *‘*,p t are all the primes not 
exceeding ^/x , 

25. if &(n) s zn , one calls n a 
perfect number . 

*) 6, 2S, 496, 8128 are perfect j 
w) 2 n -l prime and n prime implvg 
2 n ' 1 (z n -i) is perfect} 

Hi) if n is even and perfect then there is 
a £ for which n = ) and each of G 

and 2-1 is prime • 

IV) m antiguitg it was often stated that 
cverg even perfect number ends in 6 or e and 
that no two consecutive even perfect numbers 
have the same base 10 final digit; the $ though 
not the 2 vd of these assertions is true * 







v) * i if and onl^ if n is perfect •, 

vi) if n is odd and has no more than 2 
distinct prime factors then n is not perfect 


lb . Let W(n) he the harmonic mean of the 
divisors ofn; ».e.T ‘ T ^ 4n : 

v) M (n) arid M is multiplicative j 
«) H (n) > 1 for n>i and W(n)>2 eveept 

for n s 1 ,4,6 or n prime j 

€) if ms 2 n * 1 (2 n -i) is perfect then H(«0»n j 

w) if n* 2 HtnV1 ( 2 Htn ^- 1 ) is even then 

H (2 H(n) «1) < 2 5 
v) (Laborde) if n is even and 
ns 2 w<,n ^- 1 ) then n is perfect. 


27 , \) if f is a multiplicative arithmetic 
function, ue, if f (a£) * f(a)f(£) for (a,£)«l, 
then the function g def ned hij ^(n) » f (<f) 

is also multiplicative j 
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it) the multipliccitivittj of all of the following 
functions follows frcm (<) ; 

T(n),crctv), JT n r (cf), O't(n), o^n), 

where 0”°(n) is tli e sum of the odd divisors ofn. 


1. 


fZonarfcs . 

The result in *23 will be found in 
Sierpinski [ 1964a] . 


2. As seen in *zs (w() tine even perfect numbers 
are all of the form i n ‘\ 2 n -i) where 2 n -i is prime. 
Primes of this form are called M trstnnt, primes 
and will he discussed in xix . There are onlg 24 
Mersenne j>nrms known and thetj are for the 
following values of n : 2,3,5,7, 13 , (7,19,31,61, 
W, 107, 127, 521,607, 1279,2203,22 81,3217,4253, 
4423 , 9889,9941, 11213, 19937. 
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It is interesting to note that until 1952 the 
largest known prime was 2 UT -i t a number of 
39 dibits, while the largest known prime todavj 
is 2 ,<,<,rr -i, a number of &012 dibits.There are 
onlij the 2H even perfect numbers corresponding 
to these Merscrme primes known and it is not 
known if odd perfect numbers exist ♦ See 
Me Carthvj [ 1957 ] . The result of # 2S(vi) ma^, 
however , be cons id era blvj improved. Also it 
has been shown that no odd perfect number 
< 10 50 exists (see Ha^is [ 1973 ] ). 

3. The main result in # 2e is due to 
Laborde [ 1955 ] . 




ix Termat, Wilson, chevalleq 


i. Let p be a prime. Then : 
i) p | (w+n)^ 5 - (tn^4*n^) *, 
xi) pirn? •m if and onlq ij- p|(m+i)P- (tn+Oj 
in) ( Termat’s “ little” theorem) 
p | m? -m for oil rn 2 l . 


2. Tor 


pop 


rime 


p| (na,+ - (*n,? + •••tm^P) , 

and Terma+’s little theorem is an immediate 

this . 


consequence o] 


3. when p is an odd prime then : 
p|mP+nT implies p 2 | m^nf. 

t. ( Golomb) Let there be qiven a collection 
of beads of n different colors from which we 
wish to make non-one-color necklaces of 
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exactly p, P - n ; heads . The number p is 
to be a prime . Then : 

i) there are n^-n linear p length strings 
of non~one~color beads j 
m) the number ofdistm^uishablenecklaces 
of the desired tijpe <s - n y IL ) 
w) ttPftt (modp) ( Fermat’s theorem ) ; 
w) n?sn (mod 2 p) for p odd . 

Let n be an arbitrary integer larger than 
1 and put M s (n! ) 2 . Then : 

i) everv^ prime factor of J\f+i is odd and 
greater than n j 

ti) N + i | N m + i for m an\j positive odd 
integer 5 

w) if p is a ak + 3 prime factor of Xti 
then pj N 2 ^* 1 and th is contradicts Fermat’s 

Theorem • 

w) there are mfni+eli^ mantj + 1 primes * 





6, Let p be a prime and suppose (n,p)* i. 
i) if na snb (modp) then a* G (mod p) 5 
ti) n^'^p-i)! s (p-i) • (modp) j 
iif) n^ 9 * 1 !! (modp) ( Fermat’s theorem ) . 


7 . Let a,, be relatively primeto m 

and also be inconyruent modulo m m pairs . 
further, suppose (n, m) * 1 . 

i) if na^sna^ (mod m) then i* j j 

<0 •••V a r**V)^ odm l 5 

fff) (Euler) n^s 1 (mod m) for (n,m)« 1 j 
w) Fermat's theorem ts 0 special case 
of (tii). 


5. vohen a is an odd integer 
t) a 2 s 1 (mod s) • 
ff) a i<y 2 * 1 (mod a*) for & > 2 . 
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9. Define *X bvj : 

I f (p*) for p an odd prime 

and for p52,oicX£2j 
if (p a ) for p*2, 0(72 . 

* (? • ■••■ p* 6 1 * lem {x (p r ( f t at ) j 

For m 7 1 , m odd (a, m ) » i : 
t) a xim) s i (mod in) j 
n) m a prime implies f(m) J m - 1 j 
tii) f (m)) m -1 implies \( / m)J m - i j 
vv) 'X(m) j m -i implies 2 111 ' 1 = l (mod tn ) • 
v) +be converses of (iii) and (w) are false 
as can be seen bij faking ms5$ i and tn= 34i. 

( No evample of f (m)|m-i for composite m 

is known.) 


10 . if p is an odd prime “then 

31 (modp) or S - i (modp) . 




it. v) Suppose n > i ( nsa£ wt+h i<a*9. Then: 

а) &<n-j 5 

б) if a~ 9 then 2 a < n - 3 j 

vi) ifrv is composi+e and 2 6 then 
(t y I - is an even integer . 

12 . Suppose (d,rn)s l and p is a prime. Then : 
i) ax’ s i (mod m) has a unique solution 
modulo rn j 

tv) if, m (i), a ^*1 (modm) then 
yft l (mod rrv) and X ^ a (mod m) j 
ui) 2 • 3 • •• (p-2) 5 1 (modp) j 
w) (Wilson’s theorem) (p -1)! 5-1 (modp) j 
v) for n>i, n (S a prime if and onltj if 
n | (n-1)! +1 . 


i3. Wilson’s theorem ma*j he used to show 
that the congruence x z +l 5 o (modp) is 


Solvable when p is a 4 h+i prime. 







14* Let p be an odd prime and mark p points 
uniform ly spaced on a circle. Let T and P be 
tbe sets of all p-yons and the regular p- yons 
respectively. Then: 

i) tbe cardinality of T is i(p-i)! • 
i<) tbe cardinality ®f* is i(p-i) j 
Hi) tbe cardinality of T-P is divisible by p j 
to) (p-1)! s -1 (modp) ( Wilson’s theorem ) . 

(5. ( clement) Let m,n be positive inteyers. 
0 (m+n-i)! s (mod m+n) j 

m) (nI) 2 ((m-i)! ♦ 1 )+ (nI -i )(n- 1 )!m s 
ftl ((•i)”(tntn-i)!ti) (modm + n) j 
iii) if p and p+£ are odd primes then 
(p,£)*l ) £ is even, and 

+ i)+(£Ui)(£-i)!p*o (mo dp(p+£))j 

to) tbe converse of (w) be false even 
tbouyb (p,£)*i and £ is even j 





\) the converse of (ni) is true when p and 
p+k are prime to 6 ! ; 

\i) let n be on odd integer > i • then 
t( (n-i)Ui)+n io (modn(n+ 1 )) 
if and onl^ if n cmdnt* ore odd primes. 


ife. Let (o,m)si ond suppose s is the 
smallest integer t for which 0*5 l (m©dm). 
then if a n s i (mod m ) ? s ) n . 


17 . i) a m ' 1 s i (mod m) for all a , (a,m)* l ^does 
not implvj m is prime } os one can see with 

m * 561 *, 

*) 'f ^■ ,51 (mod m) for some a such that 
i (mod m) for anvj t y o< t<m-i, t jm-ij 
then m is prime . 

the primes 
and pr35il . 


=■ 1003 
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19. A composite n which divides z n -2 is 
called a pseudoprime. 

i) 341, 5’6l, and 16) 038 arc pseudoprimes ; 
tt) everg composite Fermat number 
F n - l z 11 , n 2 © , is a pseudoprime j 
iH) if n is on odd pseudoprime then z n -1 
IS a larger one j 

tv) (£rdos [ 1950 ]) if rt« 2 $ ■ '— , where p is a 
prime > 3, then n is a pseudoprime • 

v) there are inf mtelg mang odd pscudoprimes. 


10 . Let F and Gj be polynomials in n variables 
with integral coefficients. We sag 7 ts congruent 
to Oj modulo p , and write ( modp ), if 

respective coeff aents in Fand q are congruent 
modulo p. We sag F* ts egwwateni" to q mooi</op, 
and write 7~ q (modp) f if for all integral choices 
c,,***, c n it is true that 

7 (c,,- ,c n ) 2 q (mod p). 



IX 


We say that 7 is rtcfucecfmocfj) if no variable 
appears in 7 to a power larger than p - 1 . Mere 
p will always be a prime . 

i- a) 7 s Cj (mod p) implies 7~ 3 (modp); 

6) tbe converse of ( <X ) is false j 

c) every polynomial 7 is eyuivalent 
mod p to a reduced polynomial 7*, where 
dey 7 \ dey 7 j 

cf) if 7 and <5 are reduced polynomials 
in one variable then 7~<g (mod p) implies 
7 s <5 (modp )) 

e) if 7 and <5 are reduced polynomials 
in any finite number of variables tbe 
implication in (cf) is valid • 
it) let 7 be a pol ynomial in n variables and 
suppose tbe congruence 7(Xi ,-,x„) 2 o (modp) 
bas exactly one solution (x,,*♦♦,*„) * (a„—,a M ) 
modulo p ( i.e. tbe components are taken 
modulo p). 
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Define H and <5 by ; 

*C*i,•••,*„)« rr (i-(x 4 -« < ) 5, “), 

§ (*l» *** An) = 1 “ J’ 1 ’ l (X„- , X n ) . 

Then : 

a-j) K (a lf *-,a n )i l (modp) ; 
z) if for some j , l <jsn , 
(modp)rhen U (*„•••, X n ) 2 o (modp) ♦ 

b) <5 (modp ) • 

c) H s Cj* (modp) ; where Cj* is the 

reduced form of Cj 5 
d*) dey Wsn(p-i)s deg <^*<deg 
s (degF)(p-i) so nsdegF; 
iu) ( chevalley) if F is a polynomial in n 
variables with decree smaller than n then 
the congruence F (X t , ••♦,*„) ? o (mod p) may not 
have exactly one solution; 
w) if 7 is a non-constant jormmn variables 
(i*e. ifall the terms of 7 are of the same degree) 



and if degF<n then F(Xt,***,x„)s©(modp) 
has a non-trivial solution ( i.e. a solution 
vottU not all Xj* *o (modp) ) j 

v) (Warning^ let 7 be <* polynomial in « 
variables of degree r, where r<n , and let p 
be a prime. Suppose x„ )so (modp) 

has exactly s solutions, say ( a,"’, —, a n ‘°), 
1 f t £ S. Then : 
a) if 

then the reduced form of U , say tf* , is 

w'W-tXO'i ft (i-O^-a/V”) ; 

o) the highest degree term in tf* is 

(*O n s xS-'-xS'; 

c) since r<n and degree M < r (p-i) 
it must he true that p | s * 

d) if J is a polynomial in n variables 
with deg F< n then the number of solutions 
of F(v lt *«‘,X n ) so (mod p) is divisible by p. 
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vi) By careful examination of (v-a) one 
may prove, as in (M^the following theorem. 

if 7 is a polynomial in n variables with 
dey 7<n and (a, 1 ' 1 , a n lil ) , 1 < i * s, are all 
the solutions of 7(x t ,•••,*«) s o (mod p ) 
then for each pair j f Q (i < j <n, o<(z sp- 2 ) 
the prime- p divides the sum . 

vtt) Let 7i , , 7 m be polynomials in n 

variables with respective decrees —,r m 
T\t ••• + r m < n. S appose ; jurt her, the 
system 

(*) ^(V a r*,X n )?o(modp),- , 7 tn (X l ,~\X n )*o(modj>) 
has at least one solution . Then : 

a) the system has at least two solutions j 

b) the number of solutions of* (*) is 

divisible by p. 




RimarQs. 


i. The argument m *4 was ipven btj Qolomb 

[i^fe] . 

Z, m respect to ^(rii), as we observed , no 
example of a composite m for which f (tn) |m-i 
is known. However in 1932 lehmer showed that 
Such an m would have to be odd , sejuarefee, and 
have at least 7 prime factors . The 7 has since 
been raised to ii . if, in addition, one assumes 3 
divides w then m must have at least eiz prime 
factors . ( See lieuwens [ i<97o] ) 

3 . Gauss m his ‘Dtscptisitiones Aritfimcticae 
had the following to satj about Wilson’s theorem 
(see *iz ,i4) . 

It was first published bi^ Waring and 
attributed to Wilson-" But neither 
of them was able to prove the theorem, 








and Waring confessed that the demon* 
stration was made more difficult because 
no notation con be devised to express 
a primenumber. But in our opinion 
truths of*this bind should be drawn 
from the ideas involved rather than 
from notation . 

The proof* of* Wilson’s theorem in*w back to 

the Danish mathematician J. Peterson who proved 
it in this way in 1872 . The English mathematician 
A. Gay ley , apparently independently , yave a similar 
proof*about 10 years later. (See Dickson’s >ftstonj 
V. T pp. 75- 6 . ) 


4. The result in *i5(vi) is due to dement [ 1444 ] 
and that in # i5(tw) to Tkacev and shm^el ( see 
32 * 1154 , erratum p. ns ^). There has been 
considerable work on related problems ( see 
LeVeyue [i47h]v.iAso). 
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5\ Primes p with 2J*' 1 ! l (mod j?*), see * 18 , 
are of interest in connection with Fermat’s 
last theorem (do there epast integers x, z, 
with xyz+o and s n *vj n s z n for n >2 ) since 
in 1907 Wieferich showed that if y is a prime 
and y xyz¥ o, then p satisfies this 

congruence. Tor more recent information 
and further references see Bril I hart, Tomascia, 
Weinberger [ 1971 ] ♦ 

6. For further information on pseudo- 
primes see Beeper [ 1951 ], LeV&jue [1974 v.i ais], 

and Rothiewiez [1^72]. 

7. Further extensions of the chevalleg - 
Warning theorems, see # 20, mag he found 
in Borevich,Schafarevich [1966]. 








V Divisibility Criteria 

Let S^(n) be the base 6 di^it sum of n . 

l.s) 31 n - S 10 (n) and, therefore, 

3 |n if andonlvj if 3| S 10 (n) j 
u) 9|n-S J0 (n) and, therefore, 

A |n if and onlvj if e,\ s l0 (n) } 
w) suppose cf| 6-1 j then cf |n- S^n), and, 
therefore, cf|n if and onlvj \| cf | S fe (n). 


t. (Alvis) Let p be a prime larger than 7. Then: 

*) (s,S T (p))*i; 

ti) the smallestp with composite S 7 (p) is 48 oi j 
iii) for p< 100 000 the onlij possible composite 
value of S 7 (p) is zs. 


3 . Let Ek(u) (o^(n)) be the sum of the dipts 
oj’ the even (odd) powers of 6 in the base (e 



expansion of n . Then: 
i) 111 n - (£ lo (r0 -0 JO (n)) and ,therefore, 

111n if and only if Jl | F io (n) - 0 JO (n) ; 
u) suppose cf) £+1 ; then cC|n-(£^(n)-0^(n)) 
and, therefore, <£ |n if and only if 
cf|^(rv)-O fe (nV 

4. Given n write <\(n) ,R(n) for the quotient 
and remainder obtained when one divides n 
by looo. Thus ns looo CUn) + R(n) ; 
OiR(n)< lOOO. Then : 

*) [7330] - loooC^Cn) ; 

ti) if c = 7,11 ,or 13 then c|n if and onlvj if 

c|(\(n)-R(n) ; 

iii) the above leads to a workable divisibility 
criterion for determining the divisibility of 
a number exceediny looo by 7,11, or 13. 
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y. Let T g (n)s where Sg(n) is as 

above . Then: 

i) Tg(n) is an integer ) 
m) »'[' 6 is prime then Tg(n) is the highest 
power of6 dividing n I } 
vii) the highest power of2in n! is n~ v } 
where u is the number of l’s in the base 2 
expansion of n • 

w) if f? is apnme and n = ao+a^ + ^+ajk 5 , 
o^a^C, than fi )^y^o- a.l*-a s l . 


xi Squares 


1. The following equalities are special cases 
of a simple algebraic identity. 

3 2 + 4 *=: 5 2 
io 2 + u 2 +i 2 2 = i 3 2 -hm 2 
2 I 2 + 22 2 + 23 2 + 24 *s 25 * + 26 * + 2 T 2 
36 2 + 37 2 + 1 d*+ 39 a + 40 2 r 41 2 + H 2 2 + 43 2 + 44 2 . 

2. ( Spraque) 

t) 126 is not a sum of unequal squares ) 
ft) if 129 £ ns i<9 2 then n is a sum of unequa I 
squares all s io 2 ) 

tii) if i 2 q<n <256 (* !*+•••+ io 2 -129) then 
n is a sum of unequal squares all < io 2 ; 

tv) if 129 £ n f 256 -mi 2 then rt is a sum of 
unequal squares all < n 2 • 

v) if 129 ini 256 + ii 2 + 12 2 then n is a sum 
of unequal squares all i 12 2 ) 






vi) every integer larger than 12 s is a sum 
of unegual squares. 


3 . Let C be the unit circle with center at 
the origin and let be the straight line of 
slope \ passing through (- 1 , 0 ). Further, let C' 
be C with the point (- 1 , 0 ) removed and let V\ 
be the intersection of C'and . Then : 

t) as \ runs over all rational numbersthe 
point V\ runs in a oneto one fashion over all 
points of C' both coord mates of which are 
rational ) mfict, the correspondence is 

X >1^) 3 

*) f *>^>3 are nonzero integers with 
ged unity and if * 2 +y 2 s 7$ then there e^ist 
relatively prime integers u,v of opposite 
parity, such that either 
y s v 2 -u 2 y y = 2uv , 
or the same expressions with s and y inlerchangzd. 


^ru 2 +v 2 



4. The sum of z odd squares is noier a square. 


5. (Thue) Suppose p is a prime not dividing 
a andA*f(m,n)|osm<v^ 5 ; osn<>/^. 
then: 


*) there are distinct elements ofA, say (m,n) 
and (m',n'), suchthat am+nsatn'+n^modp) j 
*) there is an element of A, say (x, y) such 
that xy #o and either ay 5 x (modp) or 
ays-x (modp),ue. there exist x,y such 
that o*x<Vp ; o<ij<Vp , atj = ±x (modp). 


6. ( Generalisation - Vinoyradoff, 
SchoU -Shoenhery ) 
i) if and e, fare integers laryer 

than l satisfying esm<ef", f<m<ef then 
there exist x,y suchthat o<x<c , o<y<f } 
ays i x (modm) • 

#) is a special case of (i). 
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7. (Fermat) As we know from ix X I3 , when 
p »s a 46 ti prime, there is an a such that 
a 2 +i so (modp) } selecting such an a and 
then choosing y,\^ as in *5(u) we conclude 
x * + 'j 2 *P 5 + hus cvcrv J p nm e ,s the sum 

of tvoosejuares. 


iuares. 


8. i) if p is a 4(et3pnmethen p*x 2 +^ 2 i S 

not solvable in integers *, 

fi) if p is an odd prime thenp is representable 
as a sum of two squares if and onlij if 
ps 1 (mod 4). 

9. Let p be an odd prime and suppose 
(a, 6)® 1, a 2 t so (modp). Then : 

\) for all u, v 

(autf?v) 2 +(av-f?u) 2 so (modp) 5 
ti) x 2 +1 = o (modp) is solvable 3 



XI 


Hi) dll odd divisors of a sum of two 
relatively prime scjuares are of the form 

4 (et l. 


to. i) The result in ^Ctii) guarantees the 
existence of infinitely many 4 &ti primes j 
ii) all prime factors of theTermat numbers 
7 n ^ 2^ +1 are of the form 4^ti and from 
this we may also conclude the existence of 
infinitely many prunes of the form uQ + i . 

il. i) The set of positive inteyers which 
are sums of two squares is closed under 
multiplication as can he seen by multiply my 
out the left side of the conyruence in * 9 Ci) 
and then f actormy j 

li) the formulae of *3(u) may be obtained 
from the identity implicit in (i). 
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12. let the canonical prime factorization of n 
be given bg n* 2°^,** • ♦♦p5 < * s cj,* 3 *♦••‘Jt* 3 *; 
where the y i are 46+1 primes and tbe <j { are 
46+3 primes. Then: 

i) if" n is representable as tbe sum of 2 
sejuares then all Pj , i* j* t, are even j 
\\) if all pj, i * j* are even each of 2* 

is a sum of 2 

sejuares and ; therefore, n is a sum of 2 squares • 
w) an integer is tbe sum of 2 squares if and 
onlg if its canomcalprime factorisation 
contains no 4(2+3 prime to an odd power. 

is. \tfe write ns® if n is representable as 
a sum of 4 squares. Thus 25 *@Q and 30 2 ® 
Since 25 2 o 2 to 2 + o 2 +5 2 , 30= l 2 +2 2 +3 2 +4*. 
Tbe product of two sums of 4 sejuares is 
itself a sum of 4 squares, as can be seen bg 
mg tbe 






(a, 1 + a, 1 ♦ a ,*+a,‘)( a. ! +A s *+A, ! +A , ! ) = 

(dj Aj 4 a 2 A 2 t a 3 A 3 t fli,A(,) 4 (d}A^"d^Aj*"djAi^^dijAj) 

+(d, A 3 + a, A H - a ? A, - a„ A 2 )*4 (a, A H - a* A,+ a, a 2 - a A)* 


iq. Let p be an odd prime. Then : 
t) if A-[n 2 |ofn<^] = 

then There is on element of A which is congruent 
modulo p to on element of 8 ) 

\i) there ^asts an s, o<s<p , such that 
spsa^+a^+oijSa,^,for suitable d 4 ,a t ,a 3j a M ^ 
i«) for s and the aj in («), if s>i there 9:1st 
A,, A* AsAh such that aj s Aj (mod s) , 

S < Aj sfs , 1 i j < 4, and, for suitable r, 
o<r<s, rs = Af + A 2 2 +A 3 2 +A 4 2 j 
vv) for r and s as in (u)cr(M), rs 2 p s H, where 
the summands on the ri^ht are all congruent 
to o modulo s 2 and; therefore, rp * 0] j 
\>) pa a *, 

vi) eoervj positive integer matj be represented 
as a sum of q squares. 
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15. A triple of inteyers X,y,z for which 
X l +\j ls 2 l is called a Pytfciayorcan triple, when 
the integers have greatest common divisor 1 we 
call the triple primitive. A triangle whose 
Side lenyths form such a triple is called a 
Pythagorean triancjU. It is clear that all 
jorean triples are integral multiplesof 
primitive triples. Define thethree matrices 
U , A , D by : 


(ill 
U * -2 -1 *2 
\ 2 1 1 


/ \ 2 1 
A- 2 1 2 
\ 2 2 3 


l-i -2-2 
0*2 i z 
\ 2 2 3 


show that (x'.y',*/) is a primitivePytha^oreari 
triple if and only if* (x / t vj , ,x , )*(3,H,s) A , 
where A is a finite product of*matrices each 
factor of*which is one of VJ, A,D . i.e. show 
that every Pythagorean triple ism the following 
array where the lines leading totheriyht from 
any triple correspond to applymy to that triple 
ether the matrix U (for up), A ( for across ) or 
D ^for down). 



w 
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(3,4,5^ 


,(7,14,15); 


/(*, -( 55 , 48 , 73 ); 


(45,28,53); 


.(30,80,80); 


-(21,20 ,10)(—(H0,I2©,164); 


\rr,3 6,85); 


.( 33 , 56 , 65 ); 


\|5,8,I7)(-(65,72,07); 


'( 35 , 12 , 37 ); 


.(0,40,41) 
-(105, 88,137) 
"(01, 60, IO0) 
.(105,208,233) 
“(207,304,425) 
x (187, 84,205) 
^(05,168,103) 
-(207,214,305) 
'"(117,44,125) 
^(57,176,185) 
-(377,336,505) 
(200,180,340) 
^(217,456,505) 
-(607,606,0 85); 
"(450,220,500) 
.(175,258,337) 
-(310,360,481) 
"(165,52,173) 
-(51, 140,140) 
-(275,2 52,373) 
"(200,120,141) 
.(115,252,277) 
-(403,306,565) 
"(273,136,305) 
.(85,132,157) 
“(133,156,205) 
"(63,16,65) 
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JZctnards . 

l. I implicit in the, solution of *u is an identity 
showing that the product of two sums of 2 
squares is itself a sum of z squares. In * 13 
there is an identity showing the samethin<jfor 
the product of two numbers each of which is a 
sum of 4 squares. There is also an 8 sejuare 
identity though , as Hurwit,* first proved in 
1898 , there can he no such identity for values 
of n other than ns 1 , 2 ,4,8. ( See Curtis [i963].) 
Dickson [i«m<^ cites De^en as having been the 
first to ^ive (in i8is)such an 8 square identity. 
Coxeter [i946] formulates the identity as follows : 

“ (a^ + a, 2 *•••♦<»,* )(ft,* t6,*t •••+£/ ) 

” ( ^0^0 “ 1 0^ m ***“ aJ + 

I ( aj), + a,£ c + a 2 £4 + a 3 £ 7 - a„ i 2 + a 5 £ 6 - a 6 £ 5 - a 7 £ 3 )\ 
where the Z implies summation of seven squares 
<pven bij cyclic permutation of the suffix numbers 
1 , 2 ,3,4,5,6,7 leaving o unchanged . ” 




2. For a number of ©+W interesting results 
concerning sums ofsejuares see Fall [1933] , 
Tausskiy [ 1966, 1970,1971],Zassenbaus,Eichhorn 
[i 9 ee] , and tbe references at the end of XV. 


3 . As we showed m *2 (following Sprague 

[( 917-9 (£)] ) tbe largest integer not tbe sum 
of unequal sejuares is \z& . (See also Dressier 
[1972,1973] ,) A recent computer proof (see 
Dressler,Parkcr [1974] ) has been yiven to show 
that 12 758 is tbe largest integer not tbe sum 
of unequal cubes, that a similar largest 
integer exists for powers is proved in XII . 

4 . Tbe result of will be found in 

Scbolx., Shoenbcry [ 1966 ]. 


5 . Tbe beautiful display of all Pythagorean 
triples is due to Mall [ 1970] . 






xh Sums of Powers 


i, (Tarr^) if £,+•*• + £„ : C, t +*-+c n t for all 
t satisficing o£ t s m, we write 

£n C n . 

Forejcample, i, M, 6,7 = 2 , 3,5,6 since 

i 0 +4 0 +6 e +7°=’ 2®+3° + 5‘ 9 4 8 <> , 144+6+7 -2 + 3 + 5+®, 
l 2 +M 2 +6 2 +7 2 = 2 2 +3 2 +5 2 +8 2 . 

*) if 6t,—,6n2'c i ,'- f c n then for all fy , 

c fl +/i’^c„-,c n; 6 1 +lt,-fc+6 ; 
«) B lt - f & n sc lf —,c n if andonh} if for all x 

(& a +x)%-“t(6 n +xf*(c 1 +xr+-+(c n +xr ; 

»w) for evervj positive integer m there exists 
a positive integer n and integers 6, f —, £ rt , 
<V~,C n Such that ,C n . 


2 . "Define a sequence ♦♦♦ by: 

f o if the base 2 representation of n 
a u s N has an even d«pt sum ; 

C 1 otherwise. 



Us»ny # i , starting with is 2, and taking 
successively eyual to 2 , z z , i 3 , * 


one obtains 


M = 2,3 

1,4,6,7 *1,3,5T, 8 

l,4,6,7,JO,ll,t3,t6*l,3,5,S^,tl,1H,l5 
1, 4, 6,7,10,11,13,16,16,19,11,24,25,28,30,31 = 
2,3,5,6,9,12,14,15,17,20,22,23,26,27,29,3^ J 
and , in aeneral , 

t (i - O n* * E^n* , i s 15 h. 


3. i) >>Mh the a n as in*2 and arbitrary 
mteaers r and s , 

< V,( 1 - a i>-.X rnl ’ s ) t *1 a,.,(m+sf for wtsfi j 
it) in (t) voe may replace (rn+s) by?(n), 
where ? is any polynomial of deyree not 


exceed 


in 


1 





4 . () The odd integers “from i to i inclusive 
maij be split into two disjoint equi numerous classes 
( 6 ,,-Ai] , <0 tlwt for oil X 

()*+••••* (6,t+x)^ = (^s^+x) S *••••■'■ (b^., +x)^ • 
m ) for all the ^ of (i) there exist even integers 
cTi,—, cTfi. so that no two of the £♦ numbers 
fjj- + cf< are equal, where i £j * 2 &+1 ,1 s * * £ ; 

»ti) let fij and c/j be as in (») and 
define l,, , 1 s t s £ , b\j : 

l,» (x + cf + bt^t— t (x+cft6 2 fi ) 6 
^ l -s(K+cT t '4£ 2 g +J ) fe +-+(xtcf^b 2 (i4 1 ) fe ) 
then Li*Ri for each t, 1*1*6, and, further, 
the 2 ^ products U^'U^, where each Uf is 
either L ( or , are equal *, 

iv) each of the products U, — in (w) is 
a sum 0 fk fi P owers of terms of the form 
(Xtc(4b { ) — (x+d* 6 +6; each satisfies 








further, for % sufficiently larye and even, 
all of these terms are odd and distinct frorn 
each other j 

v) let kpcf, ,* he as in (t ) - (tv), and put 
5 * ; then s may he written as a sum 

of odd powers in 2 1 * ways , no two of 
which share a common summand. 


5. Let 5 be a number haviny i 1 *-1 completely 
distinct representations as a sum of odd 
powers, and let these sums of odd powers 

he ^ i y * * * y ^2^*1 * 

t) Tor each t, o^t & 2 6 , the number ts 
is a sum of odd powers ; 

ii) if the base 2 1 * representation of the 
positive inteyer m is ytven by 

tn = t 0 + t 1 «2 £ + t t - 2 jl %..- , OSt t ^ 2 fc , 
then ms = t 0 s + t,s » 2 ^+t t s » 2 2,i +“- 
of powers ; 


is a sum 






w) in (ti) in the representation of ms as a sum 
of £^powers no two summands are e<^ual *, 
tv) cpven a positive integer £ there is always 
a positive integer s such that all positive integer 
multiples of s are sums of unequal £^ powers. 

6. Setting S r *5 , '+(s+i)^+'*'+(rs+j)^ ; osr<5, 
where s is as in *5(1*0, we see that evervj S r is a 
sum of unequal ftr* powers, and , consequently, 
since every s* 1 " 1 * S r s r (mod s) and every 
integer > s 2 ^ 41 may he written in the form 
ms+S r , we conclude : 

(Sprague) Given a positive integer £ 
there is a positive integer V (s5^‘) 
for which all larger integers are sums 
of unequal £^ powers • i.e. for each £ 
all sufficiently larye integers are 
representable as a sum of unequal 
$ powers. 




V 


jZtmar&s. 

The results in *1 - 3 c^o back+oFrouhet [ tssr 13 
and have been generalised considerably in recent 
years - see Lebmer [ 1947 ] Roberts [i9*4],Wrijht 
[ 1959 ] . The results in * 4-6 are from Sprague 
[1947-9(6)]. Further information aboutecjual 
sums of like powers , see^may be found in 
Qloden [ 1944 ] , Lander,Parkin,Selfrtd^e [ 1967]. 




xiii Continued Fractions 


The sum of theproducts obtained from 

the product l‘X 0 ‘Xj. x n byomit+in^xero 

or more disjomtpairs of consecutive factors 
from theproduct is denoted by E(x c ,*‘\X„). 
This quantity, as a function of theXj, is called 
the £uCer firaefiet function * 

One sees immediately that: 

£(x<>^ ~ X c j 

— x©Xit i) 

£(x,,x t ,Xz^ = x^x^x.+Xj,; 

E(v 0 ,x t ,x z ,x^ * v 0 v t v 2 v 3 +x 0 x t + x 0 x,+x i x 3 +1; 


X 0 Xi v 4 +X 0 X 3 X 4 + X 2 X 3 Xj + X q + x z t x 4 . 
The number of summands appearing in 
£(Xo,***,X n ') is denoted by £ ntl . Thus 










i. Suppose nzo.Thcn (providing in {v) t (vt>,cr 
(vtt)tbeprcscnceof an x. t or x ft+ , in £(♦♦•) is in~ 
terpreted as making that bracked egual to 1): 


i) £(x.,— ,X„) * E Xo) *, 

#) for nil , 


9 ^n»i ^(x^j*** »X n } £(Xo> * * ) 

w)forni2_, 


<v) for n*3 , 

• * *j Xu,) £(Xj, £ (x 0 1 * **/ x„.^ £(x 4 , ♦ *‘,x n ) 

ar (” 1 ) x* n 5 






v) for 0<$< t<n , 

£( ^9)* (Xj ,* ^(^s> * 

=(-i)*' < "£:(x 0 ,--,x w )r(x t „ 1 -,x tv ) ; 

vi) for mso, 

£(x , o,***,x IB> v m ,-‘,x 0 )* EVo/-,xJ+£ 2 (x 0 ,-,x m 4; 
v#)formso, £(x„, * ",* ** ,K 0 ) 

* ^ (^o j * * *;^m) ^ * *j V w *i) ^ > * * # / ^nv+t)J * 

2, \) Pufhng £ c * 1 w^fmd 

i J ^rt+2 S ^fi4i + ^n f ot * } 

4) E n - u n , where U u is the n+ 1 *~ Ftboncuo 
number ) 

«^r[(T) + y(T) + s- 2 ( n i ‘) + -]> 

iV>a) u nn H. n ,,-u„ 2 * (-if*; 
b) w n 'U n4 . 1 *“ (-I) ^ 

Hw-l^t-S+l” ^-t+l^n-S+l S U s-i U n-t-4) 

for o<s<t<n. ) 

d) U^ + llJ^U^ formio ; 
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«■> = U W1 for m * o ; 

/) u n-i «,.,*u,. 1 (3u^ 1 *k,. 1 ) = ui ; 

3> “„?,+ u n.«(3U n . J *U n .„) = u n- 2 j i 

v) Define the sequence bij : 

a. =a , a, »6 , a n „ =■ for n*2 . 

Then a n * u n . 2 a + u n . t 6 for n 2 2 . 


Given an arbitrary mfmi+e sequence 
a,, a t , ct 2 , • • • of real numbers such that ctj ^ O 
for j 21 1 we define two new infinite sequences 

as follows: 

P-z s0 5 

C[-z = l,fi= 0 ^ o = l ,<jr m sE(d ir% a^ for m>i . 

No+mcj that p m and <^ m for m<n depend onlij 

on the first ti+i terms of the sequence we 

seethed a©, ♦ ♦ *, a„ determine p . zy '*♦ ,p n and 

< £*>* , *i < f* • 





We write [a 0 ,~*, a n ] for the (finite) continued 
fraction 

_ 1 _ 

&o + 1 


a t + 






a *+*.. . A 
+ a 


n > 


and write [a 0 ,a u a 2> ***] for the infinite continued 
fraction 

l 

a e * : 


a,+ 


_L 


CLj+ • ♦ * ♦ 


it should be noted that while it is clear that a 
finite continued fraction always denotes a real 
number in an obvious wavj it is not at all clear 
that an infinite continued fraction denotes a 
real number in amj reasonable waij. In certain 
cases we will find +^at Jiir^[a 0 , • • ♦, a„] exists 
and , in those cases, we shall denote the limit 
bvj [a*, a lf a z , ♦ ♦ •] and call this fraction convergent. 




When an infinite continued fraction docs not 
converge we call it divergent . Tor each f im+e or 
infinite sequence of the quantities 
called conferments to the corresponding finite 
or infinite continued fraction .The reasonfor 
this terminology will becomeclear inproblem 
# 3 below.Thusif oc =[a.,'*',a^or 
it being assumed in the second case that the 
limit exists ,wecall the *§-■ c onvzrgmts to a . 
The ctj themselves are often referred to as the 
partial (juotwits of the continued f raction.The 
continued fractions introduced thus far are 
often referred to as simpU (or regular) continued 
fractions. Until we generalise the notion every 
reference to a continued fraction should be read 
as a reference to a simple continued fraction. 
In the following, unless stated to the contrary, 
all a ', j 21 1 are To be positive. 




3. In this problem in evenj content in whic h cx 
and pj or cfj occur together it is to be presumed 
that -|j is an existent convergent to <S . 

•'-«) [ an] * $ for n’o j 
6) [«n, •",«>]* for nil ; 

<Je s a 6^6-i + 3 

m) ra 0 ,- ; a n . 1; a n +j ] = -^7^7 5 

iv-a) for n>o, JV^-p^n-C-i)"' 1 
and | # - I r -era - » 

1 Hn-1 I * 

and I ft - fci I - <pfrrr 5 

^ JPeti+i < ♦ ♦* < -Hi < -Hi ^ -Hi— 

vi) for integral a <( tlw sequence 

... Hn-i 4 an +* Hn yt>ji \ (v £n±i Ha _£c_ 
f ^ n -j + a n+i^« * ^.n+i / > J 

is monotone and,tberef>re, a n+1 is the largest 
positive integer t for which and 

are on the same side ofo< : 






XIII 


101 


In* i 


co as n 

i 


■o o 


1 1 


Jhu- f,. _ 

n*l ; 


- ••• + 


c-n 


n-j 




<{n(tn+<{n+A < I °< “ *^T I < q n <ln*l > 

«*> a M«-8rt < l«-fel $ 

b) I <!«<* -fn\ < I “J5n.ll J 

vX) l»m and lim ? l y~ - exist but are 

’ it-too \tn nr*oo q,in+L 

egual if and only if £j n ^ w+1 —>oo as n—>oo 
^ Wsts if and only if 

<M 

XI) 
for 

XU) if all Oj arc integers and aj >o for j> i -then: 
a) and ^ arc relatively prime integers ) 
£) Jp n | and ijn tend to infinity with n j 
c) q n z z T for n 2 2 ; 
of) lim fa 0 ,*“,a«l exists ; 
xui) in the following all a,j,6j ; and Cj arc 
integers and , for j > i ; arc positive integers. 

a) if aj=6j ; for o±j<ti ; a n <£ n , and 
■ ex »[a 0 ,<*»,•••] ; j3sr[6 0 ,6 1; —] then o< < |3 when 
n is even and ex > J3 when n is odd * 
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S) if Cj*ajs6j for jiOthen ,foro<*[a 0 ,<V‘ 3 , 

Cn^Sf, * * 6 e> c 1> 6 2> C3^S<i > Cy > *“^ 

c) if 0<-[a o ,a t) ..-"], where every a^is i or 2 , 
•then -H^*o<£ l+y/T. 


4. If a ts a rational real number the Euclidean 
algorithm may be used to compute integers 
n } a C) with aj>o , J£1 , for which 

« * [a c; * • ♦, a n/ 1] = [a 0; * * ♦, a n +i] . Further, 

no continued fraction with integral a^ other 
than these two is equal to ex . 


5 . if 0 ( is an arbitrary irrational real number 
there exist integers a 0 ,a t , • with a^yo ,j s 1 , 
for which Oi » hjn [ <L«, a t , * • •, a n "]» 

Further,this sequence is unique. 
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J*emar6 . Continued fraction expansions 
of the form [a 0 ,a t ,a 2 ,-’-] (fimteor infinite) 
in wVwch all are integers and all a^j* i, are 
positive integers are of particular interest. 
In the following , whenever one refers to tfie 
continued fraction expansion of a real 
number it is that simple continued fraction 
expansion in which all are in+e<^ers and 
all a j, j * i, are positive integers . We shall 
use the abbreviation scf for “simple 
continued fraction’ 1 . 


<o. t) Usm<^ the recurrence relations m 
*3 (ft) devise a simple scheme for the 


rapid computation of the 
of a continued fraction . 


co nver 



ft) Use the scheme of tf) +o compute all the 


conver^ents to [ 2 , 2 , 1 , 3 , 1 , l , 4 , 3 ] . (Notethat 
the last convergent equals this continued fraction.) 
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%(() Use the Euclidean algorithm ho find the 
scf expansions of and. 

tv) Reduce the fractions in (at) to \owest 
terms bg using the results of (ut ), (i) and^(x&<r). 

v) Compute a j, o *j £ 5, for the scf expan~ 
sion of 7r and find the five convergents , 

o ±j s t. Then using < TT < y show 
|TT--^|<3-10' 7 . 

vt) Using the results of (v) for 
compute bg making use of *3 (vt) . 

vtv) Tindthe scf expansion of the Golden 
mean . 

vm) Compute oc in more familiar terms if 
«®[a ,a,2a ,a,xa,♦••] = [a,a ,2a] ,a>o. 

<x) Tor a apositive integer, expand 
in a simple continued fraction ; use the result 
to compute the scf expansion of %/H . 

[ *. 1, •••_,? - (fet • 

n-3 l’s n-2 rs 
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7 . (Seidel’s convergence theorem of ish* ) 
let a*,a» ,a 2 , ••• be an infinite sequence 
of positive real numbers with +he possible 
exception of a 0 , which mavj be negative, and 
let-^f be the topical convergent of the 
infinite continued fraction [a 0 ,ai,av ] . 

i) Suppose Z t a n converges . Then : 
a) if ci£ < i either 

£) there is a £ 0 and an A such that 

<js ( 1 ' a t t V 1 * * * (i - a ir ) _1 < A ( 
when sskc and £*{*>•♦♦> i r >£ 0 } 

C) n^?eo[ <W*i a n] does not exist . 

ii) Suppose n I a a n diverges.“Put c»min 
Then ; a) cj^ z c for ; 

h <js*<|i;-2 + ea s for dll ; 
c ' J,«» for ; 

^ f® r 5 

e) lim [a 0 ,‘**.a n ] exists. 

n-*oo u 7 7 J 




xii) ( Set del) | trr^ [ a 0 , ♦ • •, a n ] exists if and 
onlvj tf Jf a n diverges ; 

tv) bjmJ a e , • * •, an] alwatjs exists when the 
aj are all integral , aj > o for j 2 1 . 

8 . (Best approximations of hind ) 

A fraction which is closer to a real number 
or than everij other fraction with ecjual or 
smaller denominator is called a fiest approx 
imation of first kind to cx * if is a best 
approximation of first feind to or we will 
write “ -j* is a BA 1 to a”. 

i) Suppose a , 6 t c,d,x are positive 
integers. Then 

“)‘f r<?Hhr 

vdy s be-id •> 

b) if -§■< or < -J , Sc-ad= 1 } then at least 
one of is a BA1 to or and if oneof-g^-j 

is closer to or that one is a “BA1 to or . 



n) Everg convenient to « is a OAi to c*. 
in) Find s BAi’s to tt . 
w) Tbe quotients of* consecutive Fibonacci 
numbers are convergents and, therefore, 
DAi’s to the Golden Mean . 

v) If and are convergents to a 
real number <s and if*, (a,S) * 1 , lies 
between them then £ >c?y . 


A ( Fareg factions) Let $ n be the sequence 
of all irreducible fractions in [ 0 , 1 ] , whose 
denominators do not exceed ft, arranged in 
order of*magnitude.This ordered sequence 
in is called the Jarey sequence order n. 
i) Write out $ n for i s ns 6. 
n) The union of the $ n , as sets rather 
than as ordered sets, taken overall positive 
integers n, is precisely the set of rational 
numbers in [o, 1 ] . 




in) Lot be in § n and sujypose-f’ % 1. Then: 

а) There is a \j g such that 

cuj 0 = -l (mod 6) and n-9 <y g <n ; 

б) for ij 0 as in (i) and y e = a y* the 
fraction next following in $ n is j 

c) it is easg to find the fraction following 


in each of § W1 and § i0 o ,* 

d) if -j and are irreduablefracttons in 
[o,i] with 6c-ad = l then -j-and'j are 
consecutive elements in $ m ,vohererrt-max[6,cfj. 

iv) if -j < ^ and these are neighboring (i.e. 
consecutive) fractions in $ n then 

а) 6 + d >n ; 

б) Sc-ad = 1 *, 

c) (6,cO *1 ; 

d) 6 *c£ when n>i . 

v) If cx is between neighboring elements of 
$ n then at least one of these neighboring ele~ 
ments is a fcAl to cx . 



vi) if ~f- > Hf > “I* ore consecutive elements 
in $ n then: 

a) 6c - ad =(a+c f S+d) ) 

c\ _2c_ g,*c , 

b > U “ 6 + cf » 

(The fraction appear ing in (6) is called 

the forty mediant of thefractions -f-omd -J-. 
It will bo noted that theTarey mediant of 
two fractions always lies between them . ) 
ini) All fractions in § n+J v <$ n aere Tareg 
mediants of fractions in §n * 
v®) Write out $ 7 using (i) er (vw ). 
vx) Let -f-and-^be neighboring fractions 
in § n and suppose - j- < cx < . Then; 

a) if an element of isaBAitocx 

then that element is ecjual to • 

8 if " f fj 15 * n frm N §n it IS aBAltOOl ifand 
only if it is closer to cx than each of -jf and-j-. 

x) Tind alltheBAl’stoTT ( approx imatelyecjual 
to 3JHI59) with denominators not exceeding ies. 
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lo. v> Let « lie between neiqhbormq fractions 
-pand - j- m $ n , n > i. Then at least one of the 
following inequalities is true . 

-dn - • 

U) if a is a real number and m is a positive 
integer then there are relatively prime integers 
s and t such that \ cx —f1“ tCm+I) > 0< ^“ m * 


ii. ( H.J.S. Smith proof of Ter mat’s ^ square 
theorem) 

i) With the sole exception of I , every rat~ 
icnal number has a simple continued fraction 
expansion with last partial quotient > 1 } 
it ) Let p be an oddprime and let i s t ± s , 
where s s [f]. Then there axepositive integers 
a e ,'", a* such that e 0 >i , <x„> i and 

dr = T a <>) * * * i a "] 

£ (a g) —,a n ) . 
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tit) Let p and s be as in {ti ). Then there are 
exactly s finite sequences a 0 ,**-,a n with 
a c n ,a n >t andp *£{&*,- Further, 
a n , * •• / a 0 *s one of these sequences when a*,* a n is; 

vo) When p * i (mod then s is even and,since 
p® £(p), there exist a e ,*“,a„ ,a 0 >i ,a n >i such 
that p * £(a 0 , ♦ ♦ • ,a-n) and a j =■ a^ for osjs n; 
l.e a f ,*‘*,<i B is pahndromic ; 

V)p= ,*** , ^iri) * ** , &$) m (tV) 15 

impossible and ,therefore ,p » a z +B z for 
suitable a and 6, when psi (mod^) j 
v») The aboveproof is constructive.Use it 
to represent 13 as a sum of 2 squares. 

12 . i) if in *10 (ii) we take ©c * -£■, (a, 6)»1, 
m * [ ^6 ] then the s and t of that result satisfy: 

а) o< (at -Bs) z + t z < zb j 

б) (at -6s,t) =1 when 6 divides a 2 t i *, 

c> o < t $ >JT • 





n) Every divisor of a number of theforrn 
a 2 +*i is a sum of relatively prime squares ) 
vti) ( Fermat *s l square-theorem ogam) 
Wilson’s theorem guarantees that every 
prime of the form tk+i divides a number of 
the form a 2 +1 and , therefore, by (u) must 
be a sum of relatively prime squares *, 
w) If (a, c) = i and b | at + c 2 then there is 
an integer u such that b divides (au) 2 +i 5 
v) Every divisor of a sum of relatively 
prime squares is itself such a sum and if it 
is respectivelg odd , even must then be of the 
form ^6+X . 


13. ( Best approximationsof 2 . kind) 
if a and b are relatively primepositive 
integers and |ab-a)<|cxcf-c| for allpairs c,d 
of relatively primepositive integers satisfying 
cCs b and then -j is called cl Best 
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approximation of tdc 2^kind to ex . We 
abbreviate this last phrase by writing “ 
is a BA2 to a ", 

i) Every BA2 to ex is a BAi to o< 3 
U) The converse of (i) is false 3 
lit) Let -f- be a BA2 to an irrational number 
« . Clearly either -£• is a convergent to a or 
it lies in one of the open intervals (see dia¬ 
gram ) determined by the convergent* to a. 


& h 2* <* & t> Zt 

<to Ht qs <i3 <tt 

"Further, 

no 'l' possible; 
not possible; 

c) if -|-is strictly between ^^and 

+h4n6> ?*> 

aod iM^nfe:» 

cC) the supposition in (c) is unrealizable) 
t,) every BA 2 to a is a convergent to a 



w) Lot thebelow be the convergent* to 
the irrational number a .Then : 


6) <jn|«<j„., -f n . t |+<j„-,|o«] n -p n |*i; 

c) whinthin 

6|<x^„.,-jj n .,|+^ n .,|a6-a|2i ; 


d) when 1 ± 5 ± g n then 

6 | «<}„_, o«J„ -p n | i 1; 

e) for all positive integers &,B with 

Icxc^-p*!* |cx£-a| *, 

f) everg convergent to oc is a BA2 to a; 
(the simplicitg of this argument is dueto 


Drobot [1963].) 

v) A fraction is a BAi to an irrational 
number a if and onlg if it is a convergent to a. 


it. At least one, sag -J- ,of each pair of 
consecutive convergents to a satisfies 


_ a 
01 ~ S 


i 

i 6 2 




\ 5 , i) Let ot be a real number and I - be a reduced 
fraction satisfying | &- fj < jp. Further, let 
[<*o,be that scf expansion of \ for which 
s is even, odd in the respective cases \ s ck,\><x. 
when are the last two convergents to f 

and ex' - , we have <x'>o and 

**[*>,-,<***«'] > 

it) if f, a and ex' are as in (t) then 

^-+^->2 so o<ot< i and we conclude 
a,,--, a, are the first s+i partial quotients 
in the scf expansion of cx ♦ 

m) (Dirichlet) if ^ is a fraction such that 
lex- | \<jp then -§- is a convergent to a j 
tv) £verg rational number is a convergent 
for uncountabfy manvj real numbers *, 
v) a positive integer n is a Fibonacci 
number if and onfy if 5 n 2 +H or 5 n 2 -4 is 
a square. 



16. ( Hursvitz’ theorem qj- a result of Markov) 
In the following all -jj are conver^ents 
to a. Also, we refer to the mecjualitij 
| o< - | Z ^- 1 " as (*). finally, we call 

two real numbers apnvaiaib if their scf 
expansions have the same tails (i.e. if 
cx and ]3 = [ b 9 ,b t ,"'] then a and 

p are equivalent if for some s and t it is 
true that a 54 ^ - £ t *j for j > o ) . 
i)a) if (*) is true for tv- s-1 and tv- s 

+h4ji > 

b) under the conditions in (a) each of 

'ff 2 ’ anc ^ ,s * n interval 

I—,-T-) > 

c) if (*) IS true for n = s-i ,n-S and 

tv = s +1 then a 5+1 = ~^%T < 1 > 

d) at least one of anvj three converejen+s 

to « sa+isfics \<x-&\< ; 



e) (Hunvitz) if cx is irrational there are 
infinitely many irreducible rat-ional numbers 
-f such that \<X-f\ * 

it) Hurwitz’ theorem is false ifwe replace 
Js by any laryer number. In fact, if 
then there are only finitely many irreducible 
rational numbers -g- such that 

14 -sf5 a I . ft 

■'ir^ 


n»-a) if |o<-f*| for each of 

n- s-i , n = s and n=s+i then a s+ t<m ; 

6 ) if oc is irrational either there are 
in finitely many irreducible fractions 
satisfying | c* - -f-1 -c or there is an 

s e such that a s <m for all s > s 0 5 

c) (Markov) if a is irrational and not 
equivalent to then there are infinitely 

many irreducible rational numbers -g- 
such that < “wfV~ • 

( i.e. if one removes all real numbers 





equi valent to 1 ^ then the- Hurwit;C theorem 
is no longer best possible and , in fact, the 
vT of that theorem may be replaced by 2 Vz .) 

xv) Let [a 0 ,a if •••] be the scf expansion of 
an irrational number a and supposethe 
are the convergents to o<. Define 
V(oO *hmmf ij n |g n o< -p n | . 

Then i 

а) # 3(vw) guarantees v(oO s 1 

б) WurwitCtheorem guarantees v(cx) s ^=r; 
c) for c\ not equivalent to 

guarantees v(cO - ^ ; 

ct) (tiV- 6 ) guarantees that either 
v(oO^ -^== or for all a s with s sufficiently 
large we have a s < m ; 

e) if infinitely many a^are 53 then 
v(.<x) ±-fif 
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v) With the same notation os m (w) and 
putting cx n = [a nM ,(in^*‘-] wehave: 

а) ,a*,,,a n +^3 

and,therefore, <j„| <j„oi-pJ . ^ j ; 

б ) if dj f 2 for all but a finite number of 
j then,for n sufficiently large, 

cj„|^ n ar-jvl * “3 + [®> a t», a tv*i,* **; a i3 

£ [2,l,2,i,-]t[0,l,2,l,2, — ] 

£ 1 + V? + = 2VJ 

and,therefore, r(o<>> ; 

c) v(oO cannot lie between and 


JhmarH . The results in problem # I 6 are by no 
means exhaustive of those known Jorfjrther 
details one mag consult Cassels [ 1957 ] chptE. 
The extreme simplicity of the above arguments 
is dueto Forder [ and Wright [ 1964 *] . 
For results hhethose in (v-c> and further 
references see Custcfe [1^74] . 
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17. (Periodic scf ’s) 

When aj * a J+t for j > s we say that 
[a„,a 1 ,*..'] is periodic withperiod a sn> »‘*a J4t 
and write [a 0 ,a 1; —] = [a 0; • a s , a s+J ,“-a**]. 
For purely periodic sef’s such as 
we conventionally write the above with 5 * -I. 
if cx is aperiodic scf then cx is a 
yuadratic irrational $ 

#) let a be a quadratic irrational which 
is a xer© of the integral polynomial 
f(v)»Ax z +Bx + C , where the integers A,B,c 
have no common factor > 1 • further, put 
cx =[&,,&,,*••] and cX** [«*„,«*»*•••] .Then 

а) a n is a cjuadratieirrational for all nzo • 

б) if a n is a x,ero of the integral polynomial 
A^T i +B n x , +C n , (A n ,B n ,C n ) = 1 ,then 

BnB^-tAC ; 

i.e. all oc n havethe same discriminant j 



O m (6), A n = , C„-<j J,f (f“) , 

and this implies that A n C n < O ; 

d) there are only finitely many distinct 
triples A n ,B n ,C n ) 

e) there are positive integers £ and n 
such that 0^= oc g) and, therefore, cx is periodic. 


ui) Tor P,Q^,D integers with “D a positive 


_ Z ± & 


is a 


non ^square , the number a ® ^ 

quadratic irrational .The conjujaic oc'of cx 
is given by a'® . A quadratic irrationa I 

cx , o< > l, satisfying -1 < cx'< O is called 
reduced. Thus — is reduced when 


a sw > * X a 

The quantities & n are defined as in (u). 

a) if a has a purely per iodic scf e;?pan~ 
Sion then cx is reduced ♦, 

5 ) if cx is reduced and cx = a 0 + £ then 
cx* is reduced*, 




c) *f o< is reduced so also arc all oc n ; 
c C) if ex is reduced and has a non ~ purely 
periodic (expansion 

OC * > ^s^ a s+t , 

then (X^- 0 and,therefore, 

e) under the hypothesis of (cC) the 
conclusion obtained is impossible.Consequently 
a reduced quadratic irrational must have a 
purely periodic scf expansion ♦ 

f) necessary and suffiaent conditions that 
a quadratic irrational o< have a purely periodic 
scf expansion isthat >t be reduced *, i.e. that 

oc >i and -iccx'co . 


iv) a) Are the scf expansions of A±iGi f , 

i +Jl .p Urc |v| periodic? ; 

6 ) Compute the scf expansions of 
and-(-4^.)" ; 
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c) if « is reduced then the period of -(a')” 1 
is the reverse of the period of ot. 

-v) Let Q > ,'D be positive integers with ^>0^ 
and oi * be irrational .Thenthe scf expand 
sion of a has the form •••,<**, 2 a 0 ] . 

vv) Let D be a positive integer such that Vo 
IS irrational . Then, if a e * [Vo] , 

7s -a.' reduced ) 

6 ) Vo +a 0 is reduced and its scf expansion 
period is the reverse of that of ag ; 

c) The scf expansion of Vo is of the form 
Vo * [&«, & lf a-* j* * * t e*, a 4 . 


vt£) Let 0 be a positive integer with V"o 
irrational*Then we mag write 

Vo = [a c ,a i( **‘,a£.i,2eJJ =[a 0 ,a t /*^] , 
where & is the length of the minimum period 





Further put, as usual, cx m = [a m+I ,a^«, • • ♦ ] , 
nnallq, suppose v e 2 ~Dvj/= 1 where. x„ >0,q o >0. 
Then 


a)|f is a convergent to >/d, saq j 

5) with s as m (a.) : 


*A) if A s x 2 + BjX 1 + C s - o is the Integra I 
quadratic equation with (A S ,B S ,C S ) =1 
satisfied bq cx 5 then 
A s =l ,B/.4 (C s + D> 

3 ) cx s = — f B 5 + \fo * 
e.) ~ ~ ^5 = &© ’> 


D) djs a^ s+1 for j> 1 ; 

E) S = -1 (mod 

c) all positive integral solutions of 
X 2 — 0 vj z = l are contained in the sequence 

{(p«-.. <}<-.), , (p,*-u ,•••}; 


cC) Vd = [a 0 ,a 


, ♦ ♦ ♦ 

) 


a 0 +^ 


-] , and, 


therefore, 





xm 


ptk-'L Sa * C [ik-l+<{t&-i , 

+pife_ t } 

= > 

e) x 2 -Dy 2 *i has infimtelymany positive 
solutions and the total ity of positive solutions 
consistspreasely of the terms in the sequence, 
of (c) with odd subscripts *, 

f ) find the least positive inteyralsolutions 

to: A) ‘x' l -ziy l si • 

B) X 2 ~ 13v| 2 * i • 

C) X 2 - 33 ij 2 = 1 ; 

^ ) develop an analogous theory for the 
equation x 2 -T>tj 2 --1. 

is. Suppose a and S are positive relatively 
prime integers with a >£ and a n ], 

{) E n iS f where E n is the number of sum~ 
mands in £(x„—,?0 *, 






1 + J5 


n) Let * - 2 <J and noting that * * 1 + “C 

deduce r n < E n *r, 

/// 

Wl) 71 < 


Co i> g 


Cog L^J J ) 

iv) if io* _1 < 5 < 10* then n< 5t j 

v) (Lame) the number of divisions required 
to find the ged of two numbers bg means 
of the Euclidean algorithm never exceeds 
five times the number of base 10 digits of 
the smaller of the two numbers ) 

vt) investigate the best possible nature 
of Lames theorem. 


19 . (The circle diagram) 

Corresponding to each irreducible 
•fraction in [o, l] constructthecircle, 
C( "f of radius ~p. and with center at 
("T >1§0 .C(-|) is a circle Iging above 

and tangent to the is at -j . 
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v) C(-§^ i C (-§-■) for —x arc attar disjoint 

or tangent and arctangent precisely when -f- 
and -J- arc neighboring fractions in some § n 
(see *9 ) ) 

vC) the point of fan gen eg between tangent 
circles is the rational point ( fjrfji ,-g^p) ; 

lU) a vertical line intersecting the jr-axis 
at oc , 0£ 1 , cuts mfimtelg mang of the 

circles if and onlg if o< is irrational ) 
iv) suppose the vertical line cutting the 
■X-axis at the irrational a cuts the curvi ^ 
linear triangle formed bg pairwise tangent 
circles above -f*, y, -j where 0 <~f<'f 1 ♦ 
Then 

a> x <0<< T 1 

6) e = a + c , f= 6+d ; 

c) either ocefe 6<f or o< S<cC<f } 






cf) if o< 6<cf<j r the verticallino,above 
1 - ex cuts a similar triangle with circles 
corresponding to somefractions-f?, jr, -jfr 
with-~<-^7 <ond o<cC < 6 j 

e) rational approximations to oc lead to 
eguallg good rational approximations to 
l-oc and vice versa ♦ 


20. Let j<jr < ^ o< c C< S<f f and suppose 
the circles above these fractions (see *i<*) 
are pairwise tangent with A , Q , C the 
coordinates of the respective points of 
tangenag of* the pairs 

» _C . _L . _L 

6 ) d ) 6 ) f ) f ) d ' 

further } suppose o< is irrational and that 
the vertical line above cx cuts the curvilinear 
triangle formed bg the three circles . 




m 


i) Diagrams show clearly the, possibility 
of A £ B < C as well as of B 6 A < c ; 

U) A< C and B<C 5 
nt)<v) A<B when } 

6 ) A >B when -|-< ■ j 
u;) a) A < B implies 1 ex —j| < ^5 5 
6) A > B implies |ex - y | < -jfp 5 
v) (Hurwitx,) for ex irrational there arc 
infinitely many irreduciblefrachons 
such that )« "xl < IFF • 

.Remarks. The geometrical proof of Hurwitc’ 
theorem which is presented in *1% 20 goes back 
to Ford [ 1917 ], See also Rademacher [1964] for 
an exposition of the proof. An interesting 
discussion of these circles , sometimes refer¬ 
red to asTord circles, will be found inXulhg 

[ 1928 ]. 
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2i. (Klein's geometrical interpretation of 
continue fractions) 

Let £ be a line through the origin with 
irrational slope oc and suppose o<®[a»,&>,•••]. 

v) Points (x,g) are below (above) £ 
precisely when g<o<x (ij>cxx); 

u) Consider the points R « (q nf p n ) , 
where is a convergent to oc ,and show 
the vector from J^. z to P n is d n times the 
vector from O to J * nml ; 

w) The triangle OP n . t ? n has area -£“ and, 
therefore, contains no lattice points other 
than its vertices; 

tv) A thread along £ when pulled to the right 
or left and constrained to stick at l atticepoints 
(other than o ) sticks on the lower side of £ 
prcciselg on the even convergent points and 
on the upper side of ZLpreciselg on the odd 
convergent points . 




m 
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22. ( Some expansions due to Euler er Wurwite) 

oo 

i) Let £(x) denote+hevolueof La, ng y zs , 
where a M s , when the series eon- 

verges. 

f n (x) exists for all x ; 

6 ' = W*£,,(x) 

for n> o ; 


£(*> _ 


„2X . 

e +1 


O * ** > 


it) Let oc = [a c ,a M •♦*3 , where 
a 0 = 2 , 


^3n = ^3n+i = ^ > 


a 3n-i~ 2n • 

Thus,«*[z, 1,2,11 ,t 1,1,8,1,•••■]. 
Further, let the convurcjents of ot be -ft , 
j £ o. Then i 

^ forn-22 ; 

( <?,„« f° r ^ ; 





S) if P n / <X n is the n* 6 convergent to -|^f 

tW> P u * T(p 3n41 ^ 31V41 ), + (Pn »i 5 

£) . 

“<> a >^ri-*[^ 5 't s '^,5V2',TVT,9»rr,•*; 

ft '^(•^rrr)=[2 l 3, | 0.T,i*,i',iV] 15 

not periodic ; 

C) e^ 15 irrational . 

(This proof is due to Richard E. Crandall.) 


23 . ( A matriaal approach ) 

I. Let A * (* d ) and write Kj./K') = -§*, when 
c#o, and K 2 (A) = when cf^o . if 


K^A^** AJ —f o* t we write K^Aj***) = o< t . 
Similarly for K 2 (Aj***).lf ")* Kz(A t * m ') s OC 

we write K(A t “*) * o< . Xn the following , 

oi s ^aoj0.j,>* **3 • 


i) if the -fj- are convergent s to a then 

( Tn-i\ — / a o 1 V a ‘ ^ . ../ a * ^ 


-KiV a * 1 


• • • 




u) l* K {fro)( a t l i)*-*] ; 

Hi) if A»(*J) > K 1 (Af)*o< , and co< + c£*o, 
than K 4 (AA t V0* T§7§“ > 
iv) if ft A » (g* U) for ft a number then 


Kj(A t •**)*« implies 

for £ ft n ] an arbitrary numerical sequence^' 
v) if Kj^Aj*") * a then 

\{(W*s)(\*s*e)'" (Aj„,. 2 A 3n ^A, n )♦♦•) 
vt) let A 1 -‘A n »(£* M - P n ; then 

K (P . K ?;t . AitoM 

K i l ^n) K 2 (P n )|- \c Ln s n \ ) 




vm) let P n be 05 in (vt) ( | det A r | * l for all r } 
K( lim J> n ) =<* f B = (£ 2) ; then 
a) y n s n —* ©o asn-t oo ; 

5) a 2 +c 2 #o implies Kj(P n B) —><x • 
c) B i +d*'*o implies —►« ; 


cC) B has no xero column implies 


K (lim P n B ) =■ cx ; 
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viii) if all A r have determinant 41 , B is non-* 
singular, ot , and C r » forallr, 

then K(SCjCj** *)»a ; 


vk) let acC-£c= -i , o<cC<c ; then for <£21, 

5-wt)(7 l) Vail * i forcf-1, 

«S) - (f a ; 6t )( ? o) • cr* s r)(; acr a> 

x) under the conditions of (tx) there is an 
integer <x 0 and positive integers 
such that 

(c SMtiXtiMtiV, 


D. Fu+ \,= (Tm-^wT-i) for m-1,2, •• • and 
suppose. nA m = . Then 

*> 0nd ^(X^fj-oO j 

fnM s Ok n /n-Vl^ ft!" ‘ * ^ > 


£) <}„(*) 


ni) a) 


£n<Sl 


f in-kKin-i-i) l jj , 
to in-DU! * > 


u(n+iV*-(iw.-il 


/T\ _ 

w ‘ n(n+iv..(2 


n (n+i|—Un-i) 


, X/z 


,*A 


w) K(A,A t ***) s of for all x 5 
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v-«) j 

6) for £ > o , 

[i, C-i, i f i, 3S-1,!,•••] * c 1/ft 5 
C) cs[2,1,2,1,1,4,1,1,6,1,1,8,-*] ; 
( Tine method of this problem is due +o 
VO a Iters [ises].) 


2 H. I NVe write4j-ii 3 3 -‘"f or the continued 
fraction 


6 i 




E 


<*r 


E 


a,-E 


flu* 


Further 

let c r — — 

, MU w n - a ^_ a . 

II 

^_D° 


f.- 1 

p 0 *o pn-a n p n . 

O 

n 

r* 

« 

Cjo- l ^ n s 

Fmallvj f i 

m all parts below 


ror n*i. 




and 6^ positive and <*„>£„•m j-orn^o. 





*) Cn'-^-for nil ; 

<0 for nio 

p H >JD H . t + k 0 *“k n , <J n ><[*.! + (v»6n SO 

p rt > 6 & + 6 t + f 6 0 . • • 6 n , B 0 + & 0 6 t +.. .4 £ 0 ... &„ 

and s+rieV inequality holds unless a^-Gj+i 
for o * j in,in which case eguali+g holds • 

iU ) pn^n-i-pn-^n s ^o**'^nfor n>0 SO 
Vw - Pn^l . Go ♦ •• G vt . 

^ ^n"p n ^ ^n-i'Pn-t ** fa r fur+hcr, 

for a given n , if a-j » + 1 for j s* n then 

bo+h inequalities are egualrhes, otherwise, 
a+ leas+ one of -the inequalities is strict • 
v) Urn -^ejciS'Vs and is always < i ♦ 
if a n >6 n +i for some n -then hm-^< i ♦ 
vt) vohen a n = S n +1 for all n +her\ 
h 0 + &o&i^**’ + &o**-^n diverges 

a = £ 0 + G 0 G t +♦♦•+ £„♦♦♦ £ w + •*• implies 
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U. Let all a* , be positive integers and 
suppose & n 2 6 n *i for all nt l ,w»th strict 
inequality holding infinitely often. 

Write <*n*-fr-aHti-- «.ndprov«,: 
i) O< o i n < 1 for all nil j 
n) if any oij is rational so also are all 
others ♦, 

Ui) if r and s are positive integers and 
oCj = -f- then there is a positive integer t<r 
such that ©y* t 
w) Oil is irrational 

»f cx = jp. , wherethe and b t 

a re positive integers, and if a n 2 b n +i-forall 
sufficiently large n,with strict inequality 
infinitely often,then cx is irrational. 


"* Cft- c t - Cj+Cj*” c 2 *c 3 - 

W) r -£tfa .. 

* 1- C,+ C t — C r +C 3 — 


f 2 

>* 

1 Cfi 
£n~i*C n 


4 






in) > ? Cg converge to ©<, J3 respect^ 
ivolvj if andonlij if the ri^ht sides in (i) ,(tt) 
converge to oc,p ; 

tv) from -|-= ~ 2 T'^r ^TT " *** deduce 

e 

* T k. » w 

_1 


2 J. — -i_£_ -L- _d_ 

1 + 2 + 3 + 4 + 5 + “ 


= 2 + 


1 +- 


2 + - 


3+- 


4* 


5+ 


v) -IL 
7 4 


1 + 


2+- 


il 


2 + 


2+- 


2 + 




2 + 


26. (Lambert’s 1761 proof of the irrationality 
of TT) Define £(*>, for each reaipositivem, 
bl^: 




jinA?0 ~ 2 ! m + 2 4 zl m(-m+n 2 6 3 !m(Tn+i>(m+i> + 


Z a Ht m(m+0(m+z,X™+^ 


ss 

= 1 + E 


i-lllx 26 


£i 2**61 m(m-rtV~ (m+6-i> * 




Then: 


i) exists for all x ; 

V{\ — ( 4 — X* fig - . - ■ 

lt ’ £nC*> “ I 1 z*mCm+i> fm*iW> 


fm+iM ‘ _1 


) 


1 X*/2 x m Im+i) ■xV2 x fm-fi>C , m»2> x 1 /2 > 

1— i— 1- 1 — 

r,i\ £/*(*> - 1 X* X x JC_ 2 >4 _ 4-anx . 

'f, (1 (TO 1- 3- 3- 7-* “ X > 

tv) 7T is not rational ,since if tt were rat-* 
lonal, sag -y- * ~ for positive integers m 
and n, then 


1 — 2H 

1 “ n- 3ti- sn- in- ) 

which is not possible since the right hand 
side is irrational. 


m 


rrr m' 


17. (Some irrational ertranscendental 
numbers ) 

I. if oc is a real number which is a xero 
of an integral polynomial of degreen but of 
no suchpolgnomial of smaller degree then 
« is said to be a/gefmtc of cUyric n . 
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All numbers al^ebrcuc of decree > l arc thus 
irrational . A number which is irrational but 


not algebraic of any decree is said to be 
trcunsomcUniciC . A simple cardinality argu¬ 
ment may be used to prove the existence 
of transcendental numbers. 


u. Let a be algebraic of degree n and let 

f be an integralpolynomial of degree n 

having cx as a xero. Then 

i)thereis an integralpolynomial g such 

that f 00 = (v-©0 g (X) , g(a) * o ) 

U) there is a positive 6 such that if 

cx +<5 then g(x)#o; 

itt) there is a constant M and integers 

a, S with S >o such that 

cv.jai -l-fill I > _J_ • 

°* 61 ' I 5(f) I * M6* ’ 




xm 


m 


W) ( LlOUVille 1844^ 

if & is algebraic of decree n tWen there is a 
positive constant c such that | a > -J*- for 
all integral a ) 6 with S> o . 

ID {) «sE io " 2 isirrational ; 

m=o 7 

ti) an irrational number is called a £vouvt(Xe 
number if for each positive integer n and constant 
C > o there is a rattona\ number , S > o ? such that 

| & -j| <-fir' Evenj bouvtUe number is transcendental; 

iii) o< = 1? a m io' m '\s transcendental when the a m 
are integers satisfying | a m | ± H for some M. 

IT i) let« ® [a«,a, ,•••] be an irrational number with 
converger ts-^j then if d^ x y^ for all kli , 
ex is transcendental; 

U) using {(,) exhibit cttranscendental number; 

Hi) if for kzl and a*,a v; are 

arbitrary then [a 0 ,ais transcendental. 
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28. In +hts problem x ranges over the irrational 
numbers m the interval [0,1*] . VOc wrrte 
x*[o, sotha+eaeh a-j(x) is a 

posi+ive integer. We denote the probability that 
a»0O*6 by T>£ and the probability that" 
,a. t (x))*(a t ,—,<t t ) by P(a 4 ,—,a t ). 

r i) Z P nt *t for n* i ,*,••• 

R* l 

and 

oo 

X P(0i,* , *<tiw,^*P(a 1 ,—,O forn=2,3-; 

fit* 1 

iO Pg = g (g+n 5 

wt) Pigs Pjfi*(»<'«»♦»)( 1 “' e 0 ) 

where £ ft —>o as ft —>oo j 
iv) P lfe 2 P l6 for &22 but P 21 < P u . 

* £ j sn , be the eonveryents to 

[o, a ir -,(i n . t , Ik] . Then 

,a rt .„6>= V^li(^ + fe3X^ 1+ f?^5 
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% n -2 

ft & P i * **« £ jK n~i . & 4 1 

u) "K + 2~* p(a t ,*-,a n - lf fi) ~ S+z+iais_ X43^; 

^Ln-i 

m ' ncft+O < p(<i., — »a«-ni)' (ft+i)(ft-»n T or * 22 i 


^ 2 "ftTi < p(«..-.« M .*) (fi+iKfe+O *" 3 * 

V) 1 <■ P(<*»—><*»-»» 6) g p v_ 3 

36 ( 6 + 1 ) S P(«i,•-.«*-!) * rn(i S (fe+i)Cfe + 2 ) * 


111 ft fe ?i P» £ = M+ 1 > 

«) £ P(a 1) ‘-' l & n . h 6) <«P(n„-, a n .,) , 
for n>2 and where o< oc = i-1 ; 

iJhn^ i^ii"') &») < OC 1 jvfe 1 ) 

i* j*n 

w) if [a 0 ,a M ci J ,*-*'l is the scf expansion of 
a number picked at random from [o, i] then 
the set of a^a*,**- is, with probability l, un¬ 
bounded ; i.e. almost all real numbersfailto 
have bounded partial quotients. 


W Let be an arbitrary positive valued 
function defined over the posrhve integers 
and suppose N 1 1, Then 

{\ is < T* / 3 4U*»-fc« 
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«> rd’< 1 

«) P(a.,-,a„) j TS’ i (l-^)< J P(a„-,aO 


< f« r t>* o»Ih»* 

the middle sum is over all (t- M)-tuples 
suchthat i* a^<f (j), AT< j* t j 
iv) if diverges, respectively converges, 
then the probability that a random xm [0,1] 
satisfies a n (X) < 4 >(n) for all sufficiently 
larae n is o, res 



J?emar£s. 

i. The particular approach to continued 
fractions, via Euler brackets, as presented 
here is somewhat unusual. chrystal [ i^om] 
yives a more complete discussion of Euler 
brackets than we have yiven. A particularly 
nice yeometrical introduction to continued 
fractions is yiven by Stark £i^io] . 




2. The treatment of Fare^ fractions ,see ,f ^, 
follows (njXiiiTa5 [laee] and, in fact, our 
exposition in mamj parts of this chapterowes 

much to the same source. 

3. For *z\ see Klein [lam] or Davenport [iw]. 

14 . In connection with *23 one mi^ht consult 
Matt hews, Walters [i<no]. 


5. The details in *Z5 will be found in 

Cheney . 

6. The natural continuation of *28 would 
be to prove Kuzmin’s theorem which states 
that for almost all real numbers X , 

OO k & 

where it will be noted that the limit isan absolute 
constant. For cjood expositions of this theorem, 






along entirely separate lines, thereadermgVit 
consult xhinchin and/or Kac [m5^] . 

The second of these gives a verg interesting 
account of the theorem connecting it with 
statistical mechanics and the ergodic theorem. 

7. The most complete treatment of all 
aspects of continued fractions will bef>und 
in Perron [ 1954 J . 




xiv More on Primes 


t. (Donse inequality) Let y t , p t , * he the 
primes in their natural order and suppose nzio. 
Further, let j satisfy 2* jf ta-i and set 

Then: 

v) each of ^,*** f p n divides at most one of 
AT,,-*,ATp. ; 

it) there isa j, 2 <jsn-i, for which 
Pj> n "J + 1 t 

tit) letting 1 he the smallest j for which 

+ 1, there is a £, 1 f £ s p), , such that 
j»i all fail to divide and, 

therefore, *, 

iv) the i in (tit) exceeds 4 so jj..-2 > { 

and ) 

v) for J 3 n . 





2. ( A property of 30 ) 

Suppose ^ £ Vn < p +1 , where p^ is again 
the prime number . Then: 

if for some j s £ , p^ does nob dividen 
then (tv) »1 and pj 2 < n *, 

w) if no composite integer < n isprimcton- 
then pi***pi|tv and, therefore^ ♦♦♦p* sn,; 

<n) if n> 49 there is a composite integer <n 
and prime to n $ 

w) all positive integers > 1 and < 30 which 
arepnmeto 30 aretbemselves prime and 
no integer larger than 30 has this property. 


3. (A property of 2.4 ) 

The number 24 is the largest integer 
which is divisible bg everg positive integer 
smallerthan its sguareroot. 
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4 . (Erdos ) V\)e svnte TT(y) for the number 
of primes < y and >/j(k) for the number of 
positive integers not exceeding y having no 
prime factor >p^ ,+be prime number. 

Then; 

i) everg integer having no prime factor 
>Pj is of the form m*p x t ^**pj Cl , where 
each c* is o or i * 

u) Nj (n) £ yfn • Z 1 ; 

Ht) TT(n<)£ In >r/eln2 and,therefore,the 
number of primes is not finite ) 

iV) p n < H n ; 

v) the series JE -y diverges, since others 
wisethere is a j such that 

I’JH t Hj M z V-I [ ix-Ir. >-r. 


5. ( SierpinsUt 1953) 

tt(xi= i^V-i'zri 1 '^ 51 " t" ) 2 r]. 
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6, ( Hardij 1906) Let^n) be the largest 
prime factor of n . Then 
?f(yi) » lim lim lim 5- f 1 - (cos ^ J ) *1. 

S-%oo m-*ao d-*oo j»o W ' 71 ' J 


7. (Moserjtes’ql) Letp n be the prime. 

Then: 


oo 


m (inti) 


10 * converges to , ft 

- ft(ft-M) 

where o < fit < io 2 ; 

[ n(n+Q «• — it (tiri) • 

^^j3o]-lo[lO^~p o ] . 


8. (S»erpmski[i952)) Let p n be the n,* 6 prime. 
Then; 

oo _ 2 m 

10 converges toa^bo, where 
0< 0^< 10' z * ) 

10 <X 0 J - IO 2 [ IO 2 cx 0 ] . 


9. (Hartter[i96i]) Let A= {d i) a t) bean 
arbitrary monotone increasing sequence, 
a M < a n+t 1 of positive integers. Then: 
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i) there ts a numerical function f satisfying: 

*) ffa)/fti) wan integer for all van } 

hJLifc ^"verges to a value <■££> forn>o; 
w')forany function fi satisfying (a) t (S) of (l) 

w) the results in *7 f *6 are special cases of (u). 

io, (Cbebyshev) Let nz 2 be given .Then : 

< ft ) < * !n ; 

divides (*£) which, in turn, 

d,v,d45 y 1 7,„p‘ , > wh ^tp.[-l£^] ; 

vvi) a) Z n <,TTp*f\ 

S) TT p<, 2 ln ; 

1 n<Psinr t 

w ) T Vj n T - and, 

therefore, TT (x) < j/fcT, In p + y/x • 

v) from fax-aj) y TT (2rO > ~ n j^r~ <> n d, 
therefore, there exists a constant A such 
that TT(xT > A fjjr for all yzi ; 
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vi) from (iit-6) ^EJnp< 2nln2 4 ^Ljnp ,and, 
therefore ^Inp < 2 ft+1 ; 

v#) there exists a positive constant A such 
that I In pc Ax for all x 22 ; 

m) there exists a positive constant A such 
that TT (x) < A for all x 2 2 5 
vx) ( Chebgshevt& 52 ) for x2i and suitable 
positive constants A and B , 

A"]^‘< TT(x^< B"|^“, 

11. C Approximate order of p n ) 

Let fe y o be given. Then : 
i)from Chebgshev’s inequality there is 
anx. such that i-ec-^^c l+e forx>x 0 ; 

u)for suitable positive constants A andB 
and for x > X'o , 

A(i-e)< — B(i+e) *, 
wi) for tv sufficiently large 

A(i-o< n p n n 




iv) (Theorem ) There exist positive constants 
A andB such that 

Art Inn <p n < Bn Inn ; 

v) from (tv) one easily deduces that the 
series JE $5^ is divergent for ex £ i and 

convergent for <x > 1 . 


12 . (Bertrand ) Let T n > where £ * 1 

when there are no primes between n and in. 
Then: 


<> Pn <( 2 n n’ )<**"-’ for mzy 

u) ^TT p < 4 for all real xi z ) 

in) if Z < “T" < p < n+henp does notdivide(^); 
<*») < ( z n ) i (zn) t ' /H ‘P r Pn for n23 ; 

v) P n >l if 4 1 "> 8 (inf n * 3 ; 

vi) P n y 1 if n > 500 ; 

w) (Bertrand) if n22 there is a prime- 
Stric+lij between n and in ; 

VM*) p n+ i< 2 pn ifu^l. 
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i3.(Fmsler) Let be as in Then from 

4 n/} i 

*nm, P n > 2 vn(znV^vTS • Setting therujht 
side of this inequality equal to ( 2 nY* we have 
i) x<TU 2 n)-TT(n) if rei3 ; 

i n /. 3ln4n 3ln2Tt\ -n. 

tO Vln2Tt - Xi ,n4 " m ' VTn )>T 
if n S 2500 ; 

W) 3 \n zn < TT(in) -TT(n) if n 2 2500 ; 
w) 7T(2n)-TT(nU ? ™ n ifn,22) 

v)(7»nsler) if n>2 Then 

7T ^ r <TTC2nVTUnU T ^ 5 

vv) TT(2n)-TT(n) 22 if nz 6 ; 
VM)pn«<2p n »f ; 
imi) there is a prime p sevtisfyiny 
rv<p< 271-2 if 712: t *, though not equtva~ 
lent To # i 2 (vvi)this is sometimes referred to 
as Bertrand’s postulate *, 

uO TT(2n>-TT(n) is an unboundedly 
increasing function of ti . 




14. Starting with Fmsler’s theorem (*i3-v) 
one -finds : 


i) TT(2*)< 




.f Ail ; 


ft In a 

m) TT(n) < 4 - -[ftp if n *2 j 

12 iftp < 11 ^ - 1 »f n i 2 ; 

w) (Chebi^shev’s theorem cuymn^ 
-L^. <TT(x><% _S_ . 

(These values of the positive constants in 
Chebijshev’s theorem are far from “ best 

possible”.) 


•s'. Consider 

(*) TT(mn) >TT(tn)+lT(n>. 
i) Usin^ * 14 (tv) (Cheb\jshev) it is easij to 
prove (X) for i<*2 &n<m ; 

w)usin^ *13 (V) (Finsler) one obtains (X) 
for 2 ±n< 192 ,40oo^m ♦ 

(usin^ tables and a computer one <^ets 
(X) for 2 snsm, 66tn; seeTrost [ 1968*] .} 
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is. (Assuming the result m the parenthetical 
remark of * 15 .^ 

i) TT ifinfn ) >TT (jw) for asnsm, wm ; 

?mj>n >pmvnfo r J 

M)Pn.i-$Pj 1 fori^n; 

w)p n * < (p t • ♦ -p n ) 2 when nil. 

17. ( A special case of “Dtrichlet’s theorem 
on primes in arithmetic progressions .} 
“Put £»(*)*,$ (x-e 1 ^) , nil . 

Then: 

A x»-j -£F<(*V, 

it) F n (x) is an in+eyral polynomial of 
decree f (*0 ; 

w) F n ( o) * l for n>l ; 

w) if p is a prime factor of 
then (a ,p) * 1 *, 




v) if p J T n M and t is the smallest positive n 
for which p | ct n -1 then : 

а) t1 n ; 

б) t< n implies a? -l s (a+p) n -J * 0 (modp z ); 

c) t<n implies p)n ; 

d) p\n implies t *n implies p* 1 (mod n); 
vO let p t ,•*•> P/j be ang finite set of primes; 

then for y sufficiently largeand n>l , 

(nvj p r ~p ft ) >l and 

(mod np t -p*V, 

thus there is a prime p 4 pj , l ;> j s £ , satisf ying 
p s i (mod n) 

vtf) for rt > t there are infinitely many primes 
in the arithmetic progression 

i , i + n f i + zn 1 i + 3n,••• . 


18 . Let be as in # it and let p be a prime. 
Further, suppose n has exactly r distinct 
primefactors and that A j , 1 £ j £ r, is the 
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set of products of j of the r primes entering 
into n. We put 

9 (X1-7. WJWxfr-nTy »*-n-•• 
f M - (*»-!■ ijy x*-rtIV- 

and e m = e Z ^ m t with (m,n) = c£ . 

t) e m is a xero of order l of each y^-l 
for which o<|m and is not a xero of all 
other 1 *, 

n) if cC >1 and has s distinct prime factors 
then the highest power of x - £ m in g(x) 
(respectively f(r)) is (f) + (!) + (I) + ••• 
(respectively itlf)t(S)*"* ) ) 

*> - . 
- - 
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to) »f p|nthen 5p00* TJtf*) > 
v) if ^nthui Kun 

V 10 F„U~ 




X*' 1 +V * > ' 2 + 


+ x*m ; 





o if n * i; 

vU)T n i\)* j p if ms a power of p 5 

1 if n has at least 2 distinct 
prime factors; 

vvm) J (y> * TT ( where is 

^ din 

■the number theoretic function defined bij 
jo ( 1 ) = 1 , jo (n> * O if rw contains as a factor 

k r 

the square of an\j prime , ifn 

is a product of 6 distinct primes j 
vs) \ct ns pr**pt , where t is odd and the 
j>i are primes satisfipnej p,<p 2 <‘**<p i and 
pj+p 2 >pt (see y i3-iv) }then 

3 (1 + x+ • • ■• ■+ X ft " 1 H 1 - s 9 i -s ft -x fw ) 

(mod x^ t+1 ) ; 

?0 ( Schur i^3i) for n as in (tx) the 
coefficient of x ft in Jv *00 has absolute 
value t-\ . 
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19. (Richert) Let S n be the set of sums of i or 
more of the n primes, no repetitions per¬ 
mitted . Then: 

t) oil integers between 12 ond 29 (note 
29 * 12 + j? 7 ), inclusive, are in S 6 5 

iv) if n i 7 all integers between 12 and 

29+p are in S n j 

Hi) all integers z 12 ore sums of 2 or more 
distinct primes •, 

w) all integers 2 7 are ether prime or a 
sum of two or more distinct primes ; 

v) 6 is the largest positive integer which 
is neither a prime nor the sum of two or 
more distinct primes and ii is the largest 
positive integer not the sum of twoormone 

distinct primes . 


20 . (Furstenberg) let S bethesetof all 
integers .Take as a basis for a topologg in 
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S the collection of all two way mfinite 
arithmetic progressions ♦ Thus a set of S 
is open, if it is the union of such arithmetic 
progressions. 

() S with the specified basis is a topo^ 
logical space; 

w) each arithmeticprogression is both 
open and dosed *, 

i«) each finite union of arithmetic pro - 
gressions is closed *, 

u>) if ,where p is a 

prime, and if A = y /Vp, then the complement 

of A is £- 1 ,1^ *> 

v) that there are infinitely many primes 
follows from (tv) . 


zu (Nicol) For each positive real number x 
let TT t (x) denotethe number of twin primes 
(p ,p*i) with pc x . Then 
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i) FCrOr 


1T,(X)« i t i( t ( x sin {f (n. J)[sSt]] sin (f n [ £ ^ sll ]] ) 
where IS the largest mtcyer 
not exceeding ... , 

22 . ( Wi Hans [i^ 6 '+] ) 

Define F(n) by F(n)*[ cos 2 tt .Then: 

l "for n prime or n * 1 5 
o for n composite j 
ii)the prime p„ is yiven by 

in 

J>«* ‘♦XfTW] • 

fe: a 

Bernards. 

l. Tbe Bonse inequality in r l is not very strong 
and its main interest is in tbe simplicity of" its 
proof* and its application to problems * 2,3 . 
Tbe property of"3o yiven in *z yoes back to 
Schatunovsky who proved it in 1893. 





Generalizations have been given - see e. g. 
Dickson I [1952] pp. 132,133,137,138 and 
landau I pp. 22^-234. 

2 . Tor other work on prime representing functions, 

*7-%one mi 5* 1+ consult Namboodiripad > 

Willans [i<*4] , Sato o Straus O?o], Dud leg 

, Mills [w] f and the references therein. 

3 . Problem *4 is due to Erdos [1938] ,*13 to Finsler 

[1945], *19 to Richert , *20 to Furstenberg 
[1955], *21 to Nicol [1974] ,*2Z to Will an 5 £1464]. 
For an exposition of the results in *12-16 seeTrost 
li^S"]. Ex jpos »"ti on^ of the special case of Dinchlets 
theorem mag be found in Magell [1951] and Landau 
C ^ oc f\ * A simple, even more el ementarg, proof is 
given in Niven, Powell . A complete proof 

of Di rich let’s theorem is given in xxiv. 
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4 . Taking nj 4 *\6 (w)yieldsp n *, < / pt"'J>«, 

which is the Bonse inequality ©f*i . As wi+h+he 
property of 30 one coin use r ife(iv) to provetkat 
when n >p t) ^ then there is a t ; if t * zk ; such 
that^ ,p t *, are all prime to n and smaller 

tkom n . With C?2 we see all numbers n*p, z *49 
are prime to a smaller composite number. 


5 . Tke polynomials J^(x) introduced in *n 
are called eyefciomte poCynomiaCs . Tkis 
particular use oftkese polynomials yoes back 
to Bany and Sylvester in tke late 1880‘s ,Tke 
yeneral Diricblet tkeorem was first proved 
by “ non - elementary” means by Dirickletm 
1837 . Tke cyclotomic polynomials offer 
another of those curious instances where 
intuitive induction may lead one astray. 
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The Ten cyclotomic polynomials are *. 
T t {x)* x-x 7 4 (x)sx 1 -xh 

7 t (x) * x +1 f T (x) s x 1 ‘+x 5 + x\ x 3 +xVx+i 

f 3 (x)* x*tx+1 F t W s ^+i 

F 4 M» xSx F,M*x%x 3 +i 

7 s (x)s x‘Vx 3 +x , 3 +x+i 7 „(x) * x 4 - x 3 *x 2 -x +x. 
Even this small sample of data miybt lead one, 
to con jecture that all nonzero coefficients 
of F n (x) are ior- 1 , Further data up to 
n*io 4 would support this conjecture. 
However, for n* »os a coefficient z appears, 
if one lets A n he the largest modulus of a 
coefficient of Fv(x) then as Sihur proved in 
i 93 i (see^isc *)), l»m sup A n * oo . ( See I* Schur, 
Gesamwefte Afifiandlun^en HT p. ueo -1.) 
tKi s was sharpened by Emma Lehrner ^ 1936 ] 
and then later Erd< 5 s [i 946 ”J proved that for 
every £ there are infinitely many n for which 


A n >n . 




There is a continuing interest in these, 
matters and the reader mi<jht see Teitlin 
[1968] and/or Better [i9ii ]. 

6. Similar results to that of * v \9 maij be 
found in Dressier [ 1912 , 3 ] and the references 
contained therein. 




XV Qjuaterntons, Compile Numbers , 
Sums of 4 and 2 Squares 


i. ( Qjuatern ions ) 

Let £ and <T stand for the fields of real 
and complex numbers respectively and let 

' b a ) I a arx ^ ^ arc ,n ^ ^ 5 

a ”b -c -cf 
6 a -cT c 
c cf a -£ 
cf -c 6 a 




S'* 



i 

a ; 6, c, and (fare in R ( 


<r = 


- _ ^ J & and b are incj , where 

C is the ordinary complex conjugate of c . 

In St" we write l, t, j, £ for the elements 

i o o o \ / 0 -1 O o \ / OO-ION / o o o - 1 ' 
oioo iooo oooi oo-io 
0 0 1 0 0 0 0*1 10 00 0100 
<0 001 / j \0 O 1 o/, \ 0-1 O o/ ) \ 1 o o o 


respectively 
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With the usual operations of matrix 
addition and multiplication : 

v) C" is a non ~ com mutative field with 
J i'a subfield ; 


u) Jl' »s isomorphic to C ; 

Hi) C x is isomorphic to .R") 
tv) R" is a 4 dimensional vector space 


over £ j 

v) the set of oil rational linear com~ 
binations of 1, i, j, (e is a non*commutative 
subfield of ) 

vi) multiplication in R'andin (see(v)) 
is characterized bv^the equations 

, tj.ft, jt-*, 

licative identify 


and the fact that i is a multip 


Elements of Q^are called rationaf quaternions 
while elements of JZ" are called reaf 
quaternions . 
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2. ( Conjugate,Trace, Norm) 

if oc * a+ i £ +jc + kcf is a quaternion 
(real or rational) we put 
Ta = 2 a , Afa = a% £Vc%cf *and call these 
the conjugate, trace, and norm of ex , respec- 
tivelij. 

i) as« rfandonlijif £*c = cf-o 3 
n) A 1 * a = A*cx and Tex sex + oT j 
vii) tfoi - o if and onlvj if ex * o 3 
tv) (X+J 3 * « + p 3 

v) oTp * p a 3 

vi) JSf ex * of 3 

vii) AT(«p) = (Afo<)(Arp) ; 

vw) each of oi 1 o< satisfies the ecjuation 
x 2 -xTo< + Afcx =0 3 this equation iscalled 
the prmcipat i^uation for ex . 





3 . (Integral Quaternions^ 

In this problem we, deal exclusively with 
rational quaternions ,i.e. with elements of 
C^,( 5 ee, # i(v)). We use, 2 . for the, set of rational 
integers and call an clement of wfceyraf 
if it is a zero of a monic polynomial wi+h 
rational in+eyercoefficients. We put 
f *+(1* *♦ ) + &) and define £,H,I by : 
£ » [a + t' 6 +jc + kcf ) a,b,c,cf are in 2 ♦ 

H = £ u [p + a|o<isin£*j : 

T s set of all integral quaternions. 
i) a is in I if and only if Toe and Afoe 
are in H *, 
w) £ % H % I ; 

«*) if A is either £ or X and if cx e A 
then a , toe, joe, leoe are m A ) 
tv) I is not closed under multiplication, 
not even under left multiplication by i • 




s) £ and X arc integral domains while 
I is not ; 

vi) X is a maximal integral domain in I ; 
vtf) K * j'ap + tfi+jo+lccf | a,6,c,cf arein Z j. 


We call £ the Jupsc/ntx’ and X the Xurwitz.’ 
integral subdomain of C^. In the following 
problems all quaternions unless stated 
specifically to the contrary are to beta Wen 
from K . When noted they may often be 
even more restricted and beta Wen from £. 
We systematically use small Greek letters 
for quaternions. 

A quaternion cx is called aumttf A/a=i. 
if = we call p a Ceft cTivtsor of a and 
if oi * #J 3 we call p a rujkt divisor of oi . if 
there are units such that cx = ppV 
we call a and p associates * ^ p = i we 
call p a Ccft associate of cx . 
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A common lef t divisor of & and p which is 
left divisible bv^ evenj common left divisor 
of a and p is called a Ceft" jeefof cx and p. 
In * 4 (v) below it is shown that leftgaTs 
exist. For each cx,p we let (#,p) denote 
one such <^cdf of a and p. 

4, i) Evervj element a has a left associate 

in £ } 

n) given m e 2 and aeK there is a 
petf such that X(<x- mp) <m* *, ».e. 
evervj "'open circle”of radius m z contains 
an element of K which is divisible bg m * 
w) (analogue of the Euclidean algorithm) 
if ot and p are in >f, p t o , then there ist 
'St, ,^ 2 , 5 Z in >f such that 

cx-p^+^i, JNT<5 a <>Tp • 
cx= < 5 2} ) 




tv) if 6 is o left ged of two quaternions 
then &i is a left qcdof these quaternions 
if and onlg if <5 and 5 , arc left associates ; 

v) for fixed a, p in X if d is an element 
of As |*ap+py | p,y eX ] such that 
o < JsTd s X 8 for all % e A 
then & is a left ged of & and p ) 
vt) there are exactly 24 units in X and 
each of them is a two sided divisor of all 
elements of X ; there are exactly s units 
in £ and thegare 

v$) if n is a rational integer > l and 
n divides Xo< then (o^n) is not a unit. 

5 , (Primes) 

An element a in X is called composite 
if it mag be written as the product of two 
elements of X each having norm y l. Non¬ 
zero elements of H which are nether units 
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nor compos ite arc called prvtne. if ex in 3 -C 
has no rational integer divisor other than! l 
then oc is said to be prtmtttve . 

») All associates of a prime are prime ; 
n) if Xoi is a rational prime then oi is a 
prime in X 5 

vii) if p is a rational prime dividing the 
norm of a primitive o< then (o< ,p) is prime 
in X and Af((a,p))*p ] 
tv) everv^ rational prime is the norm of a 
prime in X and, therefore, is not a prime tnXj 
v) Afa is a rational prime if and onlij if 
CX is prime m X } 

vt) if 2 divides JSToc then «* (i + i)p for 
suitable p m X * 

vn) everv^ element a in X mavj be written in 
the form cx = (i+ 0 r mj 3 p ? where r, m are non*ne^* 


ative rational integers, r* o or l f is a unit in K, 
and p is a primitive element of £ of odd norm • 





vui) suppose a and are primitive and 

Ata ez'X'H y A’8*p 1 ***p 5 , where p t ,**'> p s 

are odd primes in 2 (not necessarilydistinct)} 
then there exist primes TTj., * * *, ttg in K such 
that A’TT^p^i^t^s , and # • TT 4 • * * TT S } 
a*(i+i) r TT l *» > TT s } 


ix) for oc, Afa as in (vwi) , if a*(i«t) r ‘t 1 ***tr J , 
where the Z s are primes in H and W*tr t *p t , 
is t s s, then for each t, Z t and TT t are 
associates ) 

y) if a is a primitive element of K and 
Nol = 2 r pi'"j ) s , where the p } are odd primes 
and r - o or i , then there exist unique,upto 
associates , primes TTi,***,TT s mH such that 
OCs(i+i) r TT 1 -TT s ; ATtl^spj for isjss • 
xi) non-primitive elements of K may have 
distinct prime factorisations. 
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6 , (Number of quaternions with given norm) 
0 The number of quaternions with norm 
2 is exactly in and theg are all in C • 

u) in this part let p be an odd prime in 
2 and suppose A,B,C,D are integers (modp) 
in "2 . Then : 

a) given a, £ in 2 the congruences 
i) A 2 +B%C%D 2 50 (modp) and 
2) A 2 +(*'aA+B) 2 +(-£A+C)%D 2 so (modp) 
have the same number of solutions A,B,C,D* 
£) a, £ mag be chosen so that p divides 
i + a 2 +£ 2 and (2) of (a) becomes 


3 ) B 2 +C 2 tD 2 = 2A(aB + £c) (modp) ♦ 


c) if in (3), aB + £c = o (modp) then 
there arepsolutions when BsCso(modp) 
and 2p(p-i) solutions otherwise ) 
cf) if in (3), aB + Gc ^ o (modp) then 






O the number of solutions of (i), and 
therefore the, number (modulo p) of o<’s in 
£ such that Afoso (modp) is (p 2 -i)(p + 1 ) + 1 • 
w) In this part we write ) j* izfait 

and suppose all subscripts larger than 3 to 
be reduced modulo 3 . Thus *t, ? a 5 * a 2 , 
,etc. Further^ p is an odd prime in 
2 J a *a 0 +i 1 a t + t 2 a 2 4 S a 3 »s in C, and p 
divides Afoc but does not divide 01 . 

а) There isa V, isVss , such that p 

does not divide a*+a v *) 

б) for v as in (a) and x = x©+ + i 2 * 2 + i 3 x 3 


m C define p* a*ta v i v 13= x c f\ v i v 

^ = «*t*«*.*V ^ = * V+1 + ^V+2^V j 

then 0 a*p + 8i v+ i , X!i)+^t vn ; 

2} if a,6,c,d* are scalars then a+ 61* 
and c+cfi v commute j 
3 ) if co is an^ of jj, $, 13 , £ then 
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c) p divides ax if and onk^ if p divides 

; 

a) ax = o (modp)has ) modulo p, exactly 
p z solutions in C . 

w) if p is an odd prime, in 2 then , aside 
from associa+es , there are exactly pt l 
primes *n C of norm p. 


7 . ( Jacobi’s Theorem) 

Let m be an odd number with -the 
ordered fac+orixa'hon 

OCj »: a t 

where pi,***,p4 are distinct primes in 1 
and are posi+ive m+e^ers .Then 

for each a »n £ with = m there is a 
prime factoriza+ion oc * TT u *»*TT I 0 ,***TT tl ...Trt at 
such that AfTTs>o*pv for 1 £ V£ t, ui}sa v . 
Note that the primes 'H’vn be in £ . 
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i) if for a given N> there isanr) such that 
TT^and TT^ are associates then oc is not 

primitive; 

tv) if a is not primitive there exists a pair 
V,t) such that TT V)1?+1 ancl are associates} 

tu) the number of primitive ot in C with 
J\fcx = m is SCpi+OjJi -1 ' 1 —(pt + Op *** 1 

tv) the number of o< in £ with Not = m is 

8 £ -^n (1 +^r ) ~ 8 O’(m) l 
<£ 4 |m d J>l^r V y > 5 

v) the number of oi in £ with No< = n, 
n an even integer in 1 } is 2 t to , 0 (n), where 
O’VO ’s the sum of the odd divisors of n j 

vt) (Jacobi’sTheorem) the number of 
representations of a positive integer n as 
a sum of H squares ) representations which 
differ onlg in order or sign bang counted as 
distinctj is 8 times the sum of the divisors 
of n which are not divisible bg 4 . 





8. Write jst 1( j = % 2 } fi, s 1 3 and put 
G t * [a+ t t 6 | a, 6 in Z ] , i s ts 3. ThcnG t cH 
and, under the induced operations from W, 
is a commutative subring of H . It is easgto 
verifg that Gj,G 2 ,G 3 are isomorphic. We 
write G for ang of these and shall call the 
elements of G Gaussian integers . it is clear 
that if C is the set of all complex numbers 
one can write ( where equality here in¬ 
dicates isomorphism ) G * C 0 C . Further, 
£*{cxti 2 p |cx,pinGij*{cxtijp |cx,£inG^ 

s J c*+i 3 p | «,fin G 3 ]. 
if one replaces K bg G in *t -7 much of 
that theory carries over, in a simplified 
wag (since we now have commutativ »tg ) 
to G . Carrying out the details leads to+he 
theorem: 





if the canonical prime factorisation 
of the rational integer n contains a 
46,+3 prime to an odd power then n 
is not expressible as the sum of two 
rational integer squares; otherwise 
the number of representations as 
such a sum is 4 (cf t \n)-cf,(n>),where 
cfj(n) is the number of odd divisors 
of n which are congruent to j 
modulo 4 . 

9 . let r s (n) be the number of represen ** 
tations of n as a sum of s squares and 
define f s (n) bg f s (n) * (es)'V 5 (n) .Then 
t) if n-a£ , (a, 6) * l, then 

а) <f,(n)»rf 1 (a)cf J (6)t'cf 1 (a)cf,(£) ; 

б ) cf 3 (n)rd , 3 (a)c{ 1 ( 6 ) tcf 1 (a)cf,( 6 ) ; 
c) f 2 is multiplicative ) 

here cf, and d z are as in *s • 





f 8<y(i n) forn odd ; 
u-a) (n) * j 

( 24 O’ (n) for n even ; 

where 0’°(n) is the sum of the odd divisors 

ofn ; 

6) is multiplicative • 
ui-a) r s (z)*t(f); 

6) r,(j). 8(|) ; 
c) r s (6)=6i( s t )un(j) ; 


s «s( s ' 1 K s ' J Xs- i, X s ' 8 ); 

e) (Bateman [ 1969] ) the onlg possible 
posi+ive integers s for which f s (n) is 
multiplicative are i,2,4,8. 


Jhmarlis . 

i. Clearlg f t is multiplicative and mview 
of *9(t eru) each of f 2 ,f f is multtphca+ive. 
Using the expression f 8 (n) = (-if *16 
(see Dichson’s Xtsiory n p. 315 ) it is easy to 




sec that f 8 is multiplicative. Thus f 5 is 
multiplicative precisely for s = i, z , 8 . 


2. if A is any associa+ive algebra over a 
field 7 with basis e Jj ***_,e' n one can define 
a function N : A —* 7 by the equation 
N (a t e j+ • • • + a n e n ) * a, 2 + • • + a n 2 . 
when this function satisfies theeguation 
N(a&) s N(a)N(b) for all a, & in A one 
calls the algebra a normeef algebra. if A 
is a normed algebra with identity l ( we 
identify a e 7 with a • l e A ) one may 
define a conjugate function a satisfying 
aeAjdb-ba ? aa-Na for all a, 6 in A. 
“Further, putting Ta =a + d we see that- 
each a eA satisfies its monic second degree 
equation x 2 -x -T a + /Va= o.The real number^ 
the complex numbers ,and the real quater¬ 
nions afford three examples of normed 
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algebras with identity over the reels. 
Suppose ,now, A is on arbitrary normed 
algebra with udcn+i+vj over the reals and 
supposea is the conjuga+eofa mentioned 
above . Put B »A xA and define mu Implication 
mB by (a,b)(c,cf) = (ax-Jb,<fa + be ) . 
identifying 1, j with (1,0), (o,i)of B 
each element (a, b) of B may be written 
a 4 jf>. Putting x = a-jb when x-a+jb 
(the bar on the right of the expression 
for x is the conjugate mA) and defining 
jSfx = xx one can prove, when A is associa~ 
five, that J 3 is a normed algebra with 
identity over the reals. Starting with A 
the real numbers , B turns out to bethe 
complex numbers .Taking A to bethe complex 
numbers,B is the se+of real guaternions . 
Finally, starting with A as the real quater¬ 
nions one obtains for B the so-called 





XV 


algebra of CayCeg numbers . At this point, 
since the algebra of Cavj\cxj numbers is not 
associative, no now normed algebras over 
the reals arise. In-fact, if con be shown that 
only f be four normed algebras mentioned 
exist (see Curfis [ 14 & 3 ]). Consideration of 
tbe norm funcf ion m tbe system of integral 
Cayley numbers leads to tbe 8 square theorem 
(seethe Remarks in xi p. 86, Coxetcr [«m] , 
Curbs [»963] , and "Dickson [ 1927 ]), Tor tbe 
general arithmetic properties of quaternions, 
not only the above references but also 
'R.edei [iw] ) 'Dickson[i4i9 > m3l, MacDuffee 
[•940], Hurwitz [1896,l<M9] might be consulted. 
Finally we mention tbe paper by JTuhhuk 
[ 194^3 and tbe references therein. 


3. An integer is a sum of 3 squares when it is 
not of tbe form 4 J ( 8 t+ 7 ), s>o,t>o. For an 
elementary discussion see Weil [1974] * 




xvi Brun’s Theorem 


Pairs of primes of the form p } p+2 arc 
called tmn primes . The number of primes p , 
p& X ,for which p+z is prime is denoted by 
TT 4 (x). It is not known if TT^x) increases 
without bound as x increases. Nevertheless, 
in i^i<^ ViyyoBrun found an upper bound for 
TTjCX) which,though increasiny without bound 
as x increases ,was sufficiently small toshow 
that the sum I y- ) taken over those primes 
p for which p+2 is prime , converges. In this 
chapter a proof of this result is ytven. 
Throughout, x and ^ are positive real numbers 
with z <3< v/x , P is the product of the dis¬ 
tinct primes not exceeding 5 ; a n * n(n+i) for 
1 £ n ± [ x*] , and V (n) is the number of d istinct 
prime divisors of n . 



i. Ut S * I i . Then TT^x') **+ S . 

n*J 

(a n ,fc)*» 


2. Let S j be the number of n, i s n 5 [ x ], for 
which <J | a n and suppose zii .Then S,as 
»n*t ) satisfies S* £ . 


in a 


3 , ‘Putting p( 5 ) for the number of n 
complete system of rescues mod <5 for which 
cJ | a n then for p anvj prime divisor of & we 
have 


s>if» 


Z for p odd ; 
i for p * 2 , 


j 

and ,therefore ) for J anv^ divisor of JZ 

f 2 ^ for d odd 
jm-i p or j . 




4 , For each divisor of Jl there is a number 
A,|#|*i,suebtbat 

where Sj, p( 3 ) are as in *1 , *3 . 





l $6 


f. The S of *1 and *2 satisfies the inacjualitv^ 
5 < x (T, +T 2 ) + T, 5 wWe 

«>VI Afc S 5 i 


0)T,. t ? (3)*f (**»') *1 . 


s. it is possible to choose a positive constant 
A so that e A I n 2 > l and 1 4 < A In In t, for 

all t. 


7. Taking A as in *$ and putting ^ s x* ? 
a * (6 e A In In x V 1 , there is an x 0 such that 
for x > x 0 

2 [2eAlnln^] + 2<TT(x ) ) • 

l > jl 
aAtatn* 3 





8 . Tor Aqs m # i and ^ ,x 0 as in *7 and wi+h 
[ 2cAlnl«v^*] + 1 

vvcKavc^or x*X 0 , and 2^<V(R). 


9. Let A,^ ,x e ,6 taastn*V 85 +Wifor x>x« 
and all sufficiwvtlvj larcje positiveconstants 
B voeViave : 

a) T.HJLI 


pi* 


< MTT) I< c^> 






<2’* 6 < 1 


c) T,f (TT 

io. Tor o suitable positive constant C and 
all suff icientl^ iareje x voehave 

TT ! (X)<Cx( Ja ^r) i • 





H. ( Brun 

а) I y , where the sum is over all primes 
p such that p+2 is a prune, converges. 

б) I y, where the sum is over all primes 
occurnna in a twin prime pair, converges. 


Remarks. 

i.tKc theorem ofthis chapter was f rst proved 
bvj Brun [1919] . expositions will be found 
in Gelfond, Lmmk [’i«? 65 ] jPademacher [19&43, 
Landau [i 9 ss 3 . Extensions of tbe method of 
Brun mavj be found mTrost [iqei] , Pracbar 

[1957] , and Walberstarn ; Roth £196^3 ♦ 


z. rhe conjecture that tt z (x) tends to inf mtg 
with x is called the tmnjprime conjecture. 
This is the special case k = 2, £,*o, S^2 of the 
conjecture*, if £,,♦•*, kg are non-negative integers 
such that for each pri me j> there is an integer 
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n with b,+n,**%G n +n all non-divisible by p 
then for infinitely many values of n the latter 
£ numbers are all jprime. Though this conjecture 
has not been proved Richards [1974] has shown 
that it is not compatible with the following 
conjecture made by Mardy and Uttlewood in 
io>23 : TT(x+y)f TTOO+TT(y) for x,y integers 22 . 
An even more general conjecture, of which the 
twin prime conjecture is a very special case, 
goes under the name of fujyotdzsis >f. For 
details see Sierpinski [1964a] p 127 ff. 




xvii Quadratic Residues 


i. i) Suppose a>o,‘Ds6 2 -Hac,f(x)*avVbv+c. 

Then f(x^ 5 o (mod m) if and only if 
(2ax+£)*sD (modnatn); 

«-) when (a,m) scf- tS where t is the square 
free part of cf, tKen tVie follow tnq two statements 
are equivalent: 

а) x : sfl (mod m) is solvable j 

б) 1 and x J ij (mod’J) is solvable. 
(Thus, solvability ofa general quadratic conqruence 
is reduci ble to that of a pure quadratic conqruence 
of theform x 2 sa (mod m) which, in turn, may be 
reduced to a similar conqruence in which (a,m) = i.) 


Defrutton : n is a quadratic residue (qr) 
of, or moJuk , m if x 2 = n (mod m) is 
solvable •, otherwise, n is a cjuadratic 
non~rtsicfuc (qnr) of, or moduCo 1 m. 




In flic following whenever we speak about 


uadra+ic rescues we exclude o. 


i 1 


2. i) x z * 12 (mod f5) »s not solvable j ».e. 

12 is a cjnr of 45 j 

n) x 2 * 252 (mod 1575 ) is solvable ifand onlvj 
if x 2 s 3 (mod 25) is solvable 5 t.c. 252 is a cp* 

of 1515 ’ if and onlij if 3 is a cjr of 25 . 

3. In this problem all congruences x 2 *a (modm) 
are +0 satisfy (a,m)* \ .This congruence,where 
m = p a , with p a prime will be denoted bij (*«). 
Thus 

(*«) x 2 sa (modp*), (a,p)*i, p prime. 

1 ) if p »2 then 

a) (* 1 ) is solvable and has l solution j 

b) (*z) is solvable if and onlij ifa?i(mod4)^ 

c) (**) ,when solvable, has exactly 

2 solutions : 




cf) (S)is solvable if and onhj if as i (mod 8 ); 
c) if o( t 3 then (*«+i) is solvable ifandonkj 
if (V) is solvable } 
f) for 3 , (*«), when solvable, bas 

exactly 4 solutions ♦, 

<]) tbe number of solutions of (*«),« >1, is: 

1 for a * i f a odd *, 

2 for cx*2, as 1 (mod 4 ) * 

4 for a> 3 ; a 51 (mod 8) • 
o otherwise . 

\i) if p>2then 

a) (* t ) bas o or 2 solutions j 

b) if x 0 is a solution of (*<*) then there 
is a untejue t, o £ t < p, such tha+ x d + tp w is 

a solution of (*©<+i) *> 

c) (*<x+i) is solvable if andonl^ if (*<*) 

is solvable ; 

cf) (*oO , when solvable ) bas exactly 
2 solutions 
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i\) (Helping lemma from +be theory of congruences) 
let f be an integral polynomial and suppose 
m t , ••• ,tn r are pairwise relatively prime; )e+ Xj , 
l * j s r , be the number, modulo m^ ,ofsolutions 
of f(X) = o (mod m^) and let X bethenumber, 
modulo ra^-m r ,of solutions of tbe system 
f (x) 5 0 (mod m t ) ,|(x)so (mod m r ) ; 

then X»Xj •••X r 5 
w) a) a is a cjr of m if and only if 

a is a <jr of every prime divisor of m • 
as 1 (mod 4) when 4 |m and 8 fm ; 
asi (mod 8) when &|m j 
6 ) when a is a cjr of m tbe number of 
solutions of X z s a (mod m) is : 

i z^ if H fm • 

2 ** +l if 4 | m and $ f m •, 

2 &va if 6 |m , 

where £ is the number of distinct odd prime 
factors of m . 




(Thus , solvability ofyeneral yuadraticcongruences 
reduces to solvability of quadratic congruences of 
the form x 2 5 a (mod p) , where p is an odd prime 
not dividing a.) 

4 , Let p he an odd prime and suppose p does 
not divide a .Then : 

i) exactly one of* the followmy congruences is 
valid: ofi~s\ (modp), a^“ « - 1 (mod p) • 
n) if a is a cjr of p then a^“s 1 (mod p) ) 
fti-a) (x 2 -a)y(x 2 ) + a^~-inhere 

y is a polynomial of deyree } 

b) if 5 i (modp) then (x 2 -a)y(x 2 )50 (modp) 
is satisfied for all x not divisible by p 5 
tv) ( Euler’s criterion) 

a is a cjr of p if and only if 
a^ S 1 (mod p) ) 
a is a <jnr of p if and only if 
a^- 5-1 (mod p) . 




we write (j) - 


"Definition: Top p an odd prime not dividing a 

1 if a is a cp* of p 3 
-l if a is a cjnrof p. 

tViis symbol (-^-) is called tine Ce^cncfre sipnkof. 


5. let p be an odld prime not dividina ab.Then: 

u) (y) s a^ - (mod p) (this is also called 
Euler’s criterion) • 
vu) if as 6 (modp)then (‘p) 8 (p) 3 

“> 'f pf afi tll4n (^) s (pxf) > 

v- a) if osa<£s^-then a z j 6 z (mod p) 3 
6) if o<a ip-i then tWe isa b, o<B<^- 
such that a 2 =£ 2 (modp) ; 
c) if (p-) = 1 then a = £ 2 (mod p) for some 6, 
o< £$^-3 




(“Referring to the result in Cvi^ Gauss wrote in the 
introduction to his monumental THscjtusrhones 
Arttfvmeticae the following: “ En<^aptd m other 
worhl chanced upon an extraordinarv^arithmetic 
truth . Since I considered itto be so beautiful 
in itself and since I suspected its connection with 
even more profound results , I concentrated on it 
all mvj efforts in order to understand the principles 
on which it depended and to obtain a rigorous 

proof.’ ) 


6. i) Evervj square is a pr of p j 
ft) numbers congruent modulop are either 
both ar or both cjnr of p j 

w) the product of two numbers with the same 
quadratic character modulo p is a cjr ofp, while 
the product of two numbers with different 
cjuadraticcharacter modulop is a cjnr of p j 
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m 


vs) half of tbe numWs l are qr 

and half arc cjnr of p . 

7. Let p be an odd prime. 

t) if ("p) *" i then I cf^so^modp) ; 

ui-a) at least one of a,6,a£ isa<jrof p 
when p fab 3 

6) evervj prime divides a+ least one value 
of x 6 -iix‘ , + 'J&* 2 -36 3 

iv) if (aXo,£vj 0 ) = 1 then ax^+b^so (modp) 
implies (y)*(y) • 

8. Let p be an odd prime. Then : 

i) J a 2 ~(p)( m< ^p)and If as^)(modp) 3 

^ (p} S ^ 

ti) if a 4 aretbecjr of pamoncj 1,2,—,^ 
then 

a) if p s 1 (mod 4 ) then p-fl,,«** ,p-a s are 
rbe cjr ofpamoncj ^j-^p-i 3 



too 


6) if ps 3 (mod 4) then p-a t ,~,p-a s ore 
the <jnr of p amoncj ,p-i j 

c) if ps l (mod 4) then the cjr of p are 

symmetrically distributed about 4 ) 

d) ( l) 541 ' f(V‘ a 5) 2 ( m © <:1 p)'ff fl (wod4^ 

11^ (modpi if p*3 (mods). 


9. The mod p residues of a,ia which 

be between and \ will be denoted by 
a,,***, a jtL. Ayain p is an odd prime and we 
assume p does not divide a . Then; 

i)the |aj|, is js are pairwise unequal *, 
%) if V is the number of a t ,“* , aj^L which 
are negative then 

(• 1 )W)' sa i ,, ’ a ^* a ^l^)' (modp)j 
ml (Lemma of Gauss ) 

(■p) * (*i)^, where V is as in (u). 



mi 


In problems *io- i3 the V is always that 
introduced m *9(u). 


10 . Let p bo an odd prime and suppose a * 2 . 
Then : 

i) V is the number of j , 1 * j* •^ L , for 
which -£<2j<p ♦ 

( 1 (mod 2) it p= 13(mods); 

'P*.i 1 J 

«0 (-$-)• (-tH” ; 

li)) 2 is a cjr of all sfc 11 primes and a cjnr of 
all 3 primes. 

(Fermat claimed to have a proof of *io(w) but 
did not publish it. £uler tried to prove it but 
without success. La^rem^e <jave the first correct 
proof in 1775 . ) 


n. Let p be an odd prime other than 3 and 
suppose a = 3. Then: 
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\) V is the number of ^ , i‘if or 
which 3J< p j 

if)V .m-m s [ oMlV ^ ,I,(niod ’ 1,i 

[i (modi) if pit 5 (mod 12) j 
tu) 3 is a cjr of all 1262 1 primes and a cjnr of 
all 12615primes . 

(Termat knew these results but thev^ were 
first proved bvj Euler. It is interesting to note, 
as does Gauss in bis Dvscjutsiiiones Antbmeticae, 
that even after Euler proved * 11 (iii) be was unable 
to prove *io(w) .) 


12 . let p be an odd prime other than 5 and 
suppose a * 5 . Then : 

l ) V is the number of j , 

which •£< 5j <p or 5j<2p *, 

m) 5 is a cjr of all 20611 and 20629 primes 
and is a cjnr of all 20623 and 20627 primes. 
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13 . ( The Quadratic “Reciprocity Law ) 

Let p and y be different odd primes . Then : 
i) if p * t ^ (mod ta) then ly)»(f) 3 
it) there is an a such that (a, pep * l and 

p s 4 c r 4a 3 

<0 («}.($ <f p.^C«od -0 , 

^ ( (|) if p*y(modq); 

vv) (the reciprocity law) 

( Bachmann in his Afiedere 'Zafiientheorte 
(v. 1 p. 202 ) calls this theorem one©! the most 
beautiful and important in all of number theorij. 
Euler discovered the law by induction in 173 $ . 
Legendre invented his symbol in 1765 and stated 
the law in the form yiven in * 13 (iv). Gauss 
discovered the law independently in 1795. Me 
claimed that his first proof, which was the 
first known,eluded his most strenuous efforts 
for more than a year . Altogether Gauss yave 



8 proofs of tbe lave before he died.Bacbmann 
catalogues over 45 proofs as of 1901 and there 
have been mang more discovered sincetbat time. 
In the 2 ^ volume of Gauss’ collected works ore 
finds a table, computed bg Gauss, listing the 
values of (■£) for 2<p*997,3sg<503 . ) 


14. Consider the pair of congruences 
x 2 ~p (modc| ) , x 2 ~ cj (modp) , 
where p and a are odd primes, if at least one of 
p and cj is a 4(e+i prime then thetwo congruences 
are either both solvable or both not solvable while 
if both pand a are 4^+3 primes then e^actlg 
one of the congruences is solvable. 

Definition (the Jacobi Sgmbol): Let msp^’-p** 
be a positive odd integer. Tor = i put 

This sgmbol is called tbe Jaco£t synfiof. 



iy. Let m and n be. odd positive integers and 
suppose (a ,m)« ( b,m) » i . Then : 

t) for m a prime tbe Jacobi symbol is 
tbe Le^endres^m bol 5 

'*) (w) * 1 s ('w) 5 

tw) if a is a <jr of m then (-{*} * i • 

*) («) maij ecjual j without a bein<^ a cjr ofm j 
v) if a s& (mod m) then } 


vi) 

vii) 
vui) 

«) 

*) 


( 

(■ 

i-o^ ; 

= (-iv“t 1 : 


(£)(*) i 

-M*X*); 


(*)-K 

(iWfW-o 1 




i<o. i) Calculate 


«) HW; 6) OH?) ; c) (**“■ 


6789 


) 


t») wbtcb of +be following congruences are solvable; 
a) x 2 s 89 (mod w) • 6) x 2 s 197 (mod 89 ) ; 


c) k 1 * io 5 o(mod 1573 ) 5 cf) X 2 s 1573 (mod 1050 ) ) 
e) x l 5 in (mod ei9) f) x*5 219 (mod m ) . 



it. Let fb0sX*+x’ + 4i.Then: 
i) no prime <41 divides an\j value of j 
w) all values of j*(x) in absolute value < a i 2 
are prime •, 

ui) f(x) is prime -for 80 consecutive integers. 
(The polijnomial in *n represents a prime 4506 
times m the first uooo values of x. It was discovered 
m 1772 by Euler. A somewhat u better ” prime 
representing polynomial is x ,z tx 172441 which 
represents a prime 4923 times in the first uooo 
values of x . See Beeyer [iw] , Szekeres[1974].) 


id. ( Theorem of Zolotareff ) 
let p be an odd prime and suppose A is a 
reduced residue system modulo p. Tor each mteyer 
a not divisible by p there is a modulo p recip¬ 
rocal a* 1 and an element o' in A conyruent to a. 

Thus 

aci* 1 ? l (modp^ , asa (mod p) ; aeA. 



Tor each integer D not divisible bvj p we define 
mappings Z 0l T 0 of A into A btj 

2 0 a * Da , T 0 a * Da" 1 . 
t) Z 0 ,T d are permutations j 
n) T 0 is an involution j i.e. T 0 ' l *T 0 • 

***) ^ o s T o^ j 

w) if oi 0 is the number of elements Wept 
fixed bvj T 0 then 

2 if D is a cjr of p ; 
o otherwise 5 
n) defining the signature of a permutation 
tt , sgn Tr j to be 1 or -i depending on whether 
the permutation is even or odd we see that 

in>v<»o <y P *<»i 

sgnT 0 = (-i) 2 ,5CjnZ 0 s(-i) a j 


«o 5 



vui) (Theorem of Zolotareff ) 

D is a cjr of p ifand onlvj if the least 
positive residues of D, iD,-^(p-i^D constitute 
an even permutation of i,2 t “*,p-i 

vV> noting that A can be anvj reduced system 
of residues modulo p we can use tbe above to 
(jive independent evaluations of ^) and (y} . 


19. (Quadratic reciprocity-theorem from 
Zolotareff’s theorem) Let A + = f 1,2, ) 

A" * {-^r, ,-if, and put A = A' uA + . Define 
Z 0 as in * is and call a', a" an inversion rfa'<a" 
and Z 0 a'>Z D a" . Then: 

i) if a 1 ,a" is an inversion so also is-a"a'• 

ii) inversions occur in pairs except for those 

of tbe form - a, a } 

u») ( Lemma of Gauss) sejn Z 0 ~ where 
A) is tbe number of elements in 
with least absolute remainders ; modulo p, in A” • 
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<•> -f» is tbe number of elements m 

I" <j } 2cj t ,-^r-q | with negative least absolute 
residues modulo p and V is tbe number of elements 
m vuitb negative least absolute 

residues modulo q , q an odd prime distinct from 
p, then 

flXfW-o*"’ ,• 

v) let x,q satisfy l^xs isq* 4^-; 

then each pair x ,vj leads to exactly one ofthe 
following ^our inequalities 
«jx-pv|< 

f'H 


<7X-13U< O 


0 < <jx-pq<-|- 


) 


*M*TJ 

vi) tbe number of pairs x,tj m(v) leading to 
tbe first of tbe inequalities is tbe same as tbe 
number leadmq totbe last of tbe inequalities and 
tbe number of pairs satisfying tbe second 
(third ) inequalities is pist p ( V ) } 
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vtt) ( tbe Quadratic reciproc»+v^ law) 

(Tbe theorem of Zolotareff <pven in *1$ was 
first proved btj Zolo^areff [ 1 S'T'J"}. In our 
discussion in * is ,* 19 we have follov»ed “Ries*, 

[ 1953] , Cartier [ 1970] ,and TVobentus [ i <? h ] 
(see Gesammefte a6It. 19*8 pp 628-649 ). Por 
other recent treatments of Zolotareffs theorem 
aloncj other lines see Rademacherj §rosswald 
[ 1972] , Brenner [ 1913 ], and Roberts [l969] . ) 



xvm Exponents,Primitive,“Roots , 
It* Power‘Residues 


when a and m are relatively prime positive 
integers Euler’s theorem assures us of the 
existence of positive mteyers t for which 
a* s i (mod m). The smallest such t is ca lied 
the ^eponentr of a mod m and will he denoted 
by J^(a) (or just P(a) when the modulus is 
understood ). the number of mod m solutions 
of P m (x)*t is denoted by Hj»(i) (or just y>(t)). 
if P m (cO * <f (m) one says that a is a j^rmuitve 
root of m . As we shall see, not all m have 
primitive roots. Throughout we assume (a,m) * l. 


i. In this problem P(a) and ^(t) are used 
for P m (a), H> m (t) . Then : 

a s s a* (mod m) if and only if 
s = t (mod P(a)) ; 
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'll) from ; 

a) a s n (mod m) if and onlt^ if 
sso (mod Pea)) ; 

C) P(a) | 4>(m) ; 

c) a, a* incon^ruentjmodulom, 

solutions of r ?M s i (mod m) ; 

™) P(« ! ) = T0Wt > 

w-a) ®o when tf f (m) 5 

c) if* f(t)*©then > 

v) if ms p, p a prime, ,then 

а) if Hyt)l*o+V«n f (t) s ^(t)} 

б) tp(t) * ^f(t} for all t such that tjp-i *, 
»t) cvervj prime p has exactly <f (p-i) 

primitive roots. 

2. Let p he an odd prime and a he a positive 
integer. Then; 

i) if a is a primitive root of p and if 

a(p*) J , . J r 

O) ? (tnodp®) then g 15 a primitive root of p ft ; 
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it) if cj is a primitive root of p then one of 
, <^ + p is a primitive root of p 2 ) 
w) ewerij primitive root of p 2 is also a 
primitive root of p a for « > z * 

tv) if (j is a primitive root of p“ the odd 
one of , <^ + p* is a primitive root of zp* 
while the eoen one is not * 

v) evertj number of the form p a or zp* 
has a primitive root (recall that p here is odd) j 

vi) onlvj z, 4 and the numbers specified in 

(\) have primitive roots. 

3. Let p be an odd prime. Then; 

{) evertj primitive root of anvj positive 
integral power of p is a primitive root of 
all smaller positive integral powers of p • 
ii) when ^ is a primitive root of p the 
numbers (t + sp)<j , o<s<p,with one 
exception , are primitive roots of p 2 j 



Hi) every primitive foot of p is conyruent 
modulo p to exactly p-i primitive roots of*p 2 
and, consequently , there are exactly f(*f(p 2 )) 
primitive roots of p 2 j 
vo) every primitive root of p*, & i Z , is 
conyruent modulo p a to exactly p primitive 
roots of p°‘ +l j 

v) there are exactly f (^f (p*)) primitive 

roots of p* • 

vi) if m has a primitive root it has exactly 

ofth cm # 


( In the above we have proved : 

the only mteyers haviny primitive roots 
are 2, V, powers of odd primes, a nd tvo ice 
such powers ; when m has a primitive 
root it has , modulo m , exactly 
(^(m)) of them. ) 
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H. In tints problem we discuss tint exponent 
function m a little greater detail and tine results 
lead to another proof that evervj prime has 
exactly 'f ( p * 0 primitive roots .The onlvj earlier 
results we use are*l (t •«). Throughout we 
use P(a) for P m (a) . 

i) if P (a) * uv then P( a u )* v • 
u') if (P(a),P(6))*i then P(a£) *P(a)P(£); 
w) it is false that P(a£) is the least common 
multiple of P(a) and P(G) in all instances ; 

tv) for cjiven a, £ there is a c such that- P(c) 
is the largest common multiple of P(a)andP(6)j 

v) all exponents modulo acyven m divide 
the largest exponent; 

vi) evervj prime has a primitive root ) 
vu) evervj prime p has f (p-i) primitive 

roots . 



5 . Some of the ideas m *4 are useful in tbe 
studij of Abelian cjroups . vOe illustrate this 
here. Once more +be results lead to a proof of 
*1 (vi) . V0e let G be an Abelian <jroup and write 
A g fortbe set of positive integers wbicb are 
orders of elements of G . Then *. 

i) if u,v are in A G then [u,v]eA fi j 

ii) if A g bas a largest element ? then all 
elements of A G divide V j 

iii) ever^ finite subgroup oftbe multiplicative 
cjroup of a field is cyclic ; 

w) tbe multiplicative cjroupofa finite field 
is cyclic j 

\) evervj primebas ^(p-i) primitive roots. 


Definition : if p is a prime and 
X n 5 a (mod p) is solvable we call a an 
power residue modulo p . 
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6 . Let a be an integer not divisible bv^ tbe 
prime p and suppose (n,p-i)»cf . Then: 

i) a is an n $ power residue modulo p 
if*and onltj if s 1 (mod p) 3 
it) let $ be a divisor oj p-i *, then a is a 
power residue modulo p if and onltj if 
* J (mod p); 

iii) i| S\ p-i ,S> l,then there is an integer 
which is not a power residue modulo p • 
tv) if p-i = p? 1 *** j>®* and A i , isisk, 15 
not a p ( ^ power residue modulo p and 
B ( * A t ~%^ , 1 s i < £ , then 

a) the exponent of B{ modulo p is p t - a< • 
£) is a primitive root modulo p . 


T. i) Usmcj *6 »t is eastj to find a primitive 
root modulo 43 * 

it) usirn^ the primitive root found in (i) 
enables us to construct a table of exponents 



modulo 43 and use it to find all primitive 
roots, the least positive primitive root, and 
the primitive root with least absolute value, 

8. In the following, in each instance, “all 
integers” refers to all integers not divisible 
bg the primes in guestion ♦ 
t) All integers are cubic residues modulo 
5 and ii $ 

it) all integers are gumtic residues modulo 7 
w) all integers are power residues, for 
all odd n, modulo 5 and 17 ; 
w) a necessarg and sufficient condition 
that all integers are n f £ power residues 
modulo an odd prime p, for all odd n, is 
that p be a Term at prime * 
v) if n is a freed odd integer there are 
mfmtelg mang primes for which not all 
integers are power residues. 



9. Tor p a prime 

r 




TV . 


o (modi p) if p-1 ){n ; 


[-1 (modp) if p'i |n 


10. when a and n are positive integers 

n divides ^f(a n -i) . 

11. The product of all primitive roots of an 

odd prime p is congruent to i modulo p. 

i?. The following cjeneraheationof Wilson's 
theorem is true. 

m ^ f -1 ( m °d m) if m has a primitive root j 


(n,m)si 


i (modrn) otherwise . 


is. (L. Marx) 

The arithmetic progression (xso) 

X, 3X+1, 5X + 2 , TX +3, »*» 
always contains a power of 2 or a number l 
smaller than a power of 2 *, i.e. it always 
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contains a term of the form 2 a or 2 a - \ 

( O^io) ; further,thesmallest such is < x 
and, if t is the exponent of i modulo 2Xti, 
is cpven hij 

C\ t-i when t is even and 2** = -l (mod ex+i) ) 
( t-i otherwise. 


it. The sequence ?, 12 ,19,26,33, to,47, ••• 
contains no term of the form 2 a or 2 a -1 . 


Tor each positive integer n 

50 (mod 2 n+2 ) 


n-i 


s^’-i = t tr o (5^+i) . , 

l s0 ( % o (mod 2 n+3 ) ; 

u) if 002 thenthegepo n ^ot of 5 modulo 2 ^ 


is 2 


CX -2 


lii) for a > 2 the set of numbers 

1 2*' 2 -l 

tl 15*5 ••• t 5 

- 1 ,- 3 , -3 , ,-3 

is a reduced system of residues modulo 2* . 



(N.8. V?hen o <>2 we know 2* has no primitive 
root • however, as this problem shows, 5 is the 
“n^etbest thing” to a primitive root for 2* . ) 


Remarks. 

vOith respect to *2 (ti) we note that there are 
cases where g mag he a pnmttive root of p hut 
not of p 2 . However up to 1,001,221 all primes, 
with the single exception of 40 487, have least 
primitive roots which are also primitive roots 
of all higher powers. Tor qo q87 one finds the 
least primitive root 5 hut also observes that 
S’ 4048 ** 1 (mod qo 487 ‘ ).(See AupCvp and 
K>guwa [1971] and Riesel [1964].) Itisinteresting 
to note that 10 is a primitive root of 487 butnot 
of 487 2 *, in fact, jo m86 5 1 (mod 487 *) . This does 
not contradict the above since 3 and not 10 is 
the least primitive root of 487. 

Again, the exposition in this chapter owes much 
to bgxuiTa<f Ci< 9 &h 




MS Special Prunes and the 
Lucas - Lehmer Theorem 


1. As earlier, we let T n be the Termat 
number. ( see nr *9 •) Thus T n * 2 l ,nio. 
Then,when rut, 

i) if 7 n is a prime then *-i, where (j^) 
is the Legendre symbol j 
w} if 2-1 (mod T n ) then " 1 

and , therefore, P n is prime ( here is 

the exponent of 3 modulo 7 n ); 
vii) T n is prime ifandonl*jif 3 1 5-t(modF n ). 

2. Let p be a prime dividing Y n * l z +i,n>i. 
Then; 

i) P p (2)*2 n+1 *, 

u) 2 n+1 | p-i and (y) * 1 *, 

til) and ,therefore, p= it 2 n+2 *t j 
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vv) every prime divisor of F n , n > l, must be 
of the form i + 2 n ' t '*»t 5 
v) for each fixed £ , & * 1 , the sequence 

contains infinitely many primes. 

3. i) Us my * i (yt) one may factor rather 
yuickly ( compare with in (uv) ) • 

ft) ( if computor is available) use*l(tu)to 
show 7 1 is composite 5 (thouyh Morehead 
jound this result m 1905 1+ was not until t<ni 
that the factorization of F 7 was determined • 
see also the remarks at the end of H , 

t. A number of the form i n -i is called a 
Mersenne number and is denoted by M n . A 
Mersenne j?mme is a prime Mersenne number, 
t) if M n is prime then n is prime • 



if p and cj are primes and s i p + i ? 
ps 3 (mod 4) then : 

«) (t) = l ; <■) <il 


M 




m) 23 | M u , 47 | Mj 3 , 503 |M„, J 

w) the converse of (i) is “false . 


5 . (The Lucas-Lehmer Theorem ) 

As in # H we write M n s z n - \ , Further, for 
n*i,2,v let 

u - s rir{( 14 ^) n -^>1, v n • (»♦* f+M»f . 

Then: 

t) u n ,V n are integers , V n is even , and 
^n+i s ) ^h + i r ^ L) n + V n j 

ii) for all m 2i , n2 1 

0^ ^ LLa+n s U m V n + V m U n *, d") U 2n = U n V n • 

^Kr 1 Un sU mV m+ n-V m U m+n ;e) V 2n = V tt S (* l?" ; 
C) iV mn :V m V n + HU m U M ; f) V n 1 -llLV**(-*r t 5 
iu) if p is a prime larger than 3 then 
<*) U p 5 (|) (modp); 6) V r S2 (modp); c) p|u p -1 ^p+i j 



w) if p is a prime larger than 3 and Sp is 
the s^t of integers n for which p| U n then : 
a) m,n in Sp implv^ m+n is in Sp ) 

£) m,n in Sp and n<m imphjm-n is in Sp 3 
c) if u>p is the, smallest dement of Sp then 
i) u?p * p+i 3 

l) n is in Sp if and onl^ if u>pjn ] 
v) if Mp* i 3 * • \ is prime then 

а) 2 Y^j) 8 2 + ie U 2 p.j S - S (mod Mp) 3 

б) \? s Vfp-j - ; 

c) V 2 j,H(j¥.i) ( mod Mp) 5 
<t) M p | V 2 p-i j 

mv) if cj is an odd prime and p is a prime div¬ 
isor of M<j, which i in turn, divides V^-i then : 
ft) p>3 ; cf) Wpf 3 



vu) there are integers S^Sj,*** such that 

*i»H, S ft+1 = s ft z -2for65i 
and V 2 n * 2 2 ( *" 1 * 5^ for 1 2 i ♦ 
viu) (the Lucas - Learner theorem ) 
if* p is an odd prime larger than 3 then 
Mp is prime if and onlvj if* M p | s ? ., , where 
V*, s fi+l =s & z -2 forkzij 
ty) (the theorem of Lucas ) 
if* p is an odd prime then Mp is prime 
ifand onlvj if Mp| tp-! , where 
* sz , for 


Remarlis 

Much of the information about larcp prime 
numbers Mp has been deduced from computations 
made possible bvj the Lucas-Lehmer theorem. 
See, for example, 5ierpinski’5 book lUmentanj 
Theory of /s Jumpers. For a complete list of all 
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known Mersenne primes see the remarks in 
vm. Tor an earlvj history of suck primes see 
ukler [ 1952] . For more recent information see 
recent issues of the journal Mathematics of 
Computation. 



*X Pell Equation 

i. Let oC be cm irra+tonal real number and D 
be a positive non-sejuare integer. Then : 

i- a) if vj is a non-^ero integer then there 
is an integer x satisfying o<x-a\j< 1 ; 

£) for each positive integer m there are 
integers X, > o<tJSm , such that 

c) there exist infnitelt'j memvj distinct 
pairs X,^ such that |x-avj|<fy * 

ii- a) if oc = \/5 and x,ij is a pair of integers 
satisfying the inequality in (v-c) then 

|x* -Dy 2 1 < 1 + 2 v /5 ; 

G) for some integer le there are infinitely 
many integer pairs x,y, y>o, such that x 2 -Dy 2 s£} 

c) there are distinct integer pairs x,,cjj 
Cod x t ,y 2 satisfyin 5 +ki conditions of (£)such 
that x t *X z , y t sy 2 (mod (e) ; 




cf) if are as in Cc) and 

** +x )in/0 * (x,+y t >/5 )(x* -y 2 >/T 5 ) then 

1 ) ^ | X j , 

2) y 3 *o ; 

3) 

e) the equation x z -Dy l *i has a solution 
in integers K ,vj . 

2 . Consider the equation 
x*-Dy 2 * i ; D a positive non*syuare integer, 
whan x',y' satisfy (i) we call x'ty's /5 a 
sedition of (l). if x',y'are positive we call 
x'+ vj'v/d a positive so(uiton of (0 when it is a 
solution , Amony all positive solutions x + yv/T 5 
we call the onewhich is smallest the ^undatneniof 
sofution of (i) . ( Note that because of the ir~ 
rationality of >/5 there can he only one smallest 
positive solution.) We denote the fundamenTa I 
solution hy Xo + yoV^D . Then : 
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i) if Xj+v^x/o and Xi+vj lV /B are solutions 
of CO so also is Xj+i^n/O where 

X s +ij 5 v / D^(x t +Vj,v / o)(x j +lj i >/D ) 3 
it) all non*positive solutions of (,i) other 
than i + o*V5 , -1 + o • v'D are obtainable from 
the positive solutions bi^ making one or both 
of x, vj negative *, 

w') if X + vjVo is a solution of (i) and if' 
i <x+v^ then x>o,tj>o 
w) ooerij positive solution of u}isa positive 
integral power of the fundamental solution of(i) j 
v) as £ runs over all integers ( positive, 
negative, 3ero) then t (x c +\j tf >Jo f runs over 
all solutions of a). 


3. Cons ider the equation 
(e) x z - Dvj 1 **!, d a positive non^sejuareinteger. 
Then ; 

{) (e) is not always solvable ) 
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when (.e 1 ) is solvable tW; is a smallest 
positive solution all odd integral powers of 
which are solutions and if taken with tsiyns 
exhaust all solutions • 
iti) if (e) is solvable and x' + y'v/D is the 
fundamental solution then (x' + yVo)* is the 
fundamental solution o fto. 


4 . Consider the equation 
(3) X^-Dy**^, 0 a positive non-syuare integer. 
Then : 

\) for each integer a the equation (s) has 
infinitely many solutions *, 
tt) if x,+y J </5 and x 2 ty ?N /o are solutions 
of (s') and x,,y 3 are defined hy 

Xj+»j t Vo Kj + vj 2N /0 
O’ * 9 9 

then x 3 +y 5 v^ is a rational solution of (3) 

(i.e. x 3 ,y 3 are rational numbers and 

X^-Dy^a 2 ') ; 
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w) the Xj,m (it) are not necessarily 
inteyers 5 

w) the x*,y,'n (it) arc inteyers if* 

Dio (moda 4 ) ♦ 

v) if* t D s O’ 1 (mod US’ 4 ) then 

а) 0" is even, say <r« ip ; 

б ) D » D'p 4 , where D's 1 (mod 4) • 

c) if x ty Vd is an inteyral solution of 
(s)then p | x and p-,y have the same parity 
d*) x, and y 3 in (ft) are integers ) 

vi) if Dso (mod 6*) or uDs<T 2 (modH0 4 ) 
then x 4 - Dy 4 * O’ 1 has inteyral solutions and 
if x^tpVB , x t + y 2 s/T 5 are such solutions so 

also 15 , where x 3 ,y 3 are as defined 

in (u) ) further , if Xoty^vIS is the smallest 

inteyral solution with x^o^^o then all 

solutions x +y sjD are obtained htj allow my 

R to run over all the integers in the equation 
x+mv'p -*■ [ x °*^ oVr P \k 
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5. (Miscellaneous ) 

i) Tor cx>er\y rational number r , 

■§^' is a rational solution of CO ) 

ii) every rational solution of (0 ,s °f the 

jorm indicated in (i)) 
wt) the formula in (t) providesan inteyral 
solution for xMy 1 * 1 when 
w) a parametric solution of (.3) is ytven by 
X s m 2 + Dta 2 j y = zmn ) O' = m 2 -On 2 . 


fe. (A small application ) 
r) Give complete solutions to 
X 2 +i=iy 2 and x 2 -i s ey 2 *, 
u) let s n be the sum of the lengths ofthe 
leys and fi n be the lenyth of the hypotenuse 
of a Pythagorean trianyle (a riyht trtanyle 
with intcyer lenytb sides ) whose leys areoon~ 
secutive inteyers ; show that the pair s n , R n 
is such a pair if and only if 



S n +h U N/e s(i+ >/Z)(i+i>fi) n 
for some positive in+eyer n *, 

Hi) if (X ,x + i,x) is aPqthaqoreantriple 
show j*(X,X + l,X)s (3X+ZX+l,3X+lX+:,HX + 3Z+2) 
is also swell a triple * 
w} all Pythagorean triples voi+h consecutive 
integer leys appear in the sequence 
( 3 , 4 , 5 ) , f( 3 , 4 , 5 ), jfrs,*.*), 
vo We fis as m (iw)j 
\) compute the i*£ four terms of the 
sequence in (iv). 


Remarks 

Equations of the form x 2 - Dy* *a are called 
Pell equations, though some authors feel the 
reference to be sufficiently unreliable as to 
refuse to call them by thus name. An elementary 
exposition of these equations will be found in 
Gelfond fi<}6i]. the result in *"6(w) is proved in 
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cjuite a different manner m Sierpinsht’s deliyhtful 
little book Pythagorean Triangles. The method 
used here derives from Carmichael fi^is}. Tne 
Pell equation arose earlier, in our chapter on 
continued fractions, see xm *"17 (vu). if one 
examines the diagram in xi^is one finds all 
the Pythagorean triangles with consecutive 
integer leys on the horizontal line throuyh 
(3,^,5). This may easily be confirmed by 
comparing the diayram with * 6 (u>) above. 




xxi Weal’s Theorem on Un^orm Dtstrthul-ion 

In the following all functions have domain 
[o,i] and the sequences ^s n ] <* r c to satisfy 
OSS il for all n . 

Definition : £ s n ] is uniform ^j distributed" 
if for evervj pair of a, 6 , o s a < ks l the 
number, n (0,6),of v.*« 1 ipncj in 
[a,f] satisfes Itn^ = b-a. 

1. Def ne the characteristic function Xi of 
a subtnterval I of [o,l] hi^ 

i for xml*, 

( o otherwise. 

Then ; 

*•«) i,X c .,s,(0 *n(a,6) ; 

f>) f Xc.dW ^ *b-a; 


X t W- 
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tt) if forever^ f which 1-5 a characteristic 
function of a subinterval of [0,1*] it is true 

+h ° + < S *n) ’ tl14 " C S »j ' 5 

uniformly distributed} 
tit) the converse of (u) is also true ♦ 

Defm+ion : when tbe limit expression m 
bolds we write j (s n ) '"*** ff • 


2. Let f be Riemann mte^rable and suppose 
that for each OO there are 'Riemann mte^rable 


functions cj and fv such that cj s fs h ) 
04 f # \ficx)-<jCx))cfx<€, 


Then f(s n )—ff. 


if {s n } is uniformly distributed then 
for everij Niemann mte^rable function f it is 
true that f (s n )^*fj\ 




4 . t) By treating real and complex parts separately 
we see that the, result of r 3 remains valid for f a 
Riemann m+eyrable complex valued function of a 
real variable ; 

u) if {s n ] is uniformly distributed and 
f(x^sc t1T ’ f ' x > £ a positive inteyer, then fs n Wo. 

5 \ Let P be the proposition “ e ITTt, ' s '* -^o for 
all 620 ” and let T be an arbitrary trigonometric 
polynomial with zero constant term 3 <*e. 
T(icV ft 2 (a^cos errCxt basinet £x); then : 
t) if P then T ( 5 n ) 0 ; 

«) if for all such T as described T(sJ^ 0 
then P ; 

w) P if and only if T*(s n ) ^ o for all triyon~ 
ometric polynomials with zero constant term 3 
u>) the proposition in («*) is true even if on 
the riaht we eliminate the condition “with zero 
constant term”; 



v) if P then f (s n )^» f f f or continuous f *, 
vv) if pthen {s n ] is uniformly distributed ; 
vii) (Weal’s theorem) 

{ S n ] IS uniformly distributed if and on Vf 
lim «- ltr ' Ssms o for all kso . 

n-too tn*l 1 

€. t) if a IS irrational and S n is the fractional 
part of na, i.e. S n = na-[na] = (na) ,then 
{s„] is uniformly distributed ; 
it) if oc is irrational and $5 is arbitrary and 
S *(n,«+p)then [s n ^ is uniformly distributed. 


7. i) The sequence {s n ] is uniformly distributed 
if and onltj if* for all a, os asi, jtma ) 
u) let { p n ] be uniformly distributed and 
suppose |cs n -£ n |<£ for all n; then is 
uniformly distributed ) 
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ui) let S be a countable subset of [0,1*] ; 
then S is dense in [0,1] if and onlcj if some 
enumeration of S is uniformly distributed ♦ 

8 . Let be complex numbers and 

set «• o for and for <j>Q>. 

Then, for 1 $ U < ? 

i) M Z oCfl® E f £ _1 ; 

' t o<p< K + e' o<r <u P* r 3 * 

ti) J£ s a*,. s * 

o< 4 ><’w+q r r 

H r «.«,+ Z (W-fi) I («<,oJ fl4 .c+e? a OL.A 

t 1 JflTcj/ n t 4h/ 


<*. Let be complex numbers and 

define o^- for j^o , j>Q* as in *8 . Turtber, 
suppose 1 s cl,T hen : 


H l | I aj'i 
1 “ 


(H+Q.-0 [ H, l4„/,Vl]- 

10, i) if e JTT, ^ n+(, " s>1 ^o for all positive integers 


d then e iTuSn ^ o 



'f fV.S'Sn] IS uniformly distributed 
for each positive integer f\ then [ s n ] is 
uniformly distri buted. 

ii. (VOevjl) if f(x) = a r x r t**'ta d and for 
some j , c»j is irrational ) then the fractional 
parts (f(n)) of f are uniformly distributed- 

Memories 

The work of this chapter -follows the expositions 
tpven b\j Hard^j [i<m] and Cassels [i^st]. Vino<^radoff 
proved in 1937 that if one replaces n b^ p n ,the 
r»^ prime, in *6 (t) then the resulting sequence 
f (ap n ) ^ is uniformly distributed . Bij usm^ 
Vmo^radoff’s method Rhin has recently proved 
*n with n replaced h\j p« .The interested reader 
should consult the review of Rhin’s paper : 

MR 48 (1^74)^2087. 





Tor o proof of ) not dependent on Weal’s 
theorem but making use of'continued fractions 
one mi<jht consult Niven’s Irrationafffurn 6ers. 
SVevjl originally proved his theorem in 1916 and 
it has long been considered an outstanding con- 
tribution to the theory . The result in *7(iff) 
is a very special case of a general theorem 
proved by John von Neumann C *^^5 J . the 
reader might consult Koksma £1^36} for this 
and many other aspects of the material of 
this chapter. 




xxh Mobius Functions 


t. Let s xtxVxV- and define a u a t ,a 3 ,"' 
to be that sequence of integers for which 
X'^fwta^xVajfcxV”* 
when one carries out the operations on the 
ric^ht in a purely formal manner .Then: 

\-a) a,.i , ^ w a rf = o formal • 
b) «f (s,t)sirhena ft »a J a t j 
1 for h,ro , 

-1 for £ »l , 

0 for £ *n , where p is a prime* 
1 for tv=i , 

^ | (-t^for n. the product of 

& distinct primes , 
o for n divisible bvj a square >1* 
ii “ a ) * s J a^x m . 


c) a »■ 


m*t 


1-X’ 



6 ) 

1 - 

1 _ 1 , 

. 1 1 

IO " 

0 00 

009 00000 


1 

1 

, 1 

000009 

0009000 

+ 9090999999 

c ) 

1 _ 


1 1 

IO " 

li + 111 + 

mu miu 


X 

1 



T 

i 1 11 111 

1 m ill til * * • 


( This function a n was first introduced by 
A . T. Mobius [ 1831 ] 'n ^ust this way . Nowadays 
one writes jO(n) rather than a n and defines 
the function by (t-cf) above,duite recently 
Gian-Carlo Rota [1061-4"] has shown how+he 
Mobius function arises cjutte naturally in a 
considerably wider settmy and with many 
applications in combinatorial analysis.Rota’s 
Work has been extended and generalized in a 
yreat proliferation of papers in the last ic years.] 

Deftmtion. Define the function jO by ; 

f a for n * l *, 

bO** for n the product of k distinct primes ; 
o for n divisible by a square >i 5 
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XXII 


i.a. define /O bv^ )0(n) » a n for n*i, a n asin*i. 

2 . 1 ) >3 is a multiplicative function • i.e. if 
(s,t)*itKen jO(st)* jHs) J0(t) ) 

*> -f f is multiplicative then 

where p in the index denotes a prime number ^ 
«l i M *o for n>l ; 

dUti i 

cf) jO(cf) 1 * 2* , where t isthe number o^ 
distinct prime factors of n . 


3.t) (Mobtus inversion) 

f ( n ) s jf <j (<A if and onli^ ’f t n) *I > 

a) define A(n) to be Inp when n is a power 
of the prime number p and to be o otherwise * 
then 

11 lnn *^n /SC ^ '> 




ZH6 


O \{n) Z - Jj n jO(cf) In cf •, 

( A(rO is called +be Man^oOft function . ) 
6 ) n« I^CcC) ; 
c) 7{n) S Ttf (cf) if and onlv^ if 

fwa, r »f*5 

cC) T n (x)s JT ( x^-i) v ^, where is 

as in \iv*i 7 5 
e) define, 5 (n) bi^ : 

5 CO * 1 , A3(n)rj: 9 (cf) for rm • 

( o if n is divisible bvj a cube > i • 
(-z)* if n is cubefrce and +be 
scjua refree part of n is 
divisible b\j exactly t 
different prunes * 

ii) (Sbapiro*) 

if S' is a real function defined on [[0,1] +ben 


*TTvr 


. _ znt 

10 (TV) s I ^ n 

rsti 



6 ) let S ft (n) be the sum of the powers 

of the positive integers prime to n ; then 

i) S t (n)s|n <f (n), n>i 5 
D S t Cn)rfn*'fC n )tin^C 1 -p) ,n> 15 
3) S,(n)*+n s f(n)+^-n*TT n (i-p), 

C) let w(n) betbe product of those 
integers prime to n and not e^ceedmej n ' ( then 

w ‘ n , snf l (^) v(f1 > 

iii) (Pro char ) 

let he N numhers of which a are 

e^ual to 1 and suppose f is defined for each 
then 

if f(fy then I jOt^S^so^fcO *, 

a) let »f (x,ip be the number of integers 
not e^ceedincj x which are divisible Uj no prime 
not e;xceedin^ and let Vy * TT p ; then 





^ «l ; 

^ 1 5 

3) TTUVlT(^)t 1. [X] -|, [£] ♦J [^]- ..., 
where pi, ...,p r are the primes not exceeding v'x, 

4. v) For £ a function of two variables 

*G(x,0 j 

<0 (Shapiro) let ? be completely multiplicative; 
i.e. P(aS )* P(a)P(£) for all a,6 ; then 
y(X)* ft I P(n)f(^) if and only if 

*> f( v *)| ** 

have y00 2 j*,f(™x) if and only if 
fW s n ? 1 J °( n )y(nx , ) 5 

here T(n) is the number of divisors of n • 

vi) ( Halberstam and Roth) 

let & be dwisor c/asecT*, i.e* & is a set suebthat 

# contains all internal divisors of any of its 

elements ; then T*(cf) * E G(d)) ifandonluif* 
r d\£s*& ' 1 

G(a)= Z Mt)TW). 

tdeB 



XMli Some Analytic Methods 


In the following we shall often write expressions 
like O(foo ), where f is a positive real function, 
whenever we write this we intend it to stand jor 
an unspecified complex valued function of a real 
variable, savj <^(x) ; with the following property; 
there exist constants x*,A such that 
<j(x) and f(x) are defined for all x>x„ 
and , for such values of x, 

|<5(x)|< Af(xV 

i. Let f he a complex valued function of a 
real variable and suppose M,N are integers with 
M< N . further, put T (m) (fo ,F(M)*o. 

Then , for cj amj real function y 

i) { Abel partial summation formula ) 

Cm) ’ f(N(N«)-„£/(">)(^(m«)- 
* 7 (N) ^ (N ) -Jl Jim )(^ (m+x)- jCm)) • 



( 1+ will be noted that this formula is a fntte 
analogue, of the integration by parts formula 
f^-u'v * wv j^- fuv'. 

Indeed , if we put A liln) * h(n)- (a(n-j) , we may 
write the formula ^ A F(rn))y Cm) * 


i 4 


it) if Cj is monotonic and non-neyative, 

'f 

y is decreasing ; 
ia(N) max |F(tn)| if 
cj is increasing • 
Hi) ij y tends monotonically downward to O 
as n -* oo, and if F is bounded , then 
a) ? x f(n)yin) converges 3 

nSx f ^ < n ) 9 nfi f M + 0 (<j(CXl) ) j 

u>) if \i,\ 2 ,“‘ is an unboundedly increasing 
sequence of real numbers and y has a continuous 
derivative for xi\j then , 



putting F(x)* I f(m) f voe have 


l f("*)<3(X«»)=.RxM0O- (>),'*)*: 

MW* 1 

v) if a is a positive integer and y has a 
continuous derivative for Via then 


I ) s 


a*tn** ) 

vi) if a is a positive integer and y is a mono* 
tone function with a continuous derivative ^rx?a 
then 

fow^oOiMW^ooO 5 

vii) if a is a positive integer and y is a 
continuously differentiable function for x*a 
and if cj tends monotonically to o as x -t oo 
then 

„.Lf m 1 ’ Ct 0<ft tc + 0(lgCWl), 

where c« f°(t-j;tl)y'(odt is independent of x * 
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2. ( Applications) 

O a f x ^ a Th~ xi * +C + 0(x* 5 ), s>o,s*i, 
where C is a suitable constant • 

tf) n £ x ^-s In x 4 ©(x' 1 ), where y is Euler’s 

constant (approximately eyual to o.57721)and 
= 1 - (°°—eft s Itm f t In n ] : 

)i t l n->CK> (i«si w ) > 

(It is not Wnown whether or no+ % is rational.) 
w) Inn * X Inx - X + 0 (In x ) *j 
») jfj"*-* OCX) ; 

•w£, [£] A ( u > ‘i J T lhn * lnX *°M > 

where p is a prime and A(n} is 0 unless n is a 
power of aprime p when it is In p • 

(see nxii* 3(i-a)); 







3 . C chebvjshev’s theorem of 1849 ) 

Suppose Jim J/^-exists and equals p .Then: 

t) if p< i then 

Inw+O(0« r rV^M^cTt.OCt) 

aujxn 1 r >n t 

<¥(”’(1-*fe)c-^InN + OUl , 
which is false j 

u) if p> i then a similar contradiction to 

that in (i) arises *, 
w) if lim tot— exists then that limit is l . 

■ x-too 


( This result was proved bvj chebvjshev in IS*4^ 
but it was not until 1896 that it was provedtlie 
limit exists. In that i^ear the Belgian , de (aVallee 
Poussin ,and the Frenchman, leagues Wadamard , 
independently published proofs that the limit 
does exist. The result 

h -ffir- 1 

Has coma to be Known as tbc TVimc Uum^irTnearem. 
The first proofs made heavij use of the theory of 
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functions of a complex variable and it was 
not until i^h 8 that the so called “elementary” 

proofs - that is, those not usmy complex variable 
theory - were yiven by the Swedish mathematician 
Atle Selbery and the Munyarian mathematician 
Paul Erdos . for further information with nespecf 
to this theorem and its ramificationsthereader 
miyht consult Hardy e>-Wriyht 0^62] ,Trost [1968], 
Specht [i}?6] , Prachar [1 937] t Landau [1953], or 
Levinson . ) 


“*•<) J« n *-£(f +o(i)) ! ; 

m) if M* is the number of positive proper 
irreducible fractions with denominator not 
^cceediny N then 

n 5 

m) Al*, as in (u), satisfies 
jor some function y(N) which tends too as Al-*oo» 
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tv) if M' is tbe total number of positive 
proper fractions with denominator not exceeding 

NtU l, m n 

Lr, m) ) 

v) tbe probability of 2 randomly chosen 
integers being relatively prime is ^ . 

f. (Infinite products ) 

tbe inf nite product ff a^ is said to converge 
too* if oiio and Jinj jff a^*oc. when sucb a 
non-zero o* exists we say tbe product converges 
and m tbe contrary case that it diverges. 

t) ** ln 7rr%f 1 TT*2’', t« r <»***-§-} 
ft) if Of Xj< l for a 11 | then 
? In converges if and only if 
r x^ converges • 
tii) if 0 SX ^<1 for all j then 

converges *fonlej if ? x^ converges . 



Z56 


€. Suppose j is a completely multiplicative 
(real or complex valued ) number theoretic function-, 
i*e. f(ab)sf(a)f(£) for all mteyers a and G/rhen 
if jf, f( j) is absolutely convergent we have : 

‘1 I f(p I * 1 for all j 5 

«) y jf.fcp. 

7 . In (i-a) below we show I, ~r converges for 
S> l ] we denote the sum of this series, in this 
case , by £(s) . Tn (fi)-(f) s is to be larger 

than i . 

i-a) n ? converges for s 7 1 ) 

6) sh~< iis)< h*i~t ; 

c) (S'i) i (s) -> i as s -+ i + • 

d) id)9 jr (i-p*T* • 

«) 1,1 *«• $ ; 

f) 0 S In *£(S) ■ Z yi< 1 j 
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it-a) one can use (i-O and (cf) to prove 
the existence of infinitely many primes ; 
b) one can use (i-f) to show E A- 

? r 

converges for s 11 and diverges "for s»t . 

(The proo^ in (ti-a) of the infinitude of primes 
yoes hack to Euler and this proof already 
contains the yerm of the idea developed by 
Dirich let to prove the theorem concerning 
the infinitude of primes in an arithmetic 
progression. In the next two problems we 
extend these notions a little further and 
obtain some special cases of the T)irich let theorem.) 

8. ‘Define ^;Z-*£o, i } -i^ by 

( o »f n s o (mod z ) • 
l if ns i (mod if) ; 

'l if n= 3 (mod 4 ) . 



Vur+Hcr t pw+ LW?,^ 
then : 


i-a) L(s) exists for s>o • 

6) o< L(s)< l for 570 and -y<L(s) for 5- i *, 
c) L(S) is continuous at i • 
cC) f (S) L(s) -t oo as s-v i + j 


k^fi^a i -r n r l «*' s * ; 

f) ■?(»)* W (1 -y*r'-. 

and L(s)«y ( = 

1+ r Sr ’j 

y) ■f'here arc infinitely many primes of 
each of tine forms ‘fk+i, q£+s • 

tv) one can derive the result of (t-y)alony 
the followmy lines : 

а) In L(s) s I -^£- + 0(1} * 

f r J 

б) In £(s)« T yj-+ O(i) • 
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XXIII 

c) ln'fcs)+X' 1 (a) In L(s)s 

[ f® ra *^ + ‘; 

cf) there are infinitely many 'primes of 
each of the forms , 4 ^ + 3. 

9. Define the four number theoretic functions 
\ j, O S j f 3 ; by the condition 

XjW* X$( a ) when tv 5 a (mod5) ; o£^ 53 , 
and the table 

1234 

0 01111 

1 0 1 { -t -1 
e 0 1 -1 -i 1 
3 0 1 -< l -1 

The i is just yff • Thus, for example , 



t-a) Each Xj is completely multiplicative • 

6) for a ^ o (mod s ), 

"t if a = n (mod 5); 

Z \' l (a)%(rOs j , 

* ( o otherwise ) 

O ,f 

then, for \ 0 ^ the two senes converge to 


non ••zero sums ; 


) 


<f) fc X*X. , L.(M+ O(i) 

and MM* »(-¥-) 5 

Ofor X^V,J x —n^'^d) ; 

f) for X* X. , 

£A(MAiu>, ^ «^>y* [ L,(X)+0(-in^i)] = 0(11; 
fi-a) for %?* X # , 

r W'»y - r \(n>A(n) _r T ,am . 

£x 7 nit n i«pfejc ) 

6) for <xi o (mod 5), 

c \nv .if ±[ x^' n p - Mnx + 0( * 

-pV? •» x VOAc > 7 ^nx + u^i) , 

pia(mods) . /'ll n 

r c) there are inyimtely many primes oj 
each of the forms 

Sn + i , 5 n+z , sn+ 3 , 5 n-m . 



XXIV Numerical characters and t he Dir tch let Theorem 


In problems *8,9 of xxui we met functions 
X,Xo,“* • These functions are special cases 

of a class of functions called characters .The \ 
of *8 is a mocf 4 character and the Xj of are 
mod"5 characters . In this chapter we introduce 
the notion of mod h characters for arbitrary 
positive integers h and will use them, much as 
was done in *8,°) of \xm, to prove theDinchlet 
theorem on primes in arithmetic progressions. 


Definition. A completely multiplicative 
complex’ valued number theoretic 
function of period h which is zero 
precisely on those inteyers not prime 
to h is called a (numerical*) mocf h 
character . 




1 . (Elementary properties) 
t) The function \ 9 defined by 

if (a,G)* 




l i 


o otherwise , 
is a mod £ character ; thus character \ 9 is 
called tke jprmcxpaf tnocf £ cfiaractcr ; 
it) \ (i)* 1 for oil mod characters *, 
tit) if X is o mod 6 characterand (a ; £)s l 
then X(a) is o f(£)^ root of unitv^ • 

tv) tke function X defined inxxw # S is a 
mod 4 character • 

v) tke functions Xj, 3 > defined in 

XXm *9 are mod 5 characters ' 
vt) there are only finitely many mod £ 
characters j in ^act, no more than 
( we shall see in *3 (ti) that this hound is much 

too larye ) } 
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vu) if % >s a mod cf character and £ = cfn 

hx*Cn 

( o otherwise , 

\s a mod Q character • X* is colled the, 
mocf £ extension of \ j 
vvw) I \(tv)so for X cmg non~prmcipal 
mod £ character • 

«0 if Xj and \ arc mod £ characters so 
also arc X t X z and Xi, where X t (a) s X,(a) , 
the har on the n<^V>+ denoting the complex 
connate function • 

X) % Xa runs over all mod £ characters 
as X does . 

2. ( Properties leading to a deeper result ) 
i) Let p he an odd prime } p he a positive 
integer, and g he a primitive root of pP • defne X 

3 |- 0P n *^(modp p ), os\<f(p p )- 
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then a) X is a mod p ? character 3 

6) if (cf, p ? )* 1 and c {$ 1 (mod p* 5 ) 
then X(d*) 1 1 j 

c) if (cf,k)*i, cf# 1 (modp?), and pP 
divides £ then there is a mod 6 character X* 
Such that X*(dh 4 1 ) 
ti) let 4 he the highest power oj 2 which 
divides £ and let X* he the mod £ extension of* 
the mod 4 character X defined inxxiu** ;then 
if d*s-i (mod4) then \*(d) i 1 ‘ 

w) let 2 01 , oc 1 3, he the highest power of 2 
which divides £ and define \ hvj 
f 0 for n even 3 

z tmi/z 1 for n* (-i)V, 5 t (mod l*) } 0sUz*' 2 ; 

then 

a) X's a mod 2* character 3 
h) 't (cf,£)*l and cf^ tl (mod 2*) then 
there is a mod £ character X,* such that 

X*c<f)M ; 



xxtv 


w) if (cf, k) * \ and df$ i (mod £) then there 
is a mod & character such that %(cT) # 1 . 


3 . \) Let c he the number of mod £ characters; 
, C c if as l (mod£): 

iU. u T V tn\ s i I ' ’ 


then I \(a) 8 \ ' 7 

* C o if af X(mod k )• 

it) there are exactly if(k) mod £ characters • 

tii) when (a,£)*i, 

TV,^-V^,[‘f‘ & ’f 0raSn l ,n ‘ :,de '> 


IWW* ' ' ’ ' 

* ( o otherwise ; 

tv) if (a,£) * i then 

- ftP(6) for asn (mod£) : 

I\«*)\(n)H ' 

x / o otherwise . 


4. (Miscellaneous ) 

Let (a,£)ri and let m he the exponent of 
a modulo £ . Then for each mod £ character 
X it is true that %(a) m * \{a m ) * X(0 » l 5 
thus \(a) is an m^ root of uniti^.Tn this 




problem we see that as % runs over the mod 6 
characters none of the m roots of unity 
»S slighted m its number of appearances - ».e. 
they each appear times * Let u> be an 
arbitrary root of unity and suppose it 
appears N times . Then 


m s CO } 


o otherwise 


«I ^)' 


ii) Ntn. I ? (^r 1 )’ * f(<0 • 

In the next siv problems the'Dirichlet 
theorem is proved. 


5 . Each of the three series 

r XCn) $2 X(n) Irm «? \(n) 

n*t n ) n* l n ) n*i 

converges when X is a non-principal mod I? 
character • denoting the sums by L„(\), L,(\\ 
L t (\) respectively we have 
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6. Suppose \ is amj real non-pnnapal 
mod £ character, Define T and G ht^ 

r(n)s ( nn^^' • 

Then *. 

t) r is multiplicative and 

it) for all n , T\n)s o, F(n 2 )* i j 
W) 6 (x) -t oo as x -+ ©o 5 

*) 5 w=i,f! -- 

r r _L . r _L r . 

in ^ Si J M 6<lx & A«fcf ^ J 

V) G(x^ s 2>/x L.(\)toco ; 

vi) 1f \ is anv^ real non-principal mod £ 
character then 

U%)’! . 




TO L.lMJ^-^lw’.OtO for X* X. 

(the X here need not be real ) ) 

i>) suppose \ is d non-real character and 
that L e (X)*o * then putting ^M* n J x \Mntan 
we have 

а) <^(x) * -x L^X)* 0( Inv) 5 

б) xlnx- -x L t (\)I o(x) ; 

tt*K J 

Hi) for anvj X 4 \ a , 


LjCX) I 

n*X 4 


'-InxtO(i) for l o {\) s 0 *, 
O(i) for L o (x)* 0 . 


a. Tor X*X*, 

X(y)inp . f-lnxtOCQlf Lofflgp; 
p I 0(1) ifUXVo. 

<5, Let N be the number of non-principal 
mod k characters for which L e (\) *0. Then : 
i) if N 4 o then N > 2 j 



fl) if ^00 * X then 

os ^oO« | y I x ^^--(i-N)lnx + 0(i) • 
w - a) o^N< i • 

6) if X * X» then L 0 (\) * o j 
c) ^ - 8 0(i) when X* ; 

(note that (G) tells US the supposition made m 
is in fact not realisable j i.e.that the 
number N of non-principal characters for 
which L»(X)*0 is i+self o ) . 

10 . ( The ‘Dirichlet Theorem ) 

For (*,£)»!, 

and , therefore, there are infinitely many primes 
in the arithmetic progression 
a, a+£ ,a + zC,a+3^, 


* * * 






Remarks. 

1. The ■theory of numerical characters is 
but a small part of the general theory of 
characters »r> the theory of Abelian groups. 
It is for this reason we have used the word 


“numerical ** 


2. The interested reader miyht wonder i j 
each residue class modulo le yets its “fur share*’ 
of primes . Since there are y>( (e) possible 
residue classes for theprimes this would mean 
that each class yot of the primes. The 

asymptotic Dirichlet Theorem says 


< f L J « X-^OO. 

p*a (moo to) 


Usmy this one may immediately deduce the 
prime number theorem Tr(x)(- T ^-y 1 ^i asxtoo 
and then conclude ( r j )(TT(x))'4^asx^oo. 
thus each class does eyuqlly well. 
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Tor an elementary, thouyh yutte involved , 
proof* of the asymptotic 'Dtnchlet theorem 
the reader miyht consult Specht [ i^se*]. 


3. Our proof*of the Dirichlet theorem 
follows Shapiro [i<>fo] and also makes use 
of ideas of Rademacher [ 1964] , Masse [ i^so ] ) 
and Rracliar [ 1^57] . 





SOLUTIONS 






I The Gome of Euclid e-the Euclidean Algorithm 
~ Solutions ~ 

1. i, U) The derived sets are 
f m f } , f m, n-tmj , 

'where tm£n.<(t+i)m ; 

in) since we are assuming ms n we must 
have £a ; £| * for some positive 

integer s now any common divisor of n andtn 
clearly divides m and n-sm and conversely ; 
thus (n,m) = (m,n-sm) =(a, 6 ) ; 

w) since negative integers are not permitted 
and each move reduces one of the two elements 
it must happen, after a finite number of 
steps ,that one of the elements is reduced 
to O ; the other, by (tu), must then be(m,n). 




IS 


i. i) This is clear ; 

u) if a placer starting with [ 2 ,5] moves 
to the minimal derived set {2,1] then the 
other placer will immediately win bymoviny 
to [0,1] ; 


Hi) »f there is but one derived set The 
proposition is'true*, otherwise, since we 
are assuming there »s a winning strategy 
for A and since one of A or B must ultim~ 
a+ely make the move from the minimal 
derived set ,the advantaye must Item either 
makiny or not makiny this move, and for 
A to do any+hiny other than asserted 
enables B to decide who will move from 
the minimal derived set and thus transfers 
to B the winmny strategy ) 



I 


is 


iv) since rn. < a < tnt: < 2m the onl^ 
possible move from is to {a-m,m] ; 

hence , r * a - m and 

tn _ m __ 1 v t - 'r 

r ” a - m " a 1 ' t - 1 
tn 


3 . t) Since one is not able to win in one 
move from a position , 1 < Z , 

it is enough to show tha+ when A star+sfrom 
{ m » n } , then he ma\j either win in 

one move or leave to B a position with 
1 < < Z , from which, bv^ # 2 (tv),B 1s 

sole move is to a posiVton with ratio >Z 
from which the process is repeated ) 
when > 2 there are at leas'! thetwomoves 

tn ,r] 

f tn.nl o*r<m, 

1 ^*[rrv,m+rj 

where r is the remainder obtained when 
one divides n b\j tn ♦ if r» o, A mav^ win 
tn one move b<^ moving to (m,r]; otherwise, 
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since, ( b^ anelementari^ calculation) Z is 
stnctlij between ^ and Js ^r L , A moves to that 
position -for which the ratio lies strictly 
between i and z ; when r 2 A moves to fm,rj • 

u) this follows from (t). 


t. *i(iw) wehnow (r 0 ,r t ) *(r, ,r 2 ) * 
(n,n)=-- <s (r n . a ,r n )«(r„,o) s r . 


5 \ In each , j*2 f is a linear combination 
of ry lf ry 2 • thus starting at the. bottom of 
the- Euclidean algorithm and solving for r n 
first in terms of r n . t f r n . z and then in terms 
of r n _ 2 ,r n - 3 etc. we ultimately find r n 
expressed m the form cr e + c£r t , where c and 
<f are integers; since o< £ mm £ r c , r, ] 

exactly one of c, cC is £ o 3 



I 


5S 


.f c>o,c£=o or c»o ,cC>o 

then r e s r 4 so r n * zr e - i*r t • 
if c>o,cC<o then r n ®cr 0 -|cC|r t 5 
if c< o, d > o then r n =(sr,-|c \)r 0 -►(cC-sr 0 )r x 
and we mai^ select s so that 

Sr, -|c| >0 ,<C-sr„ <0 . 

< 5 . i) The proof is bij induction; since 
u«s 13 > 10 it istruefor n = 1 ♦ supposing 
it to be true for n we have 

^5(n+i) + * s ^ 5 n + 5 + ^ 5 n + 4 = 5n + i+ * ^ sn + 3 

" ^^5n. + 3 ^’2.^ , 5n+2 = ^^5n+2 '*'3^'5n+i = 

?n+ 1 1 SU^ n ^ s 

> io n41 , and thus it is also true for n+i * 


u) reading the Euclidean algorithm from 
bottom to top we see 




u 


Vll ’•n + r n 2 u 2 

r n-ll r „-i+ r n 2 U, ♦ 1 = U, 

r n- 3 2 2 = «» 

• * • 

r l 2 r * +r 3 *U n .,+ U n _ 2 = U n ; 

w) if the number of divisionsn is Ithis 
is dear; otherwise suppose 0<rj<r o and 
the first step has r, as divisor and r, has 
t base io digits ; then , bg (n), r 1 > u n 
and, if m is such that 

9 m* i <n< 5 (tn+i) 

then r 1 ^u rl >u 5 m+t >io m sot*m+i2-§rn 
and n < 5 t *, 

w) direct calculation •, 

v) bg (»), £ > U 5t and since 6 has t baseio 
digits u 5t has t or fewer base io digits • 



v<) bg induction |u^ru n u m2 | * 1 for all n and 
Hbsl is < f (> “C ) when n is even (odd) * hence 

lie 1 - *1 < ; f or f urtW 


details seeE r 3,5 • 


vu) forn-4 we have u<,*55>io*S*iou h *, 
assuming true for n we have 
^n«5 S SWyu 1 + 3U W - + 3 + 5 ( ] 

> u n (•'f + 3 —|-) > 10 u K for n>H (using(vt))' 


vi«) for t* 4 , u z0 * I09M6 > ic H y 
assuming true for t, then, bg (vu) , 

w st + ?> ,ow 5t > io-io* = \o Ui ; 

iX) bg (vitt) when t is at least M, u 5 * has 
more than t base 10 digits while, bg (v), if 
the process starting with a and b, a > £ , 

6 having t base 10 digits, takes st steps 
then u$t has no more than t base 10 digits *, 
the conclusion follows ♦ 




I The Golden Mean - Solutions 


i. Letupsx } then x* i + so X 2 = X + l 
and, therefore , X = 1 ; since X >o we 

must have -p- *K 8 t. 


2 . By the above Z 2 »“C + 1 ; dividing by Z 
and then subtracting Z from both sides 
fields Z' 1 ^ Z - i •, finally since ZZ' 9 ~\ the 
last relationship follows . 


3. if -y-< Z then 


rn + r 
m 


sit 


*m/r 


> 1 t 


r i _ t: _ ~ 

x ~ x ~ c 


Similarly if then TT ^ r < Z . Tinally, 

if a is between -p- and m 4v r then 

1,^ x l m+r -m l_ I mr + r 2 - m 2 I 

r C rl w r I" nvr 



novo since we may select tnteyers m and r so 
that-l^is as dose aswehWetot: wcscctlia+ 
| oi-Z | is smaller than every positive number, 
hence . 


4. v) The inequality is true for the two 
terms ; supposing it to be true up to and 
including the nfi term we have j 3 £ (n-i)C y 
a > nC when are the n-i 5 ^ and 
terms respectively ] now the n +t** term 
has a numerator o<+ (3 which »s 

i(n-i)c+nC^(n4i)c ; 
the remainder of the assertion follows from 
this and the fact that the typical denominator 
is the previous numerator •, 


ii) let the terms be 

then direct calculation yields the result ♦ 




10 $ 


Hi) this follows immediately from ( ii) ; 
tv) if any two consecutive terms of the 
sequence are equal then , by *\, all terms 
are equal to Z and the sequence converyesto 
Z ; otherwise by *3, Z lies strictly between 
each consecutive pew* of terms and hence, 
usmy (i)and(wV), the sequence converges to tr. 

5 . i) Immediate from the definition of 
the sequence in *t; 

w) this follows by induction from (t)and 
the truth for n = o from (i) we see that 
ony divisor of u n+1 and u n+1 is also a div~ 
isor of u n41 and u n ( = u n+ * - u n+ 4 ) ; 

ui) this follows from and the fact 

that u 2 -u 0 u 2 - t-2 = -i = (-i) ; 3 



u 
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tv) this follows from *H(t) since c* 1 ; 

I t* I ^ I _ I }^n}^n±2 I 

V7 I U n * ^ | -| U n " Un+i|“ U n U^ 4t 

- 1 < 1 — . 

1 tt w ) 

vv) this follows from (tv) and (v) or from 

r M’(tv) ; 

6. I'd) This is true for n=l b\j *Z ) suppose 
true for n; then * Z(u n . t +u n Z) 

= t = (^n-1 t ti n — 

and the induction is complete ; 

6) for n=iwehave -T -2 = t: 1 -i which 
follows alsofrom *2 } suppose truefor n; then 

(.iff®"’ = 

3 S "^n^’ = 

and the induction is complete; 


n) for nsothis is dear;for niiwe add 
the Repressions in (t-a) and (f>)*to obtain 
Unjttr' 1 )* r n+ Vc-i) n t:' <n+1) ; 

5incet + t’^t-t'sV? and 
we have 

u n-^y|x -t: j. 


7. i) Ecju a I itij of the areas implies 
(u +v)r = mv s (m + r)u 

and,therefore, 

anc 4ii±^- 1 +^l- i + m-irkir. 

u rn an< J u ~ 1 + u ~ r “ r > 

+U u< v , m _ m-t-r - ~ 

Tnus M " r " m “ ^ > 

where we have used *i for the last ecjuali+vj. 


n) in th is case m * u tv so 
m « rn+r ^ J 2 HH - 

r " rn " u+v " c 

and the conclusion follows . 



n 


8. Consider tine regular pentagon shown 
then, successively, we see : /k\ 

{&*if+(alif ; / X A X \ 

6» _t. Hi V , \ /7 

a/2 * c[ ) \ jN j n'l V x / 

c 2 j* 2 * a \ b| / xI/ \ / 

b + a * a ; \ i / \ / 

2 <fta = D ; \ k±!tl 2^ 1 

d = e j thus we conclude : 

D = aT , <f te-, a/ = -^2 > ^ } 

when a = i this yields t? = t". 


«5. Considering the proof as yiven m the 
solution to *8 we see that 
the lines are as marked au 

at the riyht. This yields 
the result as stated .The 
continuation is clear . 






• 0 . Tor any integral value of m the 
dissections indicated below are correct. 



They are correct since (t m+2 f = r m41 ( Z m *\zr\ 


11. The model seems to form a 13 by 3t 
rectangle* but the area of the sguare is 
2i 2 * 4ti and the area of the rectangle is 
13 • 34 = 442 ; the model does not indicate 
this discrepancy since the extra unit of 
area is distributed along the main diagonal 
and it would reguire an extremely accurate 

model to reveal the difficulty. 

12 . a) X - l +-^ since “C 2 = 'C and 

Z on the right 



successively replacing 
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1+ v^vcJids the string of equalities } if 
the pieces gield •^z L up to the term then 
the ne^t term is just l + + 

so the express ion for the general term is 
correct} 


6) bg *5 (vt) we know —> r so 

the implied limiting process does gield X. 


\3. t) This is immediate for n » i, i and 
all m ’ suppose true for each of iw,n and all 
TH ^ then m+ ( n+ 1^ s + + n = 

u m-i^n-2 * ^m-i^n-it 'U' m W ri = 

it) clear for m = i so assume true form- 
then ^ tvm +n- 1 s 

and , therefore, since u n -i divides u nrn . x 
we mag conclude u n _ x divides 






xu) noting (n,m) divides each of n ,m 
part («) shows divides (u n ., 

how there are integers x and g such that 
(n,m)snx-mv) so = 

^ ^ mtj-2 — - 1 I Since 

(u n *ij Htn - 1 ) divides each of u nx _, and u my _^ 
»t divides u (ntnVl u m ^. 2 and is prime to u m ^. 2) 
thus (u Tt _ J) u m .j) divides u {n>tnW and the 
proof is complete. 


It. Tor n=z we have ( \ * ^ ^ i ^ and 

the result is correct 3 
suppose true for n, then 
(JM n+1 sf 1 1 V u " u n-A./w n+1 u n \ 

' \ 1 O /\U-rt-j U.-H-2/** \ Vl w 'W w _i/ . 


15 . 0 The contributors to g (n) not contain¬ 
ing rv are precisely the contributors to tjfn-j), 
whilethose containing n are precisely the 
contributors to g(n- 2 )with n adjoined j 


{{) this is true- for n * i, i bij direct 
calculation and the recurrence of (t) shows 
that the equality continues since it isthe 
same as the “Fibonacci recurrence) 

(U) each k element subset of (1,2, 
Corresponds uniquely to a marking of 
R elements of [1,2 with a 1 and 

the remaining n-k elements with a o 
such a subset will contribute to f (n,k) 
precisely when no two consecutive l’s 

appear } 

to) in (tu) the n-k o’s maij bethought 
to define n-£ + i bo^es *, the number of 
wavjs of putting k i’s into these bo*es 
as described is just the number of strings 
of o’s and l’s discussed in (iu) *, ue, it is 
equal to f(n,£) • 




v) bg (vv) it is just the number of wags 
of choosing £ of n-^4-1 objects and this 
»s ( n "^ + 1 ) when n~k + i > £ and is o 
otherwise', 


vv) U n (n -1) . £ f (n -1, £) =:|‘( # j £ ); 


vi*) this follows immediately from (vC) 


16. \) By the ratio test the series 
converges for Jrn ■ J ^j 1 |x| < l; since the 
hmit is ^|x| sve see that the series 
converges for \y\ calculation shows 

so ^ x-x 1 when 



w) let r * x, j s * T,' • then r + s « 


and 


i _ r /(i—s) 
1- x~x 2 *" r * 


s/Cr-S^ 
1- sx J 


rs 



'*)S 


vu) expanding 777*-and ITTJT on the 
ri<jht of (tf) ijtclds 

1 _ 1 f/ ^rv+i _ ^n-vi \ ^.n 

TTJT?* r-s„^ r " S » X 
r > f (Z n "-Z’ n ''') X n 

y5 n*o 

and comparison with “U. vjidds the conclusion^ 


vv) put X«.oi in , making use of (t)*, 


v) bvj induction . 







IB Prime Tactorizations e?~ Primes 
~ Solutions — 


1 . Tor the integer n= 2 the integer 2 is itself 
a prime divisorof n. if the propositi on is 
false let JSf be the smallest positive integer 
> 1 for which it is false . Then JV*is not prime 
so N= a£ y where 1 < a< JSf, i< £<JSf. This 
implies a has a prime factor which is then 
a primefactor of JSf. This contradicts our 
assumption that the proposition is false. 


2 . True for ns 2. if false for some integer 
let JSf be the smallest integer for which it is 
false. Then JSf is not prime so Af=ab ; i<a< 7 if, 
i< b< JSf. Thus each of a, 9 have prime factor* 
ixations. Putting the factorizations of a and 
9 together gives apnme factorizationforK 



This is a contradiction so the- proposition 
most be true. 


3 . Suppose p is a prime dividing a £ *, if 
p does not divide a then (p, a) * i so, by 
1 * 5 , there are integers K and y such that 
lspx-a-y 5 multiplying this equation by 
£ fields £ =px£-a£y • now if p|a£ then 
p divides the right and ,therefore,+heleft 
side of this last equation . 

(Alternate proof) 
let S be the set of positivemtegers n 
for which, for a given primep, there exists 
a £ satisfying 

p divides n£ and p divides neither n nor £. 
We show S is empty by an induction argument. 
Certainly i is notinS. Suppose no integer 
< n is in S . let p divide n£ and suppose 
n=pt +g , 0£cj<p , £ =pst r, o*r<p . 




Then n 6 »p (pts + tr ♦ scp + <^r sop divides 
c|r. Since <j< n , either p divides cj orpdivides 
r. In either event p divides one of n ,6 so 
n is not in S . thus S »s emptvj and the 
proposition is proved. 

4 . For n -2 this is clear. Suppose true for 
oil positive integers >1 and < n, n> 7 . Let 
n * p t ♦••p (i rcj l '*‘cj s where the p f and 
are primes. then hvj the finite extension of 
*3 ) p, divides one of <j»,'•••,*[* and hence 
equals one of them , Suppose, without loss 
of ^eneralrhj ,pi g <ft - Then f; is an integer 
smaller than n . if 1 then , since n is 
prime ) the proposition is true for n . 
Otherwise 2 so the proposition is 

true for i.e. p«,“*,pQ are just the 
in some order. Thus p*,*** ,pk 
are just the cj t <j s in some order 




and the proposition is true,for n. Bvj 
induction the proposition is true for 
all n t z . 


5 \ Bg *2 there is a prime p which 
divides l + nl . Since no prime dividing 
n\ mag divide i + nl and since all primes 
£n divide ni it must bethe case that 
p > n. Wence since there can be no largest 
prime there must be mfimteUgmangof them. 

G. Since 1 + Pi***pc must have a prime 
factor differing from each of pu** * ,pt 
and since the same argument shows that 
cverg finite collection of primes fails to 
exhaust all primes the number of primes 
is not finite. 
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7 . Such a striny is afforded bvj 

( £ +1) l + 2 , * , *,(k+l)l + (k+l) . 

8. Since the product of any finite number 
of 4^+1 primes is apina 4 &+i number and 
Since 4 p,-**j?^-i is not of the form 46 + 1 
voe conclude that amony the prime factors 

there must be a 4k* 3 prime. 
Since, by the argument of above , no 
finite set of primes can exhaust all 4 ^ + 3 
primes there must be infinitely many 

of them. 

2 

9 . i) 7 Z = 2 2 4 1 = n S 7 (mod 10) *, 
suppose 2 ** 4 1 - T n = 1 (mod 10) ) 

then 2 2 =6 (mod 10) and , therefore , 
7 n+1 = 2 2n+ + i = (2 2U ) 2 +is 6 2 +is 7 (mod 10) 
and the conclusion follows by induction . 



U) if m = a£ , where b is an odd number 
larger than i then 

2 m H = (2 a +1 = 0 (mod (2 a +i)) 
and, being divisible bg 2^+1, is not prime 5 


wi) since 641 * 5 * 2 t +j = 5 4 + 2 4 we see that 
5 ’- 2 7 = -i (mod 641 ) and 5 4 2 -2 4 (modeni) • 
raising the first congruence to the 4 ^ 
power and using the second congruence 
we find 5 * ♦ 2 18 s- 2 n 2 1 (mod 64 i) and the 
desired conclusion follows ; 


w-a) since 7 0 ~ 7 x -l the proposition is 
frue for tn = 1 • supposetruefor m , then 
o^m + /n=(^n-2)r m = (2^-0U 2 " O 

,tn+i __ 

= 2 ‘ 

and the proposition is true bu induction; 









S) without loss of generality let n<m ; 
then any common factor of T n and T m would 
divide TT J. = F -2 and .therefore, would 
divide 2 ) but y n and are odd so such a 
common factor mav4 onlu be l 5 


\) since each J n contains a prime factor 
the conclusion of (tv-6) is incompatible 
with the existence of only finitely many 

primes . 


10. Without loss of yenerahty let p be 
an integral polynomial with positive leading 
coefficient) since P(n)—too with ti we 
may choose an m such that P(tu)> l } 
now we note that for all n, p(m) divides 
p(tn + np(m)) and, consequently , for 
infinitely many integral values of x , P(x) 
is composite. 


it. (See luthar [ 1969] ) 
i) p F s n > 9 » I* 4 + i 50 the assertion 
is true for n * t; if true for n then 

pu4i*put2 > 2n+ 1 + 2 * 2(n + l] + 1 j 


it) the assertion is true by checking for 
n * i ,2,3,4 } if true for n (n2<+) then 
Xn4i s ^ntp n .i>tt 2 t2ri+l s(n 4 l ) 2 * 


Hi) (a) follows from (i) ) for (6) we have, 
when 0 £ j<n, p n .^p n . j+1 -2 6 p n . j+t -2.2 

^ Pu +1 -Uj**U*( n tk)ti- 2(j + i) 
» 2(n+k)-(2j+i) 5 
for (c) note x n = Pit•••tp n < 
2n(n+(e)-(i + 3t5+—+(2n-i))sn 2 +2n£<(n+fe) 2 * 


tv) follows immediately from (i») • 





\) bvj (ti), for each n there is a non*negative 
mte^erS such that (n+6 )* < x n < (n+k-n) 2 • 
when kso we have n 2 < * n < (n+if * *n+i ) 
while when £ ^ o we have , bvj (tv) ) 
x n <(n+^+t) 2 = (n+&) 2 +2(n+S)+i<^ n +p ml s^ n+1 . 


12. ( See Grimm [\W9>] ) 
i) When cj ft = Q } since fisn , we have 
cjgjnl + G * when cjg is a prime divisor of 
Jj£ + i it certainly divides nl+£ = R(^+1) j 


ii ) case i : -§-< £ * n and £ prime j -then 
cj^k and since cjg divides each of nU j 
and n l it also divides j ; but 2*jsn<2(e, 

so & *j ; 

case 2 : q 6 is a prime dividing &- -j 
since &-j s «(x-+0'( n ' + 'j) j suppose now 
+ha+ <j s £n;+Wn <j 6 |j , j«(nUj)-nl, 



and cjfc| £ - j so if Hi-?- this means 

cjjefi and J-^- Voinich implies 

<"• ifeh i 

thus \-< Ssn and ) since we are in case 2 f (e is 
composite j a^am each prime factor of* h , 
including cj ft) divides ^ and hence would have 
to divide 1 *, thus and , since ^ | (5 - j 
and fe and j are positive integers, not 
exceeding n, £ * j ; 

w er iv) these follow immediatelij from 
(i) er(tt) . 




iv Square Brackets * Solutions 


i. Clearly [ex') icx; if cs-i then 

[oe]<[oe)+i ^ a contradicting the definition 

of [«] • 


2. Adding the inequalities 
oe+n-i <[«4n]icx+n, + i 

fields n-i < [o< + n]-[of ]<n + i 
and ,therefore, 

[oe + n] -[a] = n . 


3 . 


ms [-£-] n + r,o^r<n; hence 

m+ifwi. r+i jmi . i 
“n - l“n"J + “n - ^ [ rT] + 1 • 


\m < 

n j 


lSH 

n 


<x 

n 


Coil +1 f laj 
n - [ n 


where we used 9 3 at the last inequa 


♦ 1 


i+v i 



sis 


5\ -4’ 2 (o<+T)' l "^ < [ oc + 'i‘]- oi 

S (o< + -jr)- 0 < * 1 " • 

6 . Trom-o <-1 < [-o<] < - o< we see 
ot < - [-«]<« + ! and the conclusion fol lows. 

X [«]+tP] -[[«] + P]4[o<+P]s« + P 

< [a] +[ j3] + 2 and the conclusionfollows. 

S. [<x+p]+[o<3+[p]s2[oi] + 2[p] + l 
e [2«] + [2p] V 1 ) 

»f both inequalities were equalities then 
[oi+p]=[a]+[p]+i, 
[2«]«J[oi] , [zp] = 2[p], 
butthen 2[a+j3] >[ 2 o^]-f[ 2 p] 11 
l [ 2 (a+p)] 2 [(a*p)+(a+p)] > 2 [cx+p] 
which is a contradiction 5 hence at least 
one of the inequalities isastnct inequality 
and the conclusion follows. 



9. let oi * m + e, j3 * n + V ; then 

* mn ± [o<p*] = mn + [ mV + ne + fcV ] 
itnn + m + n + [tV] = mn+m+n 

10. if o^scjdtr, o<r<6 , then g is the 
number of positive integral multiples of 
k not exceeding a ; but [-§-] ® g so the 

conclusion follows . 


ii. Bg*io,OHp] is the number of 7 
positive integers £ 0C and not £ £ . 


12 . [ex]+[-<*] S [[o0-<*1 

o >f oms an integer ) 
-i otherwise. 


•( 


13. In *7 let o< and j3 both be -§*- to 
obtain 2[-f] + 1 *> 

hence o £ [a] - 2.[-^*] s i . 



m. Trom 

svefmd n-i < "T"^ < yi + i ^ &v\d ^ 

therc/forc, ~ n * 

i5* ocand theconclusionfollows, 

16. let [a] <o(< (m + i)k } then 

17. 1.4,7 0£j3<M, SO 

[n«] s [^[«]+p] s ^[^] + [pl and 

M ♦ [ « 4 *] ♦ • - 7 [« ♦ *»] =£[[«1 + ^1 
= nM,|[^]=n M + ?[^] 

M 

= n[o<3 + I 1 = n[oc] + [£l . 

3 = 1 

t$. Putfor ex m * \ 7 . 


rt -1 


9V-X / ^ T71'l n-1 A 

^o[ ma + 3 ^] = <£o Jo [ 0C+ m 


r 5r-* 1 f 

si I no< + 

6*o k 


since 




34$ 


'[’ ncx+ ^ L ] onc * 

*O.Putf(X)-(-.nC B n-i) - 

jWHflKl) i 

then one of f, <j is svjmmd'nc, the other 
anti symmetric about x »• hence 

ft-fft*0rCfrCf5-»- 

21. Let#* / £n-[ / £n] • since ^s'C'+i, 

#= T 2 n-[r 2 n] ; hence ) 

S (r J n-[fn])-(r 2 n-t[tn] ) 

*r[rn]-[r 2 n] ; 

since o<#< j < taking scjuare brackets 
\yelds the desired result. 

22. Write n«cjV2 + « ? o<cx<>/2 , 

cj integral • then 




a) [(i + sfi )n] = n + 2cj ♦[cXn/I] and 

[v/2 [( l + w) n + _ H ] 

s n + 2<j+[a (*/!-i)*vl'[^r + -r]] *, 
calling the last term on the ri<jht in (b) t 
Nwesce [<x>fi]*[w+ ~t] 

. f t«(V5-i)l»0 for 0«x<-^0 st 

where,m the second case, we use 
i< 1 - -^+V2 5 OC(V2 - l) + /2 
< (>/2 -l) + >/2 = 2 . 


23. We know from IT # C (u) that 
u h = -^=-('C n+1 -'C /n+1 ); further tt's-l so 


Uns \f? ^ 


n+i 


irll 


V? t 


ntt 


= [K‘» +1 - 


since 


V5t 


«41 




2t. Amon^ i, 2 ,—,n there are [fr] divisible by p, 
and,of +hese,thereare [^|r] s [jj 5 ] divisible b\j 
p*, etc; thus the highest power of p in nl isas stated. 




15 A) ( n ) = (m-nMnV S0 thc 
power of p m ™ ) »s 

since, bvj *i , each term is ^ o • sincethis is 
true for everij primep the conclusion follows j 

») this follows exactly as does (O if one 
uses the obvious extension of # 7 ) 


ui) this follows m a similar wavj ustn^ * & . 

,, rni f"-'l f 1 'f m divides n ; 
J MmHl m] [o 0+her wist; 

thus the sum is > the number of positive 

integer divisors of n and this number is 2 

precisely when n is prime, 

27 ' PSfi?] - z f° r ti > 2 ,n not prime ; 
for n primethts sum is l. • 



thus for each composite n the summand is © 
while for each prime n the summand is i. 


26 . For x irrational [’cos t tn!* © while 
for x rational, sa\^ -f ) all terms with mJt 
have value l . 


29. xvjfn ,s equivalent, under the conditions 
of the system, to Xfy and , for fixed vj, 
the number of such x is [ij-] ; now allow vj 
to var^ over 1,2, n } this fields the left 
equality • for the riq ht 
equality note that the number 
of lattice points on the vertical 
line through (e and beneath 
the curve is m; number in the shaded 
region is twice the number in the doubly shaded 
reqion diminished bq the number mthe +*r 1 jplv^ 
shaded reqion . 
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30, 5uppoSO 2X*cj(j + r , Oft*<£ j 

t'V if c] is even, sag cj * 2S , then 
o £X“S& t while if of x-sb<-j-then 

[x] s [ 2S + t] s 2S ‘seven 5 

v 

n) if cj is odd, sag cj = 25 + 1 , then 
Of x-(s+i)6 and v - (s+i>6<0 , while, if 

- \< x-(s+i)£<o then -2S-2<o so 

0<-^-- 25 - 1 < 1 and [-^-] is odd. 

31. i) [^jp] is the number a--— 

of lattice points on the 

half open segment (A ,15] „ g 

in the diagram • when & = 1 there are no such 
lattice points on OC and, in general ,t here are 
cC* 1 such points on OC * thus the indicated 
sum is half the number of lattice points 
inside +he rectangle obca plus-^f 1 5 



>v 


3^5 

ii) the left hand stele 

a /2| 

is exactly the number of a-i 
lattice po»n+s in the 
indicated rectangle. 

32. i) From ax+6vj alex 0 + Gleij 0 we 
see that a(x-Hx„) - G(6tj 0 -vj) ♦ 
since (a,G) * \ this means there is a t such 
that X -(ex 0 =t£ ) • 



u) from {i) if x,tj is non-negative we 
must have (ex 0 + Gt >o and (eu 0 -ai >o ; 

r ^ 

i.e.-t s - so the number of such 

solutions is 1 + [^a 2- ] 4 ["T 4 ] ) 

ni) if k has the stated form then 
1 ■+ [f ’ r V s *° ' a *o] ♦ [i - sx e trij c - GVJ 0 ] = oj 
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on the other hand, if (,*) has no non-negative 
solution, then for suitable r,s, osr< b, os s<a, 



fexo-r , £m 0 -s _ (j + ab- aT'-bs _ ^ 

^nr 4 a - a6 
which can happen onlvj when fe-ar+bs-ab; 

iv) the 2 ^assertion follows from (ut) bi^ 

observing that ab-a-bs a(b-i)+b(a-i)-ab; 

when k> ab- a -b we observethat 
. r 6*«1 i f _ 6,+a6-ft.r-6j^ ia6-a(i.+rVf>(i+s} 

*n e rl * J' zs — 7 ss- 

10 and the conclusion follows from (ti) ; 

v) we need to count the number of distinct 
non-negative ar + bs - ab, osr< b,oss<a • if 
ar+ bs -ab = ar'+ bsab 
then a(r-r') - b(s'-s) and , since (a,b)= i , 
this means r*r', s*5' • thus thecj are all 
distinct so we need onhj determine how manij 
are non-negative ) 



put ssa-j, 1 6 i < &, 1 i j* a 

and gamine, 

a(6-i)+ £(&-]) * a£ 

or, what is the same, + *, for 

fixed i we have [ci--^*i] values of j so 
altogether we have. 

.! [-fi]--a6-a^(-i-[f.]) 

-a6-a-(6-»)-a^lil.ifcigfcil, 

where we have used *31 (i) ♦ 





V Kronecker Theorems -Solutions 

i. t) Bu iv *1 f os no(* [na] < 1 and,since 
a ts irrational, the inequality is strict • 


iv) P n -P m = (n-m)cx- [na] + [mcx] and, if 
this were 0, oc would be rational contrary to fact; 


tu) P t ,• • •, P m+1 are pairwise distinct numbers 
between o and i ) thus some pair of them 
must be witbm of each other; taking 
^ < e fields the desired result ; 

consequently when | P nJtT -P n | < e then since 
0<P r <i and P r is within ? n ^’ £ of an integer, 
either P r M-e or P r <e ; 



v) for r as m (w) the points P r ,P 2 r r *** ,Psr ) 
where s > *e", constitute an e - dense set of 
points ( i.e. everv^ point in the unit interval 
is within & of one of these points); the 
union of such se+s for e * 1 • ** is 

contained »n ^ P*,P*, •••] and, theref>ne,this 

sef is dense. 

z. i) if P n * P m , n±m, then 

(na)*( m «)and (n£) = (mp) 
which con+radicts ^l(w) ) 

ii) let (cji;then ? m Q,:? n P n + r 
implies cji - jma - [ma] | t 
^noctra -[na + rcx]| - ^ noc- [na] 
and a similar expression for cjj ;thus 
f(Q,)»(((m+r)0(),((mtr)p))s Pm-»r } 




*«) let C^= (q, ,cj 2 ); then the, given 
equality implies 

C[ t s ex-[o<] + m^a + ra-[a+ro(]-cx + [a'j"| 

+ n [a + scx-[cx + sa]-o( + [cx] j 
and a similar oppress ion for c] 2 ;thus 
f(C^) = ((CX+naroi + nsa) ; ( j3 + mrp + nsj3)) 

- P 

" j l + mr + ns ) 


w) as m and n run over the non- negat ive 
integers the points such that 
PA - tnP 4 P 1+r +n Pm. 5 
have f images that are £ - dense in the 
unit square; but these f (CO ar ^ just the 




mr+ns • 


3. i) if <n* -f- then 6cx + o-p - a = o for 
ah f o ; similarly for p * 




H) bv^ ct> all P n are distinct; since thevj 
all he in the unit square thev^ must possess 
an accumulation point ; consequently,there 
are points of the set arbitrarily close together; 

iu) there is some vector P, P n J?ur with 
|P n P n+r |< € ; thus we know c^\s in the unit 
square*, usmy *2(ti), f(CO = P l+r * f (Pj+r) 
and we are done since f is one to one on the 
unit square * 

w) this follows immediately from (u)e(iu); 


v) if P,P 1+r is parallel to P,Pn. s then the 
triangle determined by P t ,P 1+r ,P 1+S has 
zero area so 0 = 


(a) (?) 1 


a ? i 

(cx-vrot') (ptrp) l 

= 

[cxHcx+ra] [?H? +r ?l *r 

(o<+scx) (?+sp) l 


[o>[<x+sa] [?H(3+sp] -s 
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in the expansion on the right the coefficient 
of a must be o , i.e. 


Cfl+rp3 _ CflHft+sj3l 

■r “ -5 5 


if this happened for infinitely many s ,then 
since as s ©o the right side tends to p , 

l£H£rr J31 .p 

which contradicts (i) ; 


vi) by (w),(v) and *2(w)thereisane-dense 
set of P n for each £>o *, therefore the P n 
are dense. 



vi , Skolem Theorems - Solutions 

1. if o<cxothen<jivennthereisanm 
such that ma-i <n &irux j 
hence [mo*] *n. 


2. Each of A(o<) and Atp) contains infinitely 
many positive integers ;ifo<cx*ioro<psi 
then A(o<) 0 A(^) is A(«) or A (£) and, therefore, 
is not empty; thus each of or, p is > l. 


3. [n«]»[nm|]. 

H. i is in A(x/2) hut i is not in A(i + N /2) ; 
that A(i + x /2)cA(v/5) isthe contentof IV*22. 


s. rf and p = then 

[ nhccx] *[ncfap] for all n . 





«. Since ooi and p>i cadi of S(oO,S(p) is a 
sequence of distinct terms; the total number 
of terms not exceed<ny n taken toye+ker is 

[■§-] *[f ] ') f rorn and 0<i-[|-]<j 

we kave o< n - [-J-] - [-^-] < 2 and , therefore, 
[-§~J + [^] = n-i ; hence the total number of* 
terms not ejcceedmy n in S(a) and S(p) »s 
n-i; sincetkis is true for each m 1 each 
interval nto n + i contains exactly one suck 
term ; tkis implies 

A(a)uA(jS)*Z and A(a)f\\({S)» 
which vi'clds tke desired conclusion. 


7. This follows immediately from *6 since 


_i_ + _1_ 1 

Vz + z + Vz" * 


8. tkis follows immediately from since 


X* 1 


T v 




VI 


9 . As n runs over the positive ihtegers the 
sequences [' Cn ] and [ run disjoint^ over 
these integers ] thus the sequences [t'f'CnjJ, 
run disjointing over all positive 
integral multiples of Z ) therefore the 
two sequences gicld ^ [ < Cn‘]| and this with 
{[^ 2n l] di s joint Ig exhausts the positive 

integers . 

10 . Put | ntl] , B m ... f[tV| |ntBQ 

form*o; then B mn cB m for ms© and bg *&, 
A 0 UB 0 *Z and A m+l uB m+1 sB m ; thuseach Ajd3 w 
for m<j • thus A^oA m »^ for m<j since for such 
m j A^H Bm s $ j now A m+1 s 3 m+1 so 

and jR A j‘ A » UB »* 2 ; 

a picture to go with the argument is : 
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H. The proof is the some as that ipvcnfor * 10 . 

\ 2 . Since A(a) 0 is fmt+e —^ —* 1 • 

but, bvj iv * 15 , this cjuan+itvj tends to «+ . 

13. Immediate from *5,6 and 12 . 

14. Trom *6 and 12 . 

»?. i) Since 1 is in ejcactlv^ one of the sequences, 
1 + must be in S(a,) ; "thus since cx^i (not all 
positive integers are in S(« t )) we must have 

0<£<i • 

iv) this follows from 

[(6+1)01 !]£ (6+i)a, -(Go^-iVo^m+do; 

»tt) suppose (j-i)d<i £jd ;thenfor i<y 1 we 
have [ ioij] = t + [ id ] - i so t is in S(cxj) and 
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[ j°<il *) + [ 1 so j is not m S(«,) ; 

w) since c* 2 < • * • < cx n it is dear that if 
m i [a 2 ] then [ cx 2 ] is an integer smaller than 
m and mast then be in S(0<i) in violation of 
the disjointness of S(o< t ) and S(a 2 ) • thus 
cx 2 - m+ e } ose<i 3 

v) since x is not in S(o< t ) there is a 6 such 
•that x= [kcx/Jt l and [(6+i)ai]-[kc<j , ]>l} 
this implies [(k+i)d ] >[ lid] and the existence 
of an integer t such that £d<t<(6+0<d 3 
since d< 1, [ (id] * t-i and x s k+i + [£d] = Q+t3 
further^ (id< t s ( £+i)d< ♦••<(6+'m-i)d 
< Sd+i < (£+m)d< (£+m+1) d 
and t +1 either lies, Case 1, between the 3^ 
last and 2 ^ last terms or, Case 2, between 
the last two terms 3 
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Case l : t+i ± ( 6 + m) d • then 
[( £+m)©f t ] » ^m+i+1 and 
[ (k + m- i)a,] = k+m + t-1; 
thus k+m + t is no+ in S(oij) j 
Case2: t+i>(£+m)cJ *. t-hen 
[(d+m+i)a 1 ]s&+m + t + i 
and [(^mlaj]: & + m + t * 
thus k+m*t +1 is not in S(a j) * 

Since [(£+j)cxi] s k + J 4 [(6+j)<*] * k+'j + t 
for i * j < m -1 we conclude thot the ne*t 
term after * missing from S(o/j) is either 
/ N+m or *+m + i ) 

vi) oc 2 = m + e so [no( 2 ] = nm+[ne] and 
[inn)a 2 ]= (n+i^m + [(n‘M)e] 

= [ nc *2] + m + [(n+i)e] - [tie] 
and this last cjuan+itvj is either [nw 2 ] +tn 
or [ncxj + m + i • 




VI 
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vvv) the i 5 ^ integer rmssm^ "from 5(Oc t ) is 
m which is also the i 5 ^ element of $(a 2 ) ) 
suppose novo that the proposition is true up 
to £ •, thus if xg is the positive integer 
missing from S^n) then Xg is also the 6.^ 
element of S(« t y> by earlier results 


X(j tl st s + m or Xfttm + i 
and [ (fm )«*]*[ liaj+m or [&a*]tm + i * 
since [6a*"]® this means 

Xgttn or tfg+m+i J 

whichever value assumes, the other, by 
^ii), must he in SCo^) and thus not he in S(a 2 )* 
consequently x &+l s [(fi+i)«*3 and the 
induction is complete *, 


viu) by (vu) all integers are in ether S(ocj) 
or S(« 2 ) so S(o< 3 y <(> contrarytoassumption. 



16 . i) [ anp] *[-6no<] 5 

u) the point (1,1) ison the line ax+ 61 j*a+£ 
and the slope of this line is - and this 
cjuantitvj is >0 • wertjlineof positive slope 
passing through (i ,0 cjoes through S 5 

fit) since a(i--£)t£(i-jr)<atf>-i<a + £ 
the points and ^ 1 are on 

opposite sides of ax + &j = at6-i and,theref>re, 
this line must pass through S . 

17. i) “Bvj 1*5 there are positive integers x, ij 
such that ax-£vj *<f; consequently there are 
integers u,v such that au + 6v = ~ccf*, this 
yields out 


t ( u+ is irrational so the w n are 
dense in the unit interval (seeY* i(v)) j thus 
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the x n are dense in the interval [ o, -j] , the 
y n arc dense in the interval [o,-J] , and the 
(*n,vj«) all lie on the line with s V-t 
passing through the origin j the conclusion 

follows ; 


Hi) th»s follows immediately from the facts 


iv) immediate upon substitution and the 
use of -§-+ y * c alony with the equalities in 
(fu) and the values of x n ,y« yiven in (u) 5 

v) by (vi) j for each fixed m the points 
(x n m, yjnm) are dense on the line segment 

] ominc S 

and (®J l6 +u 1 i-|,- l “p+v ) + ; 

varymq m over all the integers yields the 
desired result: 
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vi) tahincj <j*a + 6 and atG m, respectively 
this follows from (x) and *\6 (u) in the i s ^ case 
and from (v) and *ie(iw) in the z^ case *, 


vu) if £<o,c*o this was proved in *i6(i) ; 
otherwise, (vi) , infinitely mar*j (x n m,ij«m) lie 
,n 5 i *f ( x nm,v| nin ) is in the interior of S then 

= JU ^ 1 +V ! <1 , 

where u 2 ,v 2 are integers and we have used ( i ) 
at the last ecjualrKj mthe inline y these inequalities 
vpeld nef + s < (i-u 2 )oc <ncTts +1 , 
ncf+s< (i-v 2 )p < ncT-rs 4-1 
from which we conclude 

[(i-u 2 )o(] snefts =[(i-v 2 )p] 
and> therefore , that A(o0 0 A (p) f § , 



18 . Bij Kronecher’s theorem in z dimensions, 
sea V # 3 (vv), there arc mteyers n sueVi that 
o<—“T—1<— o~ W < —i- * 

thus o< n- [■§■]«< l ond 0 <n-[^-“] J3 < 1 so 


t<&. lf-§+y*i then by Beatty’s theorem, 
see*6 , A (£) 0 Mf) r <t> *i since, hy*3, 

A(«)fif A(-g)and A(p)sA(*|) 
we conclude A (a) 0 A(p)*<$> and the sufficiency 
of the stated conditions is proved •, 
on the other hand if A(oi)0 then by 

*18 »+ »s not true that are rationally 

independent while from * IT it is clear that 
they cannot he dependent unless 
a>o, b>o,c* i . 
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20 . if the theorem were false then bij*i9 there 
are positive integers a,6,c,cf,e,f such that 

'a+j* 1 , «"+ y* 1 j "ff + «" s 1 j 
thus ^+-^*e 


^--|£*ce-c£ 




ace 

cx 


. adc _ 

Tv* 


ae 


an S-f C 6cf+ade_ 

"CT* “g -C-D —^—-a^-cc + cb j 

this means that X , and , therefore 5 also a 

are rational *, hut then , bij *5 , 

A(«)ftA(pw* • 


2 i. The line passing through the 2 ^tven 
points is 1 *, the conclusion novo 

follows from r 19 . 



vii The Game of Wvyfrhoff * Solutions 


l. "Direct calculation shows this for the i# 
pair and also shows that anij G move, from 
anvj other pair enables A to follow with a 
move to an earlier pair or to an immediate 


win. 


2. Assume {a, 6 ] »s not in the list and 
a< £ , a < 12 * now a occurs in some pair 
»n*i and either [a,s] ,a<s , is there or 
[s,a j , s<a,tsthere *, when [a,sj , a<s, 
is there then 

if £>s the desired move is j • 

if 6 <s the desired move is *[c,cfjj 

where 6 -fl: cf-C *, 

when [s,a^ } s<a , is there the desired 
move is [a,£^— >[a,s^. 



3. Bvj # 1 it is dear that must not 

be in the list if A can force a wm for him¬ 
self ; note now that there is always a move 
A can mahe which leaves to B one of the 
sets on the list. 


4 . The n<£ element of the desired list is 
£ a, £ | , a < £ , where £ - a * n and a is the 
smallest positive integer not appearing in 
the n-i sets ; now follow the proofs 
qiven in *i , 3 * 


S’. Smce-y + ^r s i each positive integer 
occurs precisely once amonq the numbers 
[ nr] , [ nr 1 ] , n> l , as was proved in 
vi *8 as a consequence of Beattu’s theorem 
(see VI *6); further, 

[nr 1 ]-[nr] *[n(r+i)]-[nr] = n . 



vw Z ,0^ ~ Solu+tons 

i. 0 Each divisor of a£ »s of theform <£j, 
where cf divides a and 3 divides £ ; further 
if ether cf 4 d t or 5 ^ then cf$ ^ flf t J, since 
(a,6) s i ; thus since the number of possible 
cf’s is t(a) and the number of possible J's is 
t(£) the number of d ivisors oj" a£ is just 
r(a^T(6) ; one movj write the above 
argument as follows : Z (&£) *1 = 

t r t = ( X iVt i)xt(a)f(6); 

cf|a JI6 d|a JI6 

it) if O’(a) = + , 0'(6) s £,+•••♦ 6t 

then <j(a£) = I, aX = (a,+—+a s )(6 t +— +£ t ) 

J r r 

= o(a)CT(£) , where no divisor of ab is 
counted twice because (a, £) * i ) 

vu) a number m is prime to a£ if and onlij 
if it is prime to each of a and 6 (recall 



(a,£) * i ) ) thus si y i£S<a , 1 s t < f>, is 
prime to a£ only if (s,a)*i and (t,6) * i j 
thus the number of pairs is just (a) (£). 

2. i) TV\e divisors of p* are exactly 
i,p,p 2 ,-*,p a so Zip*)***! ; 


by ({) we see that 


a(p*) * i + p + --+p 


♦♦•+1? 01 = 


«+i 


-1 


i 


w) all numbers except the multiples of p 
are prime to p a so 

f (J**) a p a -jr m pV-f). 

3. By an induction argument each of the 
results of # i may be extended to a product 
of £ pairwise relatively prime factors. Thus : 
♦> T(n)»T(p**)...r(p fi «0 

*(«,+!)- (o< £ + i) j 



u) <T(rO* 

f (n) * f (p,* 1 )- f (}>**) s n ^ 1 ' p' 

4. if Z(n) is odd and n is as in *3 then all oc 
are even *, consequently n »s a square. 


5. As <£ runs over the divisors of ti so also 

does f ) thus jj, <f - & t ■ T °" d - 

therefore, ( TT cf ) 2 * n r(T ^from which the 
desired result is immediate . 


<o. if J|nthen 2 ^-i|e n -i and the result 
follows . 


7. if <5 is an odd divisor of n then 2 ? +i|e n +i 
however the divisor i of 2 n +i does not corre - 
spond to an\j divisor of n . 



9. For each j There are T(j) pairs v,w such 
that xvj*j. Hence there arc (n) 

pairs x,vj such tha+ xij<n. Tor each j there 
are [HJ-] values of x such that x] in. Hence 
there are [-?*]+•••♦[ #-] pairs x,tj such that 
xij £ n. Now this last sum 
is just the number of lathee 
points in the first cjuadrant 
under the curve xij-n. 

That number is twicethe 
number in the shaded region diminished bvjthe 
number in the doubly shaded region. 



,*V n 



io. The argument is the, same, as that cyven jor *3(u). 


u. cr(a)6 < O' (a£) since 1 contributes to the 
ri<jht but not to "tKe, le^t • hence 5 

clearlcj O^ab)^ 0’(a)0’(G) Since cverv^ divisor of 
a£ will appear on thori^ht and some of them 
mavj appear more than once *, consecjuen+kj the 
ric^Ut inecjualitvj follows. 

12. if as p* , 6sp* + P tKen (a,b) sp a and 

a(a)ff(6); 

if a = p* 1 > 6* p/ 1- ”fVitri = 



». | i = 1 d if] . 


Sdin 


ih. “Direct verification. 


*nf(n) j 


*) since n s 2., n does not contribute to 
f(n) so <f(n)< n ♦ 


w) < f(n 2 )+ f ((n+i) 2 )* n ^(n)+(n+i)f(n4i) 
6 n(n-i) + (n+i)n s zn z ) with ecjualit^ onlvj if 
n and n+ i are primes, which cannot Happen 
with ns 3. (Tor generalisations see the 
solution to Luthar [i<>72] . ) 


16 . This follows from the fact that 
(m,n) =(n-m ,n) . 



it. Let and suppose ^(n)|n ; 

then (p,-0—(p g -i) | J>»—p* i since p*-*^ 
has at most one 2 there cannot be as manv^ 
as 2 odd primes in n , thus n * 2, 0 * 1 ■p°‘ z and 
vf(n)s e^'^'^p-i) • if pt3ther»p-i 
could not divide 2p \ hence p*3 • if oc t * o 
then p cannot be 3 since otherwise aejam 
p- j could not divide n • the onlvj cases left 
are those enumerated m the problem and 
thexj all work. 

is. f(a£)«= 

a p'-pfyo-pjtiy'fwMfo ■ 

19 . Let Cjf be the number of numbers amoncj 
i t 2 ,***,n having a ejed of cf with n 3 then 
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w(w»n . 

) 


** w*-,' 

alternatively this mctvj lo«, done by induction 
with the induction step : 1 (<^) [ ^^ ] * 

=j,f C<f) Ci] C^) + t « + i 

£<n 


_ (n+i)(n + 2) 

" 2 


z\. ( See Polya , S;jeyd H * 6 <* p. 130 ) 

? ^ n ln 9 ? ? f (n)*5 n si ( I vp(cf)) x 

"«» 1-X n 11*1 1*1 ’ ft«l'<fU» T ' 


x?ex 6 =^ 




(i-x) 


2 • 


22. if there were only finitely n-iany primes 
and their product was V then, for all k , 
i:yiiV)*6VTT (1-A), 
where n (i- ~) is a fixed posi+ive constant. 

«• r f n.jj.-jjj-Jrp.-pu then 

W’nil'-s)' p»***Pe A( 1 _ yi> * 

«i J 



VIII 


s 

14 .v) if mfY, (m,n)* 1 then m contributes l 
to the l s ^ term and o to all other term* ; on 
the other hand rf ms r and m is divisible b»j 
eKac+lvj j of*the prime factors of n then m 
contributes l +othe l 5 ^ term , j to the l 1 ^ 
term, (|) the 3 r ~ term, j in all,m 
contri butes )'( 3 ) + *** - (])* 

(l - if s o ) hence the result • 


vi) tahincj x*n wefind ^(n)r^(n,n)s 


tit) if an integer falls between Jk and * 
and is not divisible bv^ an\j prime smaller 
than >/x then it is a prime j since 
f(K, Pi ***pt) enumerates these as well as i 
fhe result follows. 


15. v) Bi^ direct calculation 5 



10 s 


it) 0-(2 n * (2 n -l)) = <r (2 n * 1 )0'(2 n - 1) 

ah 

i-i 


^2 n *2{2 n -\2 n 'l)] J 


w) let n = 2* 1 m , where m is odd and 6*25 

then a(n) sC'(2 e ' 1 )CT(m)s(2 fi -3)0’(m)» 2 6 m ; 

since (2 e -i,2 ft )si we have cr(m) = 2 6 t } 
m= • hence cr(m) = 2 6 t s(2 6 -i)t +1 

= m + t • therefore t*i and m is prime ) if 
R were not prime then 2^-1 *m would not 
be prime (see the proof of *6 ) * 


k 4a 


iv) since z* ends in 6 we see that 2' 
2 1 * a+1 -i , 2 4a+t , 2 4a+3 ^ 1 end } respectively, 
in 6 , 1 , 4,7 *, thus , 2 * a+ V fl+3 '0 

end, respectively,in 6,8 } this proves the first 
assertion •, notmy that for n= 13,17 we have 
consecutive even perfect numbers (see e.y. 
the remarks at the end of the chapter) and 



observing that each of" 13, it is of tbeform 
4 a +1 we see that the 5^ and consecutive 
even perfect numbers end in <o • 


v) since o*(n)® I cf * 14- = nI4- 

aln cCln <* 

the conclusion is obvious *, 


p-i 


q^-l 


q- 1 


n. 


vi) if then CT(n^ * 

< 2—S^l - n ?q - n „ is 

” 8 

26 '° H (n ^ ’ IrF * XF " ~' F ‘* r ’ +h «- 

multtplicativitvj of H follows from that of 
all of n,r(iV),a(n) • 


ii) when n> l, cr(n) is smaller than nf(n) 
since n/C(rO ma^ be obtained from aln) bvj 
replaana each contributor to o(n) bu n j 
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novo (p and cj are distinct primes ) : 

U(fs*\ r p«<«**nyQ _ t«+nu-fr) 

M ‘P )• 

f 'i 

>( 0 lti)(i-^) < for p odd and « 2 ? 5 

( 2 4(1 -J)*« for p*e and ex 2 3 5 

H ) 8 Tp^T iy- * uViV sm) 8 2 sir>< * T+Y 

is strictly monotone increasing • further, in 

this last expression voe have strict inequality 
except for pse , c| s 3 3 these results and 
multiplicativitij of H guarantee H(n)>z except 
for primes and 1 , 2 , 4 , e 3 checking these voe find 
H (n) & 2 for all of them ; 


1lV \ l—l / Wl \ ^ » 7TX * H * 2 a M a 

w) H(m) - a(Tn> —sn 5 


w) H(n) s H (e H(nV1 )H (2 HCn) -i) s 

>iH(«)H 1 ), 
from which the conclusion follows 3 



v) (n) evervj odd composite number m has 
W (m) > 2 ; since 2 H(n) -i is odd and H(2 Hln) -i) < 2 
\we conclude 2 h(tv ^-i is prime-thus n is perfect. 

17 -<M 

«) these are all clear except possibly ^or 
O ' 0 •, let a * 2 s a' ,6 * 2*6' where a', B are odd ; 
then a°(a6)saV£')* 0'(a'6 # ) =cr(a')cr(6') 



ix Fermat, Wilson, chevalley - Solutions 


1. t) Since ) = ( ^i ^ r it is clear that 
p|(?) when tsj<p* ; consequently 
( m+n)? - (m?+n?) g (?) m * n ^ 

3 J 

is divisible by p 5 

it) by (i ), p divides (in+if- (m^-n), 
hence the conclusion follows from 
(m+t)'’ 5 - (mti) =((tnti)^-(tn J5 +i))t(m^- , m) • 


tit) by induction on m * clearly this is true 
^or met and (it) is just the induction step. 

Z. Use the multinomial theorem in exactly 
the same way the binomial theorem was used 
in *t(i) • to deduce Fermat’s theorem put k-m 

and all m, = l. 



3 . By *\ (i) and the hypothesis we see that 
p| (m+ny so tns-n+pt for some t *, thus 
mP+nPa (-n* ptf+tnJ , s^(^){-n)Hpt)^" 1 
and this sum is divisible by f z since each 

summand is divisi blebvj f. 

4 . i) clearly there are n? strings of length 
p altogether and of these exactly n ofthem 

are monocolored : 


w) each distinguishable necklace has 
exactly p rotations • 

liii) the number oj’'necklaces in (it) is 
clearly an integer • 

tv) since p divides the even number n v -n 
and since p and 2 are relatively prime, the 
result follows. 



5\ i) All primes <n di»vtdc JSf and hence do not 
divide Wt i ; also 2 cannot divide JV+ 1 since. 

Af+i is odd; 


ft) Af +1 * (AT+i)(AT m *-Af w • •• -Xt l ) > 
when m is odd ; 


iw) if p = 46+3 is a prime factor of J\f+ 1 
then, since JSf+i | Af^+i, p also divides 
Af^ 4 Vi * X* + t » (nlf +1; 
but bvj Terma+’s theorem p divides 
(n!) p -n! (* 

since p does not divide Af (1+ does divideJ/ti) 
it cannot divide n!, thus p | (n!) p -1 and 
PI (nl) p 1+1 which implies p| 2 } but p is odd 
so we have a con+radictton; 


iv) bij (iti) all primefac+ors of (nlf+ 1 are 
of the form 4R+1 ; further if p|(nlf tithen 



p docs not divide (ml ) 2 + i for m>p so we 
can generate infimtelvj mamj 46+1 primes. 

fe.i) nasn 6 (mod p) implies p|n(a- 6 ) ; 
since (n ,p) * \ the result follows from DJ*3 ; 

u) bij (i), n, zn , (p-i)n are congruent, 
in some order j +0 i, 2 ,***,p-l multiplying 
these congruences fields the seated congruences 

fii) usmy 0 ) after noting that ((p-i)l ( p )»1 
we have the desired conclusion . 


t-iu) Same argument as yiven in 
tv) when m is a prime, f (m)» m -1 . 


8. i) Let a-z£+i ; then ft 2 -i=4£(£+i) and 
since one of £, £+i is even ,the conclusion follows; 




ii) induction • tbe case a* 3 is (i) * 
suppose true for ex *, then 

J V«4t>-2 «-2 2 JX-Z JX-Z 

a 2 -is (a 2 )-i-(a 2 -i)( a * +0 • 

now 2 a divides tbe 1^ factor on tbe right 
and z dtv ides tbe f^factor on tbe ncjbt j hence 


.«+! 


divides tbe product and tbe induction 
is complete . 


9. i)Tor p anoddprtme orp »2 and o^as2, 
a* 1 -*’*’* i (modp*) , bvj *7, and for 

p=2 ,a>2, (mod i “), bej *8; 

thus for all p and a, p* divides a^^-i which, 
in turn ) divides a* (m -1 ? when p a | m ; this fields 
tbe desired result $ 


U) for m prime t f(m>sm-i ) 


ili) this is clear because y, (m) is a divisor 
of f (nv); 



'* 79 $ 

vo) since m is odd, U,rn)»i, so l* (m) s \ (modm) ♦ 
but 2* (m -1 | 2 m * 1 -i when 'X(m)|m-i •, 


V) 561 = 3*11-17, <f(560 = 2*IO*l6 = 32O, 
*(561 )s lem {2,10,16^ = 80 ’ further 801560 
but 320 docs not divide 560 5 

341 * II -31 , X(340 3 lew f 10,30^ =30 ; 
*f ( 34l) s 300 * 2 300 S 1 (wod.341) , 

Z*° S2 >0 S1 (mod 340 so 2 3,,0 s 1 (mod 340 j 
but *(341} 3 30 does not divide 340. 


10 . This is dear since p divides z?'~i * 
(i*r+ 1 ) . 


ii. i)a) a > n-i implies n* a6 > i (n-j) = 
2n-6 =n+(n-6) >n; 

S) if 2 a i n-3 then n = a 2 2 — '% n + 9 
so (n-i) 2 + 8 6 0, contra^ +© fact • 




ii) true for n*6 bvj direct checking otherwise, 
if a<£ , a6(n-3)(n-e) | (n-z)l, while if a 
zaS| (n-2)l j in an\j event the conclusion follows. 

12. i) This follows from * 6 (i) 

w) if x s a (mod m) then ax » X 2 s1 (modm) 
so X5 t1 (modm) • 


iw) b^j (i) and (it) the numbers 2,***,p-2 
split* into disjoint pairs with the product of 
the numbers in each pair = i (modp) •, 
multiplying these congruences fields the result *, 

w) multiply the congruence m (ft) by the 
congruence p-i s-i(modp); 

v) if rt is prime then n|(u-i)Ui by (iv); 
if n| (n-i)Ui then, by *ii , n may not be a 



IX 


composite mteyer > 4 - •, but 4 docs not divide 
3! + i so the conclusion •follows . 

13. if p = 46+1 then 

-1 sp-i, -'2 *j>-2 ,♦••,-*£ * 26+1 (modp) j 
multiplyiny these congruences we find 
(i£)l s (e£+i)»*(p-0 (modp)j 
multiplying both sides by (z£)l andusiny 
Wilson’s theorem we obtain 

(2*01* S (p-0! s -1 (mod p), 
from which the result follows . 

14 . i) The number of different paths, 
startiny from a yiven vertex jtraversiny 
the p-yons is dearly (p-i) l • but each 
p- yon corresponds to two paths from the 
startiny vertex, since each vertex is on 2 
sides • conseyuently T * ( P~ 2 - - * 




ii) a regular p-yon is determined once two 
consecutive vertices are specified *, from any 
vertex there ore p-i other possible “next ” 
vertices *, but apin the two edyes on a cyven 
vertex couses p-i to be twice the number of 
regular p-yons * 

w) let a *<o,i,‘”,p-i) he a poison in 
T if the view of the poison is the some from 
each vertex of thepair o, j then the same will 
he true of thepair a, a+j for all integers a 
(modulo p) ♦, tahin^ a successively eyualto 
j , 2j ,*♦», (p-Oj we see the view from vertices 
(p* 1 )] ,s ^l wa y5 the same *, i.e. a 
is regular j consequently each element of T - R 
yives rise to exactly p such elements hy rotation • 


iv) this follows immediately from (ut). 



15 , i) (m + n-i) \ = (m+n-iV”(m+n-nX™- 0 ! 
* (-i) n nl (m-i)! (modm+n); 


tt) noting that ms -n (mod rrt+n) reduce 
the left side to the rujht side bij substituting 
on the left in accordance with (i) *, 


ut) that (p,6)s i and £ is even is dear -now 
m (u) put n*H } msj) and use Wilson's theorem to 
obtain the result • 

w) with ps 13 , kszz we have [y } i)= i, 

£ even, and the congruence in (tii} holds } 
however p+ £ = 35 is not prime j 

v) mod p, the congruence of (t«) implies 
(p+1) l +1 =0 (mod p) so the primalitij of p 
follows from *i2(v} j mod p+fe, since p = - £ 
the congruence of (ui) fields 
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ft l (fcl(p-OUi) s 0 (modp+fe)-, 

fcl (j>-i)l * (*1)^(6+p-i)l (modp4&) j 
thus (recall ft is even} 

ft I (ft 1 (p-i)U i)s ft!((ft4p-i)Ui) 50 (modp4ft) 
and p+ft is prime, aaain usina *12(v) • 



vi) taking p»n, 6*2 this result follows 
from (ui) ; ( v). 


16 . Write nrcjs+r, o<r<s • then 

a n = (a*fa r s a r 5 i (mod m) • 

Hence if rfc we would have a contradiction 
with the definition of s . 

17 . i) This follows from the proof of*9(v); 


it) if a is as described and s is the smallest 
power of a which is congruent to i modulo m 



then b\j*ib s|m-i and s|<f(m)» bvj hypothesis 
this means s = m-i so m-i| ^f(m) 3 but 

when m is composite 3 hence m is prime under 
tbe conditions stated. 


18 , (See Quvj[ W] for tbe following solutions.) 
Tor p * io<*3 we have , where all tbe congruences 
are modulo p 2 : 2' 0 * 10 m * p-&<* so 

2 I4 = I 8 p-MOH ® 15-p-ll 3 -I078p-ll *-M (l + 98p) j 

thus II 3 S 1331 S p+238 , 

ll 4 * lip 12618 = I3p + H32 5 H32-l080p«2 3 *3 i (e-5p)3 


3 7 ®H87 * 2 p + l 3 


usiny these we find 

2 M2 s il M (l + ^8p) t8 *{ 2i * 33 ( i ' 5 p)] 7 ( 1+2744 p) 

5 2*' -3*'(2 7 -2*’ 5’«7p)(lf5’58p) 

2 2 77 ( 2 p+l) 3 ( 2-35p)( 1 + SS 8 p ) 

S 2 Z7 (l + 6p)(2-llp) 5 2 23 





Tor p * 3511 have,, wWc acyain all congruences 
are modulo p 2 ; 

2 6 • 5 • l| S 3520 = 3*+p 2 3* -(p-l)p = 3*(l -390p) 


3 8 sSI 2 s 65fcl»2p-46l , 

3'°- I8p-4149 s Hp-638 * 

3 ° • ll =»8*rp-70l8 s !85p + 4 = 4 + 3696p = 2 2 (t+924p) 

A 

3 a ‘l| ( l-390p)2 2 • 5 • II ( 1 ♦ 92Hp) 

2 $ -5s 3' a (l-l3mp), 5^=3125 = p - 386 , 

5 ? = 25p -9650 = 22p +- 883 } 

5 9 * 550p + 22075 *556p+IO09 J 
5"= I3900p +25225 = 13907 p + 648 S$48-3648p 
* 2 3 -3 (3 3 -l52p) 5 2 3 -3(3 3 -36fe3p) = 2 3 -3 3 (3- 40 ‘ i p) 
5 2 3 ‘3 5 (3-39l8p) = 2 3 *3^(l - I306p) , 

2 3 *3‘ + S 5"( 1 +I306p) and Z ,2 ~ 4096 s p+585 
SO 2 ,3 -3 * 6p+35lO sip-1 • HOW 
2 ,755 .3 ,,2 .5 , '«(2 8 .S) ,, 2 3 .3V 3 '3) ,M 


SO 2 I75? -3 133 -5 " 5 {3 ,2 (l-l3Hp)]"5"(l + l306p)(7p-lf d ; 
2 ,755 S (l-l3l4p)"(l+l306p)(t-7py M *l-l3l40p-8p-896p 
r I-I4044p = l-4p 2 S \ and 2 3? '° S 1 . 
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375 

ifi). i) This was shown for 3H) in *9(v)and for 
561 in *17(0 *J for ns 161 038 * 2 *73 * 1103 , 
n-l*3 l -29 *617, 2^-1* 7-73 ) 2^-1 s 233’II03’208^ • 

since fi) and 29 divide n-i we see that z*-i and 
z 1 ** 1 divide i n 'M ; +Kus,usm^ 73 1 2.^ -1 and 
nos | 2^-1 , we find 2 n " l *i is divisible bvj 73 
and bi] 1103 5 since 2 n -2 is even and divisible 
b^ 73 and btj 1103 we are done. 

( tKis even pseudoprime was found bvj Lebmer 
and +be verification is due+o Sierpinski. } 


0 we need to showT n 2 rn -2 * this would 


How “j 

rom T n 

Hows 

from 


if m<ntben 2 zn -i *(2* w -i) W (i l *i) j 


«) since n is odd and divides tbeeven 2 n -2 
there is a £ sucbtbat 2 n - 1 = 2 £n : hence 
2 2 n ' z -is(2 n ) z ^-i and,since e n -i | (2 n ) z ^-1 , 
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we conclude 2 n -t | z 1 thus | z ^'' 1 •z 1 

and , since n is odd , z n -1 is composite j 
therefore i n -i is a pseudoprime 5 

tv) n-i * 4 j 3 and 2?'M is 

divisible bvj each of p and 3 and hence b\j 3pj 
thus 2 p|n-l j since n| e 1 } 5 -!, which, m turn, 
divides i n * 1 -1 we see that n | 2 n ** -1 5 

\) immediate from either (W<) or (-tv). 

20 . t- a) Because one can add , subtract,and 
multiply congruences term bijterm, if respective 
coefficients in J" and (5 are congruent modulop, 
then certainly F(Ci/~,c«)s Cj (c 1 ; ~,c n ) (modp) j 

b) b»j Fermat’s theorem c^sc (modp) for 
all c so if r(x)*xP, (qC*) 3 *'♦'hen (modp) • 

c) if x n , nip, appears write n- cjptr , 
osrep, and then replace x n ( s x‘ ,p * r ) btj x r ) 
this is permitted since , bij Ter mat’s theorem, 

X^P +r * (x^)^x r s x r (modp) j 




f) if Cj+CjK+^’ + Cn^ andi 

?(C) s O (modp) then 

P(*) -P(C) * (x-c)(<f 0 +cf 1 x + -**+cf n . 1 % n * 1 ) 

SO P(X)» P(c) + (x-c)(cf 0 +••• + cf n . 1 x n ' 1 ) *, 
thus if cf*,* ♦♦•+cf n . 1 x n *' 1 has no more than u-i 
^eros (mod p) then P has no morethan n • 
since a linear polynomial has exactly i xero 
mod p, we know a polynomial of deyree n has 
no more than n zeros mod p * thus if P~ Gj 
(mod p) then , since 7 - Cj , of deyree p-i ,has 
p ^eros F-§ must he identically xero ) we. 

P = (g (mod p )) 
e) by induction j let 

^ *** )^n+i) * 1 *** i ^n+t ) 

yiven c a ,-,c n let P (c ,„. t0 (x)•7'(c 1J - 1 c n ,x), 
^(c,,-,c n ^) * 3 (c t ,• ♦ •,c n ,x), and note that 
^Ci»“*|C«)^ f %C|,- ,c*>(0 ( mo ^ p) fo«* all C; thus 






s 


r < C ,^c n rW,c n ^ ocl P> and,therefore>vj 

l *), W*>1(^odp) 5 tK,s means 

Fj(c ir -,c n )*q i (c 1 ,-,c n )(modp) ) os]fnj 
since this is truefor all n-tuples Cj,***,c n the 
induction hypothesis guarantees 7 s(^ (modp), 
0 6 j*p-i, and the result follows 5 

u-ar(n) clear j 

U) m this case one of the terms in the 
product is congruent to 0 modulo p so the 
entire product is congruent to o j 
6 ) (9 (a 4 ,— ,a n ) s 1 (modp) and if 
(Ktr',*n )1 (aj.-.ajtkn 7 r ,*„)« 1 (modp) 
so C}0c 4 ,"* ,%«)* 0 (modp) -,thus (modp) j 
c) H is reduced so this follows from 
(£) and (t'-e) ; 


cf) clear 5 



tu) if the assertion were not true the 
hypothesis of (u) would be satisfied and this 
would lead to the contradiction ns dey 7 
(see (i»-cf)) ; 


w) since a form always has the trivial 
(all Xj*o) solution this result follows from 

cheval ley’s theorem (w) *, 


v - a) equivalent reduced forms are identical; 
6 ) this is clear from the expression in (a); 
c) if p does not divide s then 
n(p-i) = dey >f*s dey K = r(p-i) 
and nsr , contrary to fact ; 
cf) immediate from (c) *, 


vv) dey Fsn-iso dey K s (n-i)(p-i) 5 now 

jt, (* - (* j -af'V" ) * 0.(00+ (-»" ft (Vafy* 

where dey c^cx)<n(p-i)-(p-i) ® (n-i)(p-i) , 




so that 

(Vj -a^V’ 1 j 

s»nca dexj *s de<j W 6 (n-i)(p- 1 ) all terms »n the 
2^+erm on the, rujht of decree >(rw)(p-i) must 
have coefficients divisible bij p $ this term 
equals 

l o.^p., w )-(^ )kt- i-crv-.*> 

t*\*n 

” lsn (Of'-V'-V" •, 

thus all coefficients of terms for which 

(n-i)(p-i) are divisible bvj p; this implies 
it (a i ii) ) r ' 1 ' tl -(a n ii) ) r ' t ' tn 2 O (modp) [or 
t,*—+t n > (n-ixp-i) ; takma all t,-=p-i except 

for tf , which is taken 1 1 fields t x t‘"+t n >(n'i)(p-i) 
and (^j U) ) £ * o (mod p) for o * £ s p-2 ) 



Mil) put 8 -ft U- f 

and show 3"( (l * )> 

where (a 4 tf \ —, a n a ’) , i s is s , are all the 
solutions ofthe system •, now 
d«j hf*sdc<j X • (p-i)(r 1 +»**tr m ) * (n-i)(ja-i) 
so dc<3 K*<nCp'i) so the behest decree term 
in H* must have a coefficient divisible Uj p 5 
this coefficient is s so p|s . 






X "Divisibility Criteria * Solutions 


i o m + • • • 


-ra 


O , Of cy <10 


i. x ir xi ) Let n * a 
for all j • then n'S w (n)-a m (io in -i)+“-+a 1 (10-1) 
and , since both 3 and 9 divide io* -lfor y 
the conclusions -follow ^ 


w) let nsa m E m +-+a, , oiQj<^ for all j • 
then n-S,j(n)s a m (6 m -i)t~* + a 4 ( C-i) 5 
since d*divides C-i^wViichinturndivides 6^-1, 
t* !,••• ,m , the conclusion follows as before. 


Z. X) *i(iii),any common divisor of 6 
and s T (p) would have to divide j> since 
(by *1 (iii)) ^ divides p- S 7 (p) ; hence 
( 6, s i(p)) s 1 5 





u) the smallest S 7 (p) which is composite 
must be Z5 since bq (i) we know 5 is the 
smallest possible prime divisor cf S 7 Cp); now 
the smallest n with S 7 (n)*25is 
and this number in base 10 is 

6( 1 +7+7 2 +T 3 ) + 7 4 * 4801, 
which is a prime • 

ui) tbe ne*t larger composite value for 
S 7 (p) is 5 *7 * 35 and tbe smallest integer n 
with S 7 (n)s 35 is (566fc6fc) 7 ) which is 
fe( l + 7+7 2 +7 3 t7 4 ) + 5*7 5 > 100 OOO. 


S. i) This follows from tbe fact that u divides 
io ls -i and io 2S41 +1 for all non*negative integral s j 


u) as in CO, k+i divides ft -l and £ +i 
for all non-negative integral s; bence d* also 
divides these quantities. 



4. i) clear *, 

u) 7* n» 13 »loot and C^(nKR (n )* 100 1Q^(n) -n 
thus c| C^(n)-Jfc(n) if and onlq rf c|n j 


xii) we illustrate bq means of an example ) 
it shows 14 824' 017 659 to 
be divisible Uj n but not bq 
either i or 13 • since -45) 
is divisible bvj 11 but not bq 
7 or 13 the above assertion 
is correct. 


14 824 017 659 
-659 
14 523 358 
-358 
14 465 
-465 
-451 


S', i) This is a consequence of r i (tw) * 

\i) a e +a t £+ •••+«, £ 5 theri the highest 

power of £ in nl is [Jr] + [f*]+ % '* + [ir] 5 
(a 4 + ) + (a 2 +•**+a s S ) + *»*+a s = 

a 1 +a 2 (£+i)+a 3 (£ 2 +£+i)+—+a s (£ s *+...+i) = 

a i _ fch +a i"fer + ' a ’^ :L+ '* ,+ a4 fcS 1 


l 3 6.1 


S £. a - 


+ 0.4 f—+a s C ! ) - (a,*—•+ a 5 l]» 
^(n-SjMj.-Tstn) ; 
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w) b^ (it) the hipest power of z in nl is 
T 2 (n) * n - S z (n) and S*(n) is just the 
quantity V described 5 

vo) this is proved by induction ; it is dear 
f?r ns 1 so voe will assume rH*o be true for Af 5 
Gxse 1 : £ does not divide X +1 j then 
Af+i » fo+EtE + “* + £ t £ t } o<£ 0 sk* J , and 
N*® (S 0 -i) + £ 1 £ 4 *‘** + 6 t £ t • hence 
5ft(X + 1 ). StfN )+ 1 , Tg(AT+ 1 ) - T ft (X), and 
£ divides X +1 - £ 0 j therefore , 

***£ t '] 5 

S® 1 ) I kj’** W ] (^od £), 

and , since bij the induction hypothesis the 
zvd bracketed expression is divisible by £ } 
the induction is complete \ 



Case z : i di»v\dies X+1 ; then 
X+i = £sk s +~*+£ s+t 6 s+t , o<£ s , lis, and 
X. (e.i) + ... + (g-i)6 5 ' 1 + (6 s . J )fi S 4...+ 6 S4t 6 5+t ; 
hence Sg(X+0 * Sg(>T )-s(S-i) +1 ? 
r g (^+i)*r fi (K)+s 

and fe divides ; therefore ? since by 

Wilson’s theorem , £ also divides (£-i)!*-(-i) s } 
voe have 


^jSil)-£ s l»*£ f+ t! s 


/At 


since , by the induction hypothesis 6 divides 

| /* J ^ 

the 3 ^ expression, the conclusion ^llows . 



xi Squares * Solutions 

i. Put Afsn(an+i) ] then 

( AT+ 1 ) 2 +*** + (X+ , h) 2 » (N+Tl + l) 2 +* ,, + (.fsf+ 2 tt ) 2 
as is easily verified j tbe cjiven qualities are 
all special cases of this identity. 


2. \) Direct verification fields the result j 
tv) suitable additions of one or more of 
1 2 , 2 2 , 3 2 to the following equalities suffice 
to prove this : 


I2«* s 10 lj rS lj r2} 


130= <S Zj rl Z 


15? = 9 2 +7 2 +5 2 
166 = «> 2 t7 2 +6 2 


132 « 9 2 +* 5 t +4 t +3 fc +l fc 171 = ^77*+?^^ 


* 2 * . 1 ^ 1 ^ ^ j_ <1 ^ i^i — r\Z- t » ^2 j * • ^ 


133= 9 2 +6 2 +t 2 
138= 8 2 +7 2 +”5 2 
l«fl • l0 2 +5" 2 +4 2 


173 = 10 2 t8 2 +3 2 

174 = I0 2 + 7 2 + ? 2 
182 * 9 2 +T 2 +6 2 +4 2 


14<^s 10 2 +7 2 


18^ = 10 2 + 8 2 +5 2 
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ttt) !*+»»»+to* 38 5 , so the numbers 

^rom 1^3 to 256 are the “complementary "sums 
to those from 129 to 192 ) 

W) 256-129 + 1 s »28 > ii 2 so addrny 11 2 to 
the sums yieldtny 129 to 256 extends the ranye 
to 256+ 121 « 277 : 


v) same argument as that yivento (tv) j 

vv) this follows jrom the fact that 
256+ n 2 +•♦♦ + £*- 129 + 1 >(k+i) 2 for £> II, 
which ts easy to prove, by induction. 

3. i) Solving x 4 +tj 2 *i, y = X(x+i) simultaneously 
■forx yields (i+X*)x 2 +2\ 2 x + (\*-0 *0soxs^^ 
and, since, rik-i, wt find r«^,ijsX(i^u)=j^; 
clearly every rational point on c' corresponds to 
a line L\ with rational X 5 



\\) from xVy 4 *^ 4 we have so 

(-|-, ) is a rational point on C'and corresponds 

to a rational \ , say \ ■-{-, \ \ then 

x _ i-\* s^-r 2 m . rrs . 

3 ” T+X* s*+r l > 3 ' i+V' s^+r 1 ) 

if r and s are of opposite parity then 
(s 4 - r*,s%r 4 )*(ers,s 4 +r 4 ) s i 
and we may put u*r,v*s yivinq the indicated 
expressions for * ,\j, V, if r anc ^ s ara °f 
same parity they must be odd and in this case 


we 


put 


u< 


s-r v .s + r 

“T~» V ’t 


yivinq the indicated 


expressions for x,^ with x and\j interchanged. 


4. Every odd number leaves a remainder of l 
or 3 when divided by 4 and,therefore,the 
square of an odd number leaves a remainder of 
l when divided by if • consequently the sum of 
two odd numbers squared always leaves a remain¬ 
der of 2 when divided by 4 *, but a square never 
leaves a remainder other than o or i . 



102 S 


S'. t) The number of am+rt with (m,n) e A is 
([N/p] + i) 2 >p so there must be two of them 
which are congruent modulo p ; 

U) without loss of generality assume in 
that m > m' (m may not be egual to m'since 
then nsn'and ,n') contrary to 

fact) and note a(m-tn') a n'-n (modp )) 
put y* m-m' and t*|n'-n| . 

fc. i) There are ef pairs (s,t) with oss<e , 
o & t < f •, thus there are ef numbers at + s 3 
since m < ef there must be two of these ef 
numbers which are congruent modulo m $ 
proceed as in 5 

U) tahe e-f = [s/p]+i ,m =p. 



7. We know a^stx (mod p) so a^sX^modp); 
thus (a z +i)vf sx z +if so (modp); since o< x<N/p, 
0 < xj<>/p wefmd o<x z +tj l <ip ; since p|x*+\f 

uoe must have p* x*+ tj z • 

8 . i) See the proofof *M j 

u) bij ({} and *7. 

v) (au + Gv) 2 +(av-6uf= (aV6)(uW) 

s o (mod p) ) 

xi) since (a,G) s \ we know there are u,x 
such that av-£u = i ♦ choosing such u/v in (i} 
fields the desired result * 

iii) suppose an odd prime p divides aVG* 
Nvhere (a,G) 5 i •, then hvj (ft) p divides a 
number of the form x 2 +1 so, hvj *7 , p is a sum 
of two squares, which , bv^ *8, means p is of 
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the -form 4 &+i • thus all odd divisors of a sum 
of* relatively prime squares, bemy products 
of 4&ti primes, are themselves of the form 

4&M • 


10 . i) Let p n he a prime factor of (nl)*+i , 
ti * 1 *, then , since p n >n ,the sequence 
pj,p 2 contains infinitely many different 
primes and , by (u 0 7 they are all of the 
form + i • 

Vtt n-1 Z I 

ti) since Tn s Z +t = (2 ) +1 , the prime 

factors of F n , all odd, are of the form m(ui ♦ 
since the Fermat numbers are relatively prime 
in pairs - see IH *9 (vv-b) - a sequence of primes 
whose term is a factor of T n is a sequence 
of pairwise distinct 46+1 primes. 




il. i) See tbe proofof ; 

u) put a*-u and 6= v in the identity 
iven in tbe proof* of . 


12. i) By *9 (vit) no 146+3 prime maydivide 
a sum of 2 relatively prime squares and since 
only even powers of suck primes may divide 
a sum of 2 non*relatively prime Squares 
the result follows • 


w) 2 s 1* +1 2 , all p { are sums of z squares, 
cj^s^+o 2 and the result now follows from^iM; 

m) immediate from ci) and (u) . 

13 . This is merely an alyebraic verification. 

ih. i)The total number of such numbers in 
A u B is p+i so the result is immediate 5 
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\\) n 2 5-1 -m 2 (modp) leads+o 
o< sp*n 2 +m l +aVo 2 ^ (-^r-f + (^) 2+1 < p 2 *, 


w 


’>) the integers t, ~^s «t £-|s consti+ute 
a complete system of residues modulo s,sowe 
mav^ choose the Aj as indicated • from 
I A*= I Qj s o (mod 5 ) we know there is an r 
such that !Af=sr and osr®-|-£ A^ss j if 
r*o or r*s then all A^*o or all Aj = -§- so 
sp * I a^ 2 5 o (mod s z ) which implies 

pso (mods), contrary to i<s<p} 


w) rs 2 p * 3 ] follows from * is further, 
each of the riaht hand parenthetica I express- 
ions (see *is) is clearly congruent to o 
modulo s 2 *, hence s 2 divides both sides and 

rp= H ♦ 
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v) by (in) each ?> i for which sp - [H] loads 
to an r, o < r < s , rp * 0 5 repetition leads 

to p*[H] *, 

vv) immediate from Cm) and * 13 . 

if. if we regard x,y,z and y,x,z as the 
same triple then by ^3(ti) all Pythagorean 
triples are obtained from the equations 

\SV 2 -W Z , Vjs2MW, X=M 2 4U Z , 
where u and v are relatively prime integers 
of opposite parity 5 further, all such triples 
are indeed Pythagorean triples as one may easily 
check ; we first show tkatany stnyle application 
of one of the matrices l) ; A, 0 to a primitive 
Pythayorean triple leads ayamto a primitive 
PytKayorean triple • this follows from 



s (v' 2 -u' 2 , evV, v' 2 +u' 2 ) , 

where v'* ^ ((i-e + zv)u + (3 + e)v ), 

w'r |((i-e)u + (i + e)v ) 

in cacK office fierce cases 

€ = • v = 1 , i-v = i , e>-v> -l j 

also in each of these cases u',v' are relatively 

prime integers of opposite parity • we now 

need +o show that evervj such triple is of”the 

form (3,4,5)f& ; in the three cases a hove we 

have _ 

C ( ev-u , v ) 

(V,u') s < (iv + u,v) 

( (eu + v.u) ; 

let V, u' be <pven relafivel^ prime integers of 
opposite parity and suppose V> u' ; there are 
three cases 

(a) u'< v'< 2 U , (h) 2u'<v'< 3u', (c) 3u 7 < v' j 



in tKc.se. three eases the triple corresponding 
+o u', v' comes hy applymy, respectively , 

U, A, 0 to the triple corresponding to u,v 
where 

(а) v » u', u s 2u' - v' $ 

(б) v * u', u s V- zu' • 

(c) vs v'- zu‘, us u' j 

in each case u,v are relatively prime , oj^* 
opposite parity , and v > u j further,we 
note that v < v’ and vi $u' ; the process must 
stop when v * 2 } in which case us l and the 
triple ( 3 , 4 , 5 ) * ( 2 *-i 2 ,2-i*i,2 4 +i*)isreached. 



xii Sums of Powers - Solutions 


l,i) Usm<^ the binomial theorem voe find 
£ n t+ (c j+fi-ft '•* + (c n +fi) ts 

c> ■*’C n t + (6j + hft ••• v (6 n + (\f S 

for o i t sm , these ore equal since 
6 ... G ®r ... c. * 

D i) > D n t-i, > c n j 

for t*mn the two expressions become 

crv~♦c-^rnft |,6 r> 

aqain, for the some reason, these ore equa 1 ) 


u) (b l +x) 1n +'*-+(b n +xy n * 

maerV' 

(c t txr+—+(c n tx) m s 

if G»,***,6n®c t ,* M ,Cn it is clearthatthesetwo 
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expressions are ecjual for all % ; on tke ot W 
kand , if tkeq are ecjual for all x tkeiq must kave 
identical coefficients wkick proves tke otker 
direction *, 

xii) +k foil ows immediately from (i) starting 

with 1=2. 


2 . Tke four instances are clear * suppose tkat 
= 1 a n . a ri t foro^tsk*, 

tken,bu r ui) 

1 ^ 1 ( l ' a n*i) n 4 jj J C Vi( n+2 ) a ^ a n-i n + ^ t ( 1 ' C k->X n+ ^’) 

for o& t i kti ; notma tkat 

z^ ) c \ z^ 

2^ 4 * r x. jfttl 

^ t ( l ' ft n-»H Tl t2 ) s nt |l4j t ( 1 " a n-i-2 64 ‘) nt 

and a^.^s j we see tkat the 

l i >T a n .» s o c 

jfi 4 i 2 R -* 2 

above is equivalent to 1^1-3^*! 

for os t < (e +2 , and tke induction step is complete. 


we see tkat tke 
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3 .^ Expanding (rn + s^ usiny the hmomial 
theorem and interchanging sums leads tothe 
result by coefficient bycoefficient application 

of* 1 ; 

ii) follows as does (t) throughusin < 5 +U 
multinomial theorem. 

\ 

t. i) Put rs:,s*'i in*3(i) anduse* i( U) 
with msfe ,n*2^ *, 

u) since the cf^ may he chosen as larye as 
we please this is clear • 

») by (i) ,with x in (t) replaced by x+cQ, 
we see that for each i •, thus since for 

each two products U t *»*Ug the factors are 
respectively ecjual so also are the products ; 



iv) the part of the assertion is clear • 
smeethe cfj+S^ are all distinct, if we choose* 
laryer than the largest of the then the 

X+cfttb^ will necessarily be distinct5 that they 
are odd follows from the fact that x and the 
d"{ are even while the bj are odd 


v) this is immediate from (iu)er'(w) 
since all of the products equal s. 

f. i) ts * S 1 -i'*»* + S t and each Sj issuchasum • 


u) by (i) each t^s is a sum of 6^ powers ; 
consequently so also is t^s2^ and,therefore, ms • 


m) Since all the summands mthefys terms 
are odd and distinct and since for different t 
these are multiplied by distinct powers of 2 
none of the terms arisma can equal any other • 
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iv) this ‘follows from (i) and the 



i 1 »tv^, guaranteed bvj *4 (v), t hat t he 
hupothesis of (t) are realisable. 


6. Each (vs + i) i (s-i)s + i £ s 2 5 hence 
S r <s^;tbe S r exhaust the residue classes 
modulo s so certainly all integers ss i6+1 are 
writeable in the form ms + S r • 
the conclusion now follows from the fact 
that ms istbesumof distinct powers 
all smaller than the smallest power 
makina up S r . 



Kin Continued Tractions ~ Solutions 


l. i) This follows immediatelij from the 
definition of £(Xo,‘*•,*«) J 

U) the summands of £(X 0 , •♦♦,X n 4j') either 
contain x^, or thevj do not $ those contain¬ 
ing x n41 are precisely the summands of 
£(*o,“*,Xn. )*«-♦» while those not containing 
Xn+j are those of £(x©)***;X n _j} j 

«0forn*2, e(x^f lf x 1 )£(x 1 )-£(x 0> x t )C(x, / x*) 

s ( X 0 X t X 2 + *©+ X 2 ) X, - ( X 0 X t + lXXjXjt 1) - - 1 

; assume true for n, then 

^' ' *> X w ,)£f Xj t **',X n )— £(X C; *»* ,Xn.)£(Kj ; **' / X n4 J 
® (X© ,***,Xn) t £ (X©,* ** £ fat}'" fan) 

Zfao,- **>X n ^(X n+J £(X 1 ,*** ) Xn) ^ ^ (Xij* ** jKft-j) 

- - (£ (X©,* ■••, x ft ) £ (x, r ,x*-$- £(*©,♦ 



w)for n * 3 , 


E(*.,Xt,x„x, , )£(x 1 )-£(x 0 ,x l )E(x 1/ x Jf x 3 ) = 

(*MX, +V, + W X 2 X 3 41)X, - (X 0 X t +1 Xx 1 x 2 x 3 4X 1 4X 3 ) 

= ~ x 3 = (-i) 3 X 3 ; assume truefor n , then 
£ ( x <.,—,X„ +1 )£(x 1) -“,x n . 1 )-£(x 0 ,.- / x„. 1 )£(x 1 ,—,x„ 41 ) 
s (^w.iC(x.,---,Xn)+£(x;,*- l x*.J)c(x 1 ,--* ,x„. t ) 
-£( X .,-; X n- l )(X TUJ E(X 1 ,.-,X n )+£:(X J; .- ; X rt - 1 )) 

“ ^ It * 1 ( ^ ( X «»> * ** »X») ^ ( X i>* *'>x»-^ - £ (x 0 ,* ♦♦,% n .)£ (X, X*) ) 


v) for s=i jits ’3 wemus+ have t*2 and ; m 
•this case, 

£ (x 0 ,x, ,x t ,x 3 } £ (x t ,x z )— £(x 0 ,x 1 ,x 2 )£ (x 1; Xz,x^)= 
( X^XjXj.Xj + x e x t +x 0 x 3 + x 2 x 3 +1 )(x 1 x 2 + 0 

- (X 0 X 1 X 2 4 -X e + X 2 )(X J X 2 X 3 +X 1 + X 3 ) * l 

= (-1) £(x.j)E(x h ) * assumeokfors=l ,n = n; 

then 

^ ( x o > * * * • Xn^-i) £ (x,, ♦ ♦ • /x t ) - £ (x„,* • • ,x *) £ (x 3 • *,x n+J ) 





-E(X e ,—,X t )(X 1l * 1 E(X,,---,Xn)+E(V 1 ,--,X n ^) 

s ("0* ^**)X n +i)*(“ 0 £(x.j) E(x t4l ,• • •, X n *^)) 

thts proves the result for s * 1 , nz 3 ; 
Similarly one shows ok for s* z , n*M and 
that if true for 5 * 2 , n * n then true for 
s*2 ,n-*n+i ;thus true for 5*2 ,ni4; 
assume now that the formula is correct 
for si£] ,ns<jt 2 ; +hen 

E (Xo,* ,Xtv) E(X^t,** *,X t )-E (x 0 ,‘ ~,Xtr)E (X^y* *,X n ) 


sEiX^-^nXElX^y-^-X,.! £(x a ,---,X t )) 
” £(Xo,** , >Xt)(E(X ( j.y,Xn)*' X<j-i E (X<j,***,X n ) ) 
s E (x tf ,* * %x n } E(x<j- t ,‘* • ,x £(x # ,* • 'jX-^E (x^-j, * * * > x n ) 


“* ^j-i( £ (x»>* * * >Xn) E (x v * * * >X “ E (X tf ,* * * ,X t )E(Xy* jXn}) 

®(“0 ^ £(Xoj***)X<^j)E (^m>*“>X n ) 

- X,., (-1 f^E( X, ,♦ ♦• ,X V :) E (X t „, • * •,Xn) 

= l“h \E (X©,** *;X ( j, 3 ^+ X^.jE (X 0J * • *,X^.j) )E (Xt + y*,Xn) 
^ E(X 0 ,***,X^ 4 .^_ 2 )E(Xt4i>***>X n ) J 




The above argument is sketched os follows : 
verify the assertion for s*i,n»3 ands*i,n*4; 
then show if the assertion is truefor s=i,n<k 
then it is also truefor s*i ,ns£+i ; repeat 
for s = 2 , n = 4 ; s =2 ,n- 5 ; s*i,ns6 implies 
$ = 2,n*k + l j the above shows for s* l or 2 
and ni 3 or 4 that the assertion is correct j 
suppose now true for sand n> <j +2 •jthen 
this leads to the truth for s£ <|+i f n> <| + 3 ; 
this implies the truth for s?o,n>s+2 . 


vv) Putting s* m, t- rrv+i, n=zm in tv) 
y^Ms , af+cr usm^ t^O.anclhotm^x^^^^Xo 

~ (X 0 >*** fX m } + ^ ^ (X^'*«,X m -^ 

^ ^ E (Xo/*%X m } — ^X^E (Xoj 44 * >Xm)E (X®) 
x m £ (x 0f • * * | Xtn-i) j 

s (x>i){EH^r 4 ^^)+£ 2 (x or -,x w .i)] ; 



since 1 , cancell¬ 

ation of this factor vyelds the desired result. 


vrt)?ut s-m+1 ,t-m+e ,n = 2 m+i in cv) i"o 
obtain 


E(x« 


0 ) 


* t Xm \ X 


'm+ij X m ^ 


**>X©)E (X^^Xm+z) 


® E ( / * * f Xnv^ Vm^if 


^ E ( V m4 if 


»^o) 


+ E(X OJ —,X m -l)E (X m4H) *** ,Xo) 

~ X m 4iE (x 0 >•jXmfX m4 E (X.^xjE ( 

+ E(v 0 ) ‘- l V 1 )f(X O) -^K m . 2 ) 

= Xmtl( X m *iE(X 0 j 4 # %Xtn)+^(X 0 j %## |Xtn-’l))^(X 0 ^ # / X m ^Xtmi) 

+E(x # ,-^Xm)E(x; f -^ 0 +E(Xor^^ E (^r %^0 


= ( 1 ^ (X OJ 444 ,Xm) ^(X©,*** j X m 

^ E ( X 0 | • •• i^rn-i) E ( X d * 4 >X>m-Z^ 

® (X m+t X w +i^ 1 ^ (X 0 j* # * ;Xtvt) (E (X 0) ***^ Xtn^Xm-tl) 

+ E ( X 0 ^ % ; Xm-l) ^ ) 


cancellm^ the factor E(X™ t ,X nHl )-X m +pc rmz +1 
\j\elds the desired result * 




tzos 


2. E n = £( 1 1 • , 1) t where there are nplaces; 
v) dearly £ t * E(l) = i and , from *i (u), 

^tu2 9 ^n*t^ ) 


u) from (i) and the definition of u n • 

tw) the equality is by induction on n 
and the z 1 ^ follows from the l 5 ~ usinythe 
binomial theorem ; 


iv-a) # i (iw) reads, when one puts all * *i, 

c r -£ 2 s /.i^”' 1 

t nun-l u n \ */ 

so the result follows from (<0 • 

&) this follows from *\ (iv) almost 
identically to the argument yiven in (a) , 
except that the inde* needs to be changed 
by unity • 

c) follows from *i(v) as in (a)e^(&) above; 
cC) follows from*i(vO as in (a)er (6) above; 
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e) follows from *1 ivu) as in (a) er(&)above; 
j) u n . 3 u n . 1 +u n . t u n . t +u n . J u TV .^u n .,u n . 2 ♦ u n 2 . z 

* Uu-, ♦ U w .,u n . i +u n . i u n =u nM u n tu n . t u n = u *; 

5) U n l 3 4U rt . i U n .3+U n . t U n . 3 +U n . J U n .3<- 

* U n*3^n-1* * W'n'J^n-j 4 w n- t w v) sM ««iJ 


v) for n * z , 3 the assertion is correct *, 
suppose 1 + to be correct for n ,n+i; then 

a n « s a rui+*n » (u n . t a + U n 6)* 

=ru n a + u tt J> 

and the assertion is also true for n + 2 . 


_ 1 

3-()a.) ^ e ej ‘*‘ ( a. n j s a d + £a*, ••• ,d»] 


~ ao4, t (aV,*-.«ni 

E(a,,- ( a H l “ E(1 i.-,«h) " cj n ’ 

5> feu, ... d] : f , 


£C<»i .♦•• .Oh) 


s £(ai.••♦.O _ ‘In . 

ECap.-.On.,) “ ^n-t * 



w) Pa a ^d £ ( a 'o, , **,a 6 .)+£(a e ,— 


= ^ipii-i+pk-z) 

a similar argument works for <j ^ 


in) [ a 0 ,-- ; a 1t . 1 ,a n +j] = [a,., •••,&„, 6 ] 

^ £ (q»i"Sflnf6) _ 6 £(do»^* , A 

E (fl j ,*••, j6) 6 £ (<*i >•**, <*n^ + E(&i »••*! 

_ 6 p w +t>»,.» . 


iv- a) this follows from *\ {iii) bvj taking 
Xjsajfor all j *, 

6) this follows from * i (iv) bij taking 
Xj ®a.j for all t j 


f , t JV'2 Pn Pw-I i-t) 

v) from (iv) we have^t^* 
and the inequalities not involving a follow bq 
examining the eases with n even (odd )} for the 
inequalities involving a note that if 


cx = [<W*> a n+“£] then 

cv_ - bp^+Pn-i _ Bl - MiMr i <-*)" . 

6<Jh+<Ih-i ^»(^n + ^*fiV 
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ah') this follows from the fact that 

b +■ a 

always lies between-|?-and • 


vit) m the argument above for (A>) we found 

1*-&I = Hn(6<ln + in-iS y 
where <x n+ ,<£ < flmi+i. *, thus 

^ n+1 — ^ n+1 ^n ^»*l 

and the result follows j (note that a n+1 x b 
since it is assumed that <j„ +1 exists ) j 

alternative : the las+ four terms in the 


sequence <jiven 

in (vO are . cx. 

^n+i > J fai + Hvi i ; <?tt • 

thus 

_1_ i J*" 


. 1 J*H 1 

1 * 
|<s* 

II 

<3? 


< M* ^ 1 

< 1 2* 


1 * 



M + * ^ 

Viil-C) |<X-£ 

l ^ 1 

1 

1 < 

(G n+i 


, 1 

_ ^ 1 rv * | • 




6 )|°“Jn-Fnl 

< 1 = 

i 

Hn+i 

**n+i 


< 1 
*£n + <ln 

— <|a<J„-,-p»-J ; 




ix) the limit exists since bounded monotone 
sequences always converge *, the limits are 
equal if and onlwj if 

1 IP-n+l 3Pn \ _ l m 
l ^n+t I ^n^n+l 


O as n 


OO 


X) immediate from (tx) 


XI) forn*i,-^*[a 0 ,a 1 ]ra 0 +-^-- a o + ^7; 
suppose oh forn ,+hen ustn^ (tv-a) withn 
replaced bvj n+i and Waving divided bvj <j n <j 
we have 


rt + i 


?**1- pn . + J_L_ 

xu-a) this follows immediately from (tv-<t); 

&) <|n ar ^(^i,***> a n) £ £n -too 5 

since has a limit and —too it must be 

true that \p n \ —too ; 
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c) forn = 2,3 we have 
a l »£(a 1 ,(i i ) =a,a 2 +i i 222 2 ; 

3-1 

^3 -C(dj ) d2 ) (l3)s + +(I 3 5 3 2 2 | 

assume oh up to and including n f then 


n 1 
>T-T 


t -1 


^n*t“ fyt-i — ^n-i — ^ 

*2 2 (^+t)>2 4 ; 

cC) bvj (vc) since <j n i| n+1 —^00 as n—>00 ; 


xiit-a) suppose « = [a#, —, a^+^r) = , 

ft-fa ... a + —1 - JL&-i+P*‘i 

let a'sdn+a", J3'» 6„+j3", where o<«"<i , 
o<j3"< 1 ;then ft'-c\'= (& n -a n ) + ft"- cx" 

> 1 4-p"- cx " > O *, now 

_ grjW+fVj 0 Pn-i 4 JVz ((3MPrW 

/S'* (OC'^.J^‘fw-iXp'ljn-i + 


_ (p'-oOC-n*' 1 f < o if n »s even ; 

“ («V,+<1 *^ l > o if n is odd ; 

6) put S = [d 0 ,c£,,c£ 2 ,---] , where 
rf.fi* c *, ^ 5 «f « < $ then , usmq 

(a) , we see that if j is the first place where 
d and cx differ then 
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cf* > fo** | even , cCj < <ij for j odd j 
butthen »f j* 2 & , c 2fc > a 2 £, and if j* 2/5-1 , 
4c-» <a *£-i J since these violate the hypothesis, 
we must have Si o< • the nyht inequality 
is proved w the someway *, 

c) take all Cj*i and all 9^*2 ) then 

]i«i[1,1,2,t,~] * »*vT. 


. Let a*"f- and suppose 

a = a 0 b +r 0 

o ±r 0 < b 

b = a, t r 0 +r i 

Oir t <r 0 

r 0 =a z r^r 2 

osr 2 < r t 

r i= a 3 r 2 + r 3 

• 

o^r 3 <r 2 

• 

r i-,= a k., r f-t* r i-> 

°± r k-i< r b-z 


r 6-a= a « r «v° ; 



XIH 
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then 


"i““ a o + T” = a«t r a 0 t 1 

n» a i + r c 


” + d + -T=- 

'*i~ TV 

r. 


s «o + 


a t + 


_1_ 




® * a fc 3 i 


* a* 


if a fe »i , then this equals [O'*,-*-,0^-,+*] > 
from 0C*[a o ,a,,a*,---,a n ] *P 

sve conclude , unless n* 1 and one of & if £> t 
is 1 , that a® *[ <*] »[ p] = 9 0 • continueknj 
induction to <jet uniqueness . 


5. Put a 0 *[a], aj-foAc] , a 2 *[_i_!- a J, 
a>=[g^i 5 ;-a| ,••• ; i.<-. define «,«„«„••• 

^ «i : * o* 7 , «>.=-5^55 ; +hai '> 

uniqueness follows from the fact that if 

«* [ a, 0 ,a 1( -" 1 then a 0 = [ex] , etc. 
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6-0 Such a scKcmc is illustrated bv^ tbc diagram: 


R 

-2 

-1 

0 

i 

2 


S-J 

5 

5 + 1 

» ♦ * 

a k 



ft® 

at 

ft * 






Pa 

0 

1 

a<, 

a 0 a t +i 

a 2 (<vi t + 0 +a„ 

**# 

% t 

ft 

a S+{Ps "tPs-l 

♦ ♦ ♦ 

U 

1 

0 

i 

a t 

a 2 a 4 +i 


^5*1 

3i 

a^i^s +<?s-t 



// . 

u) 


-2 

-1 

o 

l 

2 

3 

4 

5 

6 

7 



2 

2 

1 

3 

1 

1 

4 

3 

O 

1 

2 

5 

7 

26 

33 

59 

269 

866 

1 

0 

1 

2 

3 

n 

14 

25 

114 

367 


so tbc conv<ir<j2nts arc 

z. I. JL Ik II II MS .166 
1 » 2 > 3 » 11 » 14 > 25 > 114, 367 j 


ut er tv) 


2227 

9911 


= O + 


4 + 


2 + . 


4 + 


1 + 


,+ ~t 


since 
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SHI 



2227 s 

O 

. 9911 + 

2227 



9911 * 

4 

• 2227 * 

1003 



2227 * 

2 

• 1003 4 

221 



1003 = 

4 

• 221 4 

119 



221 s 

1 

♦ 119 4 

102 



119 = 

1 

♦ 102 4 

17 



102 = 

6 

♦ 17 + 

o ; 



0 

4 

2 4 

i i 

6 

o 

1 0 

1 

2 9 

11 20 

131 

1 

0 1 

4 

9 40 

49 89 

583 

thus 

2227 

9911 

- 

1 *2 1 

583 ( CQttcd ^ ) 

• 

1 


34453 - 1 

10349 ” 

26 

since 

34453 s 3 . 10349 4 3406 
10349 * 3 ♦ 3406 + 131 


3406 m 26* 131 4 O 
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3 

3 

26 

0 

1 

3 

IO 

263 

1 

0 

1 

3 

79 


+bus 103 ft ~~W" ; 


V) 

TT = [3,7 

,15,1,292 

, V**] 

SO 


3 

7 

15 

1 

292 

1 

0 

1 3 

22 

333 

355 

103993 

10439$ 

1 

0 1 

7 

106 

113 

33102 

33215 


_ 355 

„ 3 $S 

103993 

1 

““ 113 

< 113 

- 33102 

r 113-33102 


— -IS- <- 3 . iq' 

.3790526 x > 


vt) one, obtains the sequence 

3_ JJL 47 69 91 113 13? 157 179 201 

1 , 8 , 15 , 22 , 29 , 36 , 43 , 50 , 57 , 64 , 


223 145 261 1S3 111 113. . 

71 ♦ 78 t 85 > 92 * 99 * 106 > 


one knows to 


stop since the next term is-fff- which is on the 
other side of tt and is, incidentally,the next 
convergent af ter j 
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i +>/? V? -1 i 

vrt) z si+ 2 sl+ 2 

Ts-T 

• t 1 * 1 '* 1 * 1 * — 1 » 


sl + 


t.± v7 

2 


. t a 3 + o<a*» 2 a+<x . 

vvw) oc * a + a+ _i_ * a * 4 .<xa + i 3 


a + <x 


hence 


Oi z = a*+2 and a = ^a x 42 j 


*a-i+(va 2 -2-(a- t))=a-H g »a-T 

2 a -3 


s ! + Va z -2-(a.-2> - t + l 
za-3 za-3 + a - 2 

2 

2t sg-i+ - 1 _ 

2 2 >/a*-2 +g-2 

2 a-3 

JaM + a -2 </g*- 2 -(a-i) i 

ia-3 " l+ ia-3 1 + a -1 


v r a z -2 +a-i = 2(a-i)+ (s/a 1 - 2 -(a-i)) ; 
thus 

x/a l -2 = [a-i, i ,fl*2 ,i ,2(a-J) ] } 
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putting a = 5 we have >fzi = [ t, l , 3 , l ,8 ] ; 
the expansion for s!of-z was ori^inallq qiven 
bvj Euler , see Perron 1 7 p [iw*] . 


x) (see Brousseau [i9*n]) 
usmqthe schema of {() we find 

^ Jl-I i’s_ 

2 1 • • • t 3 1 1 

0 12 3 ••• Un-i JUn-i+U^-: • • • Oi 

L O l 1 etn-3 3Vtn-3+ , Wrt-4 P 

where o<, p are the respective terms 
of sequences constructed as in *z (v) where 


the ct, I? are as "follows ; 

for ot, a s u n .j , 6 = 3u nM +u n . z 
for p, a = u n _ 3 , 6 = 3u n . 3 tu n . H , 
usinq the results of * 2 (v) and * 2 (iv-f,^) 
we have the desired conclusion . 





and (V‘> <]*-,<, 

when ; 

S) for suitably larqe ft 0 the convergence 
of JE a n guarantees that < i for ft £ ft d 5 
now iterative^ usinq (4) we obtain 

wheres^ft* and ft * i t > •••> < r > ft* > 

c) from (b) we see that is bounded 

OO 

since ,TT & (1 - a t ) converges *, consequently 
not tend to 00 and *3M quaran- 
tees the divergence of [&»,&!,•••] > 


it-e) (j^mtnfcj^^jsC , and,similarly, 
C]i2r C * if c for ft*n then 

^n+i~ ^n.+i^H t j 

S) this follows from cj ft = 
the positivity of a^and cjg.^ c *, 

0 <(ft- J +<jii- i tca fe for ft *2 •, 

iterating this we find 




i ns 


<)6+<i6.,i a n >c| a n •, 

(0 <)s-iic, <]«Jc,so 

C 2 > 2 » 
c) bvj *3(x), <J*c| ft+1 -*©o as 5—* 


CO 


n>) this merely combines (i) o- (ft); 


©o 

jv)the series always diverges under 
the cyven conditions . 


8. i-e) There- arepositive integers e, V such 
that &x - avj = e f c£x - cvj = -V • 

solving these equations fields 

_ yg + cc a»& v6»fecC > 6 + cC . 

6c-acC ~ &c-acC ) j ~ fic-aef “ &c-acf > 

Sc -ad % o since -f-< -j- *, 

c 
cf 

has a denominator which is > b+cf ) if one of 
closer to & then that fraction is a 
BAl to c* (the other fraction mau or mau not 


£>)evervj fraction Ivyrnj between-^ and 



\lll 
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be- a BAl in this case^ ; 


it) letlj'j'be a convergent to a *, then either 


fi-t 


< oc < 


1 L 


or 


£i 


< cx< 


?icl_ 


<u-i qi - qj — qj-i 

and, since \ p^yx-pyi^ j I = 1 conclude 

from ({-6) that -^2- is a BAl to ex ; 

“5 


iu") bij problem *"6 (\>> : 

_3_ _Z2_ J33 355 1039^3 

1 , 1 , 106 ,“Tiy , 33102 ; 


\v) b\j problem (vu> 


14 %/S 

z 



, 1,1 



C>V 41 

€n 


lim 


U„ 


v) *f Ih < T < f£r + ^ cn i usm< 5 

noting that j must be odd, 

noting that ^ must be even, 

62 lili liid_zr . 

fyxfrx-pMH a 3 ^ 11 
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*»*i - {-f-.-H ; 

♦.-{■fyM-1 •- 

x.fo 1 1 123 17 . 

“ l T,“r,T,T,T,T,T J » 

^ s £_2__i__l__i__2__1..3__2._3__4_^ » 

A B f 11 1 11113 1141 l]. 

^ 1 M,T,SJ,T,l,T,3,*,W ’ 


it) dear ; 


lit) a) (a,6) si so the congruence 
aij s - i (mod 6) ts solvable ; choose "that 
residue dass for vj so that n- & <vj £ n ; 

S) voith y 0 and \^ 0 as specified suppose 
(c, d) - i and }+hen acf+i £ be 

and ctj c +1 < cCx 0 * cf • 1 *, this implies 

Bevj,,* 9 < adxj 0 +d and , therefore, 
n <ij 0 +S < (be-acf) tj c + b < d *,this 
means -j-is not in ^ while-^ts m • 




c) put a= 79 , G* 101, n= 101 *, then 
79g 0 = -1 (mod 101) and o <^<101 are satisfied 
bij tj 0 = 23 ) thus X 0 = 18 and -ff- »sthe desired 
fractiomn since onlg the ineguahtg 
changes to work in $ ioo , and then because 
99 < g 0 £ 200 we see ij 0 = 23 +101 = izn in the 
second case ) thus x c = 97 and is the 
next fraction after ^ m $ 200 *, 
cC) let m s max [ 6, d j then since 
ad = -1 (mod E>) and m-£<cfsm we 

conclude- ^LL. 6c _c_ 

d GcT Gd " d 

is the element next after -g- in ; 

tv-a) if £+cf*n then the fraction 
would be in § n and then -£■ ,- 4 - would not 
be consecutive in <$ n • 

G) bvj (w), -|- = and , therefore, 
&c-ad= £x 0 -avj 0 =i * 





c) immediate from t 6 ) ; 
cf) from (b) j if 5*cC than 6 »cC*i and, 
since are consecutive elements onlvj m 
$j,nsi ; but this violates n>l 5 


v) this follows from and *8(<-6) J 


vt-a) b\j (v- b), 6 x-cuj ■ 1 and aj-efre = 1 j 

+ hus )«"«• (Ml" 1 

this implies (a,+ c , S+cC) » &c-acC } 

6 ) from CiO -2- = -g*£ ; 

vvt) clear from (vi) > 


.... i Ill i 11 2 3 i 4 3 

vm) i 7 = \ 1 ,7,6,5,TT,7,3,T,^,2,^?-, 
lllli A _L1 

3,T,*+, 5,6,1,!) J 


«c-a) all fractions in $ n 4 i> $« areTarevj 
mediants of fractions in $ n bv^ (vtt) *, 



consequently the, only fraction m $ n+l \§ n 
lyiny between -$- and -j »$ ; since no 

fraction of $ n+1 \ $ n not lyiny between -|- 
and -j can be as ciose to & as each of -j- and 
-j tbe conclusion follows ) 

6 ) by (v) at least one of -g- and -%■ is 
a BM to o \ consequently all fractions with 
denominators £n are further from a than 
dostfolf ; if -£^f 15 in § n41 \ § n 
and is closer to ot than the nearer of -J- f 
then 

other elements of <$ n+l \$„, and therefore, 
is a BA l to oi * 


dearly it is nearer to a than all 


x) the double underlined terms are the 
requisite fractions for TT-3 : - 7 - zi ik & *5 

7 6 9 IQ II 12 13 m 15 5 _I6_ _i Liiiii 

50 57 64 *M 7§ §5 42 99 106 ^ H3 7 ,654321 

hence the desired fractions for fl are ; 
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10. i) in the contrary case 

•w'll-f |»|«--f-| + |a-tl*l6i-+ 7^5 

so (£>-d) Z = b - 2^cC+c( & o , which is impossible 
unless b * cC , which does not happen for n> l ; 

ii) let "f”- “d", where “g" and ~§~ are 

neighboring elements of $ w *, 

*f 1^“" £ ®^d |o<- ^ |> 

also have -gr = T--f = |a-i"|+|<x--^| 

h b d_ % _i_ » 

~ ScC (tn+i) - bd > 

since , bvj (tv-a), b+cf >m ; thus , either 

| 6 — b(Tn+n or | 0<- d |< d(m+i> 5 

since bsm and cC<m we mavj choose “f - to 
be -j- m the i# case and in the z n ^ case. 

11. <) See * 4; 

w) b\j (t) we maij expand each of the numbers 
-f-> i <5 , m+o a scf so that a d >i , a n > i ; 
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doinq so fields "f = £ (a t ,...,a n i » 

iii) bvj *3 Cxtt~ct> ,p» E(a e ,“* ,a n ) for each of 
the numbers t m (ti); if, on the other hand, 
p» £(a tf ,.*-,a n ) and a d > 1 , a«>i , then 
~t~ " f fftf,C,’an T > 5 onc °f *be above expatv 
sionswvth l £ts*s; the last conclusion follows 
from * 1(0 } 

tO b^ (iii) if p = E(a c ,'-,a n ) also 
ps E(a n ,“*, a 0 ); thus these sequences maq 
be paired and , since p= E(p),+he sequence 
p is paired with itself \ nowthe evenness of 
the number of sequences means that one of 
the other sequences must be the samefor* 
wards and backwards ; i.e. dj = a n .^ ; 

v) bq * l (vti) | E (a 0 , •* * f d-m , ci m41 , a,™., * * *, 
is not a prime when a c > 1 *, 




Hl$ 


thus p»E(a 0 ,“*,a w ,am,-“,a©) f asin«v),and 
bvj (vi) jp ~ E (d 0 ,*•*,+ £ (^oi • **, ^m-i) j 


Vt) S* [t-]s <0 





_ , . 13 1 E ( 6 , 1 ) 

, 13»E(l3), 2 *6t 2 = E(2.) , 

E(H,3) 13 1 £(3,H) 

: E(3) , % - 3 + ^ * £(*t) , 

EU.1.1.0 13 i _ Efe,6V 

E{l,l,2) | 6 ” 6 " E(61 » 


the pairs are : — «—> — , T" 4—» ~ > 

13 ^->13 ^-y- 4—t thus 

13 = E(2,l ,1,2) = £ 2 (2 , l) + £ 2 (Z^ - 3*+2 2 . 


I2.i-e) 


a 

b 


± t(CV51 -n') < tfG 


and O^t < [n/6] 4 sfb ‘thus 

0<(at-6s)*+t 2 <“5" + f> s lb • 

6) from (a), 

0<(at - 6s) 2 -*-t 2 - (a 2 +i)t*-iakstt 6*s 2 < zb 
and , since b divides a 2 +1 , it also divides the 
middle expression which implies 
(a 2 +i)i 2 -2a6st+6 2 s 2 = b 



2 2 

or, what is the same, (P“t - last-6s 2 *1 ) 
if (at-bs,t) * & then $ divides *t and at-$5 
so £| bs ; since (s,t) = l either i or ( 5 ) 6 ; 
in the latter ease d divides the left side of the 
above equation and therefore dividestheri 
side of the equation and this implies $= l j 
c)this was shown m the proof of (a) ; 

ti) let b divide a 2 +i ; then (a,6)»i and 
we mavj take cx = -y in (i); the conclusion 
(at-bs)%t 2 = b derived in the proof of (t-a> 
fields the desired result since bvj (b) 

(at - bs, i ^ = l ; 

iii) Wilson's theorem tells us 

(p-i)l * (tfe)l 2-1 (modnfe+i) ; 
now ( 4^)1 S ( 1.2 • •• (2(e))((2k+lV 

- (1*2 ... (2fe))(p-2^) .♦• (p-l) 

= (i*2 • •• (elO) 2 (-if* fi s a 2 (modp); 
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i.e. taking a= (2&)l , p divides a z +i •, 
the conclusion follows from {u) ; 

w) if (b,c) * <5 then <$|a 2 so £*1 ; thus 
there is a u such that Cu s l (mod b ); thus 
(a 2 +c 2 )u 2 = (auf+1 = o (mod 6 ) and we 
are done ; 

v) this follows immediately from (U )er (iv). 

•3. f) | a - x - | ex- "f - ! for <f^6 implies 

cf| a£ - a | > 6 | acT-c | 

which in turn implies 
* - £ * 

|cxb-a| >-^| cxd-c > ad -c *, 

it) “3" is a BAl but not a BA2 to -J*; 

iii-a) if-g-<^- = a 0 then |-g- -o< | > 
so f would not be a BM to a ; 



6)>f -£- >1 uo«^<-r so 
i-«-a.|i-3r = -ifr s 6 -'E^ s6 l"r — "frl 
< 61« --g-| = |6o< - a | 
so 3“ would not bo a T 3 A 2 -to oc ; 

c) S > C|^ follows from *dlv> *, clearlq 

I* ^ ^l" . 6<u*i 2 % ft+1 > 


<*- 


?fe 4 l _££_ 

^ft+1 <*6 “’<U‘U-n’ 


d)from (c) we conclude 

Ificx-ali^l^ocpel 

and this violates our supposition that -|- »s 
a BA 2 to oc 5 

O we have shown »n (a> ~ (<£) that -g- 
may not lie between consecutive convergent* 
and also may not lie to the left or right of 
all convergents ; consequentlymust be 
a convergent to ol ; 


w-ci) we use*' 3(vit)to derive 




6 ) since a is between and we 

and 


<{n-t M " w <Jn 

know lex - Ir 2 ^ 1+ I CX - ^ I = 1 


<{n-\ 




^n-1 


multiplying by cj n cj M . x yields the result ) 
c) no matter how , cx , are 

o 7 7 <\n~i 

iyed 


arranc 


-I 


the l 

j^-n-1 


ine 


Pn-l 


CX + 


c< - 


a 


Hi 


lo ‘ ^ n- 

now multiply by j 

d) immediate since the left side is 
obviously less than or equal to the left 
side of the inequality m (b) ) 

e) follows by a comparison of the 
inequalities in (c) and (c£) $ 

f) immediate from (e) j 


v) this is merely a restatement of (hi -e) 
and (w-f) . 


it. Assume the contrary for •^| ± f and 



I5.<) if -g- =c * thencx '*0 otherwise 

1 


0<- -^S-1< —t, 
<ls l< ^T 5 

so either 

(n even^ 
or (n odd) 


4s <1 S-l 


-1 ^5 

S-l 4* 


i s fr « 


jEazL 

4 »-i 


Jfc-t & 


4 *-» 


(X - 


* 


« s £- 
6 Is 


in either event a' = -*-— 

ci —& 

now,b^ r 3(iu) , *’* 

_ -£Ps+?s-i _ 


—li- ^ 0 • 

%K > ’ 


a- H s +i ls-i 


= cx 


//» .i . ‘0 .-.^ . . _2fci 

u > OC' t ^ 5 


Is ' 

M)* 1 


Hs 


> 2 


thusz--^->i so oc'< l ; also we know 
oi'^o b\j to > since cx'< l and a-[a 0 ,-- ,a s +o('‘\ ) 
bvj «> r the final conclusion follows from tO; 


»«)this is an immediate consequence of (u); 
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iv) this follows from the fact that the 
interval (x~ W, T + it 1 ) contains 
uncountable mane real numbers for each of 
whichis a convergent ; 


v) (see Sessel [ in2] ) suppose n is a 
Fibonacci number ; then for some positive 
mtujjrfe, n = ^-{(-4 sS -) S -(-^ L ) fi j ; 
thus sn* = (-4 &-f+ z(-l) i '\(±=JL) zi 


and .therefore 

1 ' 2 ' \ 2 J ) / 5 n z -4 when ft is odd; 


the converse is true for nsiso let nzz and 
suppose 5 n z 1 4 = m 2 *, then fe = is an 
integer since m and n havethe same parity j 
further m 2 = 4n 2 +n 2 ±4-2 4n 2 so m> in ; 
substitutine 2&-n for m in our equation 
e»eids £Tn 2 ±-4 ^ 4^ 2 -4^n + n 2 or 




i ~ i ±Jl 
where Z - z , Z = 2 


Hence 


~ ~ Z I * n*Wt—T'| < *** 5incC 

therefore (iti’) is a convergent fo 'C, sav^ 
and n*u s as desired . 


**(•£+*) 5 

b) each of j^ 4 -and % Lk - when substituted 

for x m x 2 - n /5 x + 1 makes this quantity < 0; 
thus these rational numbers must lie strictly 
between the irrational xeros of thus 

quadratic *, 

c) each of-^-and -^p-is between ^2 1 
and — -j 1 — so thar distance apart is less 
than^ti—JE^J— - ! ; 


cC > bvj (c) , m the contrary case , a S + 1 
would be a positive integer smaller than 13 




e) this follows immediately from(cC) since 
there exist infinitely many disjoint triplets 
of consecutive convergents to cx ; 


it) fcnj *»(#>) er*i 5 (tfl) if -g-|< 

then -j- ■ for some n ", hence 
|- L! r^w„..- U u| < 7A7., an< l > therefore,using 

•w, ^p(w-(^r(¥-)“'‘ 1 
or 4 ( 

i<p^ ; 

since p<i and the left side tends to JZ this 
happens only for finitely many values of n ♦ 

(alternate aryument ) 
suppose A < -fe and 
then p<-^ < - i r^ L + -%r so 

this implies " ^5 A < a 2 _ a£ - & 2 < -j^y t Js \ 
and , therefore, for larye enouyh 6 , 


1 + %/? _ JL 
2 & 


\ 

T*" 



-l < a 1 -a£-£ z < i 5 hence a 2 -ab-£ 2 
and -g-g lt 2 N ^‘ which is impossible ; 


<» - a) as in (i- 6), each of ^7 and ^ lies in 

/ s/rt+H -nv ♦ hence a s-ilii - - 

V 2 > 2 / ; nenut u s+1 ^ <^ 5 <m, 

6) if no such s 0 exists then there are 
infinitely many disjoint triples s-i,s,s+j 
for which a s+1 > m ^ consequently by (a) 
there are infinitely many conoeryents 
satisfying |«-%|< ; 

c) put m*2 in (G) j 


w-a) from V 3(vu) we find 
<Jnl<J,v<X'}’,v|<i|£ ; <> and,therefore, 0(cx)41 • 
6) by Hurwitz’ theorem 
«J»I <}..« -p»| < -fa- infinitely often ; 
consequently 0(a) * 

c,cf) same aryument as in (£) • 
e) by (cf) •, 
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v-a) cj n |cj n c*-p n |=cj n 2 |o<-|j-| 

l n K^n+W ^til " « n +i^l > 

6) *3(1-6) cjivestheequahtq and the i** 

inequality is a consequence of *i (xw -c) ; 

finally ,the result cj n |<j n cx-p n |>^ = 

shows V(oO £ Vu~ » 

o) either infinitely many ctj are £3 or 
all but a finite number are £2 j in the 
case V(o0 £ ^ by (tv-e) and inthee^ 
case V(oo*^=f- by (b) . 

17 . t) Let o( — [)^s+i)***> a.s+t"] > 

<* s = [a s+1 ,- - ,a 5+t ] •, then 

&• S+t ; ^sl 

s ^sPs+Ps-i _ ^sPs+ttPs+t-i , 

from the4^ equality we see a s satisfies 
a quadratic equation and,since its scf 
expansion is infinite ,must be irrational; 
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hence oc s and ,therefore also, ex is 
a quadratic irrational 5 

ti-a) bu (t) ♦, 

r v _r q «nft. + Pn-l 

0= Ao^-rBa* C = A(cx n p n +p n . t y + 

B (<x n p n +J3 n . t ) ( CX n C) n + C[ n . t ) + C (« n <^ n + 

= <l»*f ( |? ) a ^ 2+ ( 2 A p n -.Pn +B P«V' + 

B Pn-j ‘jn + ^ ^ ^n-i ‘jn ) a rt + j” ( c^*) J 

direct calculation shows 

D u 2 -4A„C n = D I -4AC; 
the expressions for t\ n , C-n are clear ; 
since f(cx) = o and o< is between ^ and 

then the values of f at these points 
are of opposite sign since the other *ero 
of the quadratic does not lie between 
and ; this shows A^C n < O : 



CC) SinCC - t A n C n s + | t A^Cnl IS 

a constant it is dear that onl^fViitchjman^ 
such triples c^ist j 

c) bvj the "Dirichlet bo^ principle such ft 
and n <pust for which A n+6 sA^B n+ &*Bft , 
C n4 g= C ft ; thus oc ft ® cx u4 ft , and this means 
oc is periodic ; 


iu-a) if oi is purely periodic then a 0 >o 
so &y i ; further , o< =■ [a 0 , • • •, a s + ■£] = 

the, roots arc. , where P = p s , 

' D = ( £ i»-i-Psf*‘ + ‘jsPs-i» < 5. = 2 <Is ; elwrlij 
v6>P soor- E 5 ®andoi'='^-<o is 
the other xero ;thus 




oca 1 =-^f =-^r l ^7>-o<^7 >-cx 
for s odd *, hence od> -1 ( s even is 

similar ) ; 




jU-i 



(alternative) at o and -1 the quadratic equals 
-p s .i<oand q s -<j*-»+p 5 'fs- 0 ° ) bencecx', 
the other eero, lies between o and -1 ) 

S) from - i<o< / <o<i<o< we deduce 

0 > ~ !Ta7 > ex'- a* = «o> ' "a7 * ' 1 ) 

c) from (6) iteration *, 

d) Oi 5-i ' S+t - 1 * 

[a.5, As+ij > a s +t] • ^ a s+1 , 5 

a5+ a * " a$+i 5 

the second equation follows from the first 
since the conjugate operator is additive j 

e) since each of a' s .j and cs^+t-i are 
strictlq between -1 and 0 their difference 
must lie strictly between -1 and 1 ; but 

then a s = a s+t contrary to our 
assumption ; 

f) this is a direct consequence of (a) er(e); 



iv - a) since > i and -1 < ■-3" < o the 

scf expansion, bi^ (iit-f ), is purely periodic*, 
since — < l and — 4^ <1 neither of 
these is reduced , hence nether has a purely 
periodic scf expansion ; 

6> »1 + — V - 

>/l3 +1 

t 


S It 


=r 1 t 


It 


1 + 


It 


Vl3+3 


It 


1 


6 t 


>3+3 

t 


= 11 


11 


It- 


6 t- 


It 


i±£l * [ ]; 

3 


iwn 


noting that - ^ ^ 

the above calculation tells us 


>3 +1 

t 





c) let ck.i = CX = [ a 0 ,***,a s ] •, then 
for o ^ s v#e have ix^ = ± ; in 

the particular case j * s wt have 
« s -i = + + ot ; 


/ ^ 1 1 /” 

consequently-^)' » a^r^fifor o 6^6 5 , 
and puHmcj Pj m -(oc^ y 1 yields 

Pi s *i + fifi 'f or ° 4 j 45 5 

hence 


-(«T s Ps r *s* pTV 

= a,+- - - 


&S-1+ 


* 5-2 + 


^ 5-3 + *♦, 





1 




1 

J5s-i 




_i 

<*o + 


_\ _ 

p-1 


v) put a* = [oT\ and let p * <*_ a 0 ; since 

o<o<-a d <i , p > 1 *, further, 

1 !■ 

-i < p' = 0 ^- 17 " -£L-a 0 <o 
so p is reduced and therefore, has a purely 
periodic scf expansion, say P= [a x ,*,a 6 ,6 ]* 
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now -(p') ,a,i] while 

“(PT 1 ® a © + (“ 0</ ) = a 0 +oc ;thus 
£ *t“(PT t ] = = a 0 + [ex] = 2a 0 ; 

therefore ex = a c - [a^a*, -,a ft ,aa 0 ] ; 

vv-a) dearly 1 ; further, since 

1 i 1 

* 1 < -v/5-a s> < o, the number v 5 -a 0 »s reduced ; 

6) Vd + a 0 = - (-/5-I;)" 1 sods period is 
the reverse of that of ^5-^7 j also 
n/d *r a c >1 and -u-\/D + a 0 <o5o N/B + a 0 
is reduced ; 

0 by , Vd * [ e 0) a M **- ) a t) za 0 ’l so 
, a ft , 2.a 0 ] and,therefore, 
by {tii-f) ac is reduced ) hence by (b) 
Vd t d 0 ** [ 2 .(L 0 p a £, • * *, a, 
but s/ 5 +a 0 = [2a 0 ,a^^^]=[2^^^^ 
consequently , by uniqueness , 
a i 5a g , 

and the desired result follows *, 



\u-a,) to-' Dvj 0 * * 1 implies (■gf) »*D + -yp. 5 

thus ®\/D t -^> \/T> and ^7 +v/D > 2\^D >2 J 
this means, since (x 0 -VD\j 0 X*« +N/ ^^°) = 1 ,that 

If -^l-i?|^ 751 <^ 

and, by *15(tii), -^- is a convercjen-V to v/D j 

6-» vp »[«.,-,*,♦£> «,* t &:. 1 s ° 

oi s 2 (f s 1 - D i ! 2 ) +2a j(p.-.p ! - V ‘1>-i‘l<)*(f>, Z , JD< 1> 2 -) 

sO and 


A^pp.-D^^xZ-Oy-l ; 

= JV* > 

-p,<[,.,) 2 )= 4 (C s 4 -D); 


8 ) 




note now that since p, 2 ’-D<^ j 2 * l >o we 
must have C s = p s 2 -‘Dg,. 2 < o so 
-yB s -VD = 1V C $ VD -\f£> <0; since c * s >0 
we then have cx s =—^ T3 S + vTT • 



\6oS 


Ofrom(B), n/D = t*B s +qi s 
=[-|-B 5 + a, +a ,a s+2 ,' and since 

\/D * [ a e ,a 4 f •••, a&. a , 2ttc“] wo must have 

0.^ * "2"B s + Aj + I J Zft« * &5-V f*4l } 

s»ncc a s+1 = a s+ g 41 we conclude - -|-B S * a 0 
and a s = a„+VD ; 

ID) oc s *j*^s+2,*** 1 ®[2a e ,a.i,a 2 ,*** “] 
and the uniqueness guarantees a i =a S4;J+1 forpi; 
E) let s = <j£+r, 0 £r< 6 ; then 


0-j = &s+^-ti + i + 

so the minimum period Ik of the scf expansion 
of s/D is ^ r+ i * but r+isfe so r+i = A and 
rs^-i; thus s = qk+k-i = (cj+i)6-i s-i (mod k ); 

c) this follows immediately -from (a) 
and ( 6-E) ; 

d) s/D = (a.+SDtytsfyt., and multiplication 
by the denominator on the riyht and equating 
rational and irrational parts yields the 

expressions forp^ and *, 



now mul+tjpkyn<j the i^ b^ p t 6-i ,the z^ bij 
cjtfe-i and subtracting fields the result j 
e) this is immediate from Ccf) ) 



f-A) 

VT2* 

K 


2,4, 2, 

1 


4 

1 2 

4 2 

1 

8 


0 1 

4 

5 14 

6 \ 136 

197 


197 2 - 

■22-4Z 2 *! 

1 0 

1 

1 3 

13 29 

42 






6) 

Vl3- 

[ 3 . 

l , 

1 , 1 , 1 , 

71 



3 1 

1 1 1 

6 

1 

1 1 

1 

0 

1 

3 4 

7 11 18 

«9 

137 

256 393 

649 

1 

0 

1 1 

2 3 5 

33 

38 

71 109 

180 







64 9 Z - 

13* ISO 2 *1 



*) 

^53 = 

[5, 

1, 

2 , 1 , 10 ] 



5 1 

2 1 

10 




0 

1 

5 6 

17 23 



23* - 

33 »4 2 *1 

1 

O 

1 1 

3 4 






g} see, for e;camj?|e, the number tbeorg 
book bg Niven and Xuckerman [1966^ * 
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id. t) 6*(j n »£(<*!,• *V w)ZE n ) 


it) bvj induction 

r < e 2 , t 2 = i + r <£,+ £2 = e: 3 ; 

= E^fE^E^ for tv* 2 ; 


Hi) ( 1 \ — ) < E n ^ 6 so the result follows 
fcnj taking logarithms ; 


w) 5 'loa _ ^T^'> 5 (.2os^8) > 1 and 

^ 1 tog 6 

lO(J D < t *, thus n < ^ iWT < 5t *, 


v) immediate from the above when one 
observes that n is just the number of 
divisions required ; 


vt) see the references following 1*6 , 



x»u 
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19. i) The square of the 
distance between the centers 


of C(f) and C(-j) is : 




2(&c-ac0-i i 

zb\C* + hcC ^ 


* 



♦ 






thus the circles are disjoint unless £c-acf=±l; 
precisely when be - acC- t l tine areles are 
tangent and , bvj # q (tii-cC) the fractions 
are neighboring in $ w , where m = max { 6, d } ; 


u) the point of tanqenaj has : 

X-coordinate = 4- + ———(— - 

6 ^*-& u b) ' 


T coord,na+c = 

ib* + zer 


o£+ccf 
6 J +c£ 2 *’ 


b%d 2 ’ 


w'O this is a consequence of each of *io(0 

and *14; 




w~a) all points of tan<^enaj are between 
“T and and, consequently, so is the entire 
curvilinear trianyle ; thus o< must lie 
be+voeen-jf and • 

S) by (t) and (vt - 6) ; 
e) each of S and cC is < b-t-cC = f ; 

j\ a' _ „ c «/ c c' 

<i)“ t- 1 - d i i'- l ~ j ) d' 
and £>' = <£, f=f, c C's 6 ; 
e) by jproof'oj^ <£) . 




a 

& 



w) A and C are points on C(-j) and since 
f >£ > cf, the point C is farther to the riylrl 
than is A : 



Sill 


165 s 


w 


„ Cv nA- - <d>+ccf 

a,b) B-A - -gi^4- ^ +cC z 


t -1 


6*-d 2 -hd 

“ ( 6 *+( 6 + cO l )( 6 2 + cCM " ' 

where t» -j- ; now ?c 2 - x -1 has zeros at 

-%—■ and t 2 -t-1 is negative precisely between 

these zeros; thus if -j < —* 2 ^ then B-A<0 

and if -^r> d±JL trb»cr» B-A >0 • 


tv-a) | a - -j 



a£ +cd _c_ I 

& z + d 2 cf I 


_ _G I acC - 6c I _ _i_ & / cf / 1 

“ d 1 & 2 +cC 2 d 2 ‘(6/d)Si V5cC 2 

since (putting t=-J) when 

fi) 

c 4 = t 4 ( 1*0 1 

' T' * f a ’ (INI 41 ) 1 * f 2 ^ 


(putting t »-£-) t *<^? < when 


•v) immediate from (iv) and # i<>(w). 





2i. t) tWc- function f(x,y) = ij-ooc is 
continuous , vanishes only on £ and is negative 
at (i,o) and positive at (o, i) 5 

'ft) ^n-2^n • ( n'^u-2 > pn'pn-z) 

= ( finJJn-i) = JPn-i) s ^wOPn-i j 


m) the area of OP n -tP n »s the absolute value 


>f 


Sn fn 1 
fy-i Pn-t 1 


O O 


= t \\• if (s,t)mrea lattice- 


point in or on the triangle other than the vertices 
then the area of the triangle OPn-tPn would he 
2 the sum of the absolute values of the following 
quantities 


1 

z 



Pn-i 1 


<in 

Pn 

1 

5 

t 

1 

1 

) * 

S 

i 

1 

O 

O 

1 

0 

o 

1 


smai C^n-t,fn- 1 ) s (^n,p-n) =1 neither of 
these is o and each is numerically > 


Z 


vv) immediate "from (ui) , 



iz.i-ai) 


an,X* $ X* 

a«e-i)X 15 '* s i( 2 tv+ 2 .s-l) 


< 1 for \ar<^c n ; 


6) LH5 



(n 4 S> l 
si (m+ts) l 


(HH42KH41.4S) l “l* 2 * 

s\ (m+z+zs) \ j 


w 

- 2 r 


(n 4 S>l is _ , v 2 r (-n. 4 S 4 i , )l y 

(S-lV.C 2 n4lS4l)l * 2 ,?& S l(2H42S4 3) l A 


,2$ 


eo 




(U 4 Z + S>\ 


S.0 SlUn+iS + 4>l 


•x 2S s*hs ; 




(L x 4 -c'' y 
2 ) 

.zs + i 




r \ tc" X z * l?* X zs 1 

= ~]r 0 (ZS 4 l)l 7 x Jo (2S + 1 1 1 = 2X 

and, therefore, -** 5 

/•» C 2X 4l 1 fo^X> _W 2 fg(*h 

<*) e 2x -i s ex faCx) s zx( i+4x fiCxV 

! , _i_ r _i_ _2_ ? v-_fji*bl 

= Hr + l4 Zr ii^L s L * . x + zx f 2 (x)J 

fi(X) 

t l 5 zn~l m Tn±ti±Ll 

T » x t * ** , _ x — + 2.X /*(*> J 

3 2 H -1 *X - _—-i 

XjX>***, X + 4H+244X Z J 

t^i+i (X) 


3 2H-1 2~H4l 

* • 


ft 3 -.- _ 

= Lt,X,*-*, x , X + 


2U+1 


fw+l,C*U 


X > 


••• ] , 


which converges b\j SeideVs theorem 




Psn*i s 'Ptn+'Pin-i s 1‘P'in-x+P'in-z 

= (trt+i)p 3TW + 2 p 3n „ 3 = (*n+z)p 3n . 2 +zp, n _ 3 -p, n _ 2 

= (*n+2)p,n-z+Pin->+f,n-<+f,n-*-p,n^ 

= (<m+Op™-z+p 3 n-* 

ond the same equations are true with all p’s 
replaced bvj cj’s ; 

6) [ 2,6,10,14,1ft,and the 

first few comments for -|jare -f-,^; 
for ns o, l ,2 the quantity A i ?*»** . *Siauj 

J z ^pra+i “ ^jn+i; 

t ^ -26 4 • 26<V 

is |. 2 , ±. 1Z} x. tz2 ; thus the result is true 
for n * O, l, 2 ; now assuming the resulttrue 
up to and including n-i we have 

y?n-»t*' < lw-n _ (4W4-2>(p 3n . z +tfc n ,^ + (p w -5 ^m-y^ 

= (4n+z)(p 3n _ 2 -<l 3n . 2 U(p 3n . y -<i, n V) 

_ («m+&)p n . 3 + p n _ t _ Pn 
(4n+2)Q.n-i + <\n-2 ~ > 

we now use the fact that 

("?■( p3n.+i‘T^3n+i ) > ~(p3n+x”^'»i'+^) ) * 1 

for all n ♦, 



XUI 


O p u+ t.=te, so t n -»« and 

* cffiw& r -> ° ; 

■±^4fs X-'O? 1 wc ,s bounded) 

hence from vve concludethat 

t n -+ e ; and umcjuenessof limt+s guarantees 


a=e ; 


Hi-a) put x s -*f-in (i- d) *, 

6) sTi[ >/2 , 3\/2,5>/2 , lyfl 


= VT (>/2 + 


3n/2 + 


5 VZ + 


7V2 


) 


:2 + 


3 t 


10 + 


_s£_ 


ivl + 


<*>/!+ 


= 2 + 


3 + 


10 + 


7 + 


\ 


18+ * 


169 s 


r[2,3,IO,1,IS,-"l , 
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and this is non-periodic since the partial 
quotients are unbounded ; 

VF 

c) if c, were rationalthen </! J 
would be a quadratic irrational and would 
have a periodic scf sponsion in violation of ( 6 ). 


23. I*t) True for n 
n-i *, then : 



■0 ; suppose+ruefor 

( Pn; Pn;\( 

a n 1 \ 

' ^n-a ^ti-2 A 

1 0 ) 

0. ( K 


, / \ In 

<U*J ’ 


5 


“') a *— a » = ( 6 3 1 ^) and -*■ <*; 
now = 


11^1+663 


( a ^»+ 
Vc 6 1+ 


'cfe 1 +c£6 3 cSj,+cC6if 
afei + 6^3 a.-£f + 6 


c^i+cC6 3 ~ c -§*- +• cf 

*3 


and 

acx + £ . 

CCX+cC 7 



w> if A,••• A n » j.) tw«n 

t±l) 

«"<* -I* f 5 

v) subsequences of convergent sequences 
converge and to the same limit • 


Vi) I K,(P,)-K t (T»,)|.l^-a « lp |‘ n n 7j l ‘ l 

s 1 de+ V* 1 9 x±x I j .— z 1 • 

\ ^rv 1 ^ 

vU'-a) from (vv), f^j s I X^^nV^lROl-tOj 
6) if either a or c is zero then 
Ki(PnB)® Ki(P«)“*« *, >f neither a nor c iso 

then K t (P n BV Zoic ' s 1 ,s a ^ ar ^ mw l‘ an ‘'‘ °f 
^ and , therefore , lies between themj 

since these two fractions tend to a so 
also does K t { P^B ) ; 
c) same argument as in (6) 
cC) immediate from (6) and (c) ) 




»7 1 s 


vwt) srncc ,thts 

follows immediately from Cvit) ; 

<%) verify by direct multiplication of the 
matrices involved ; 

X) when d > i we may use the l 5 ^ part 
of («0 with y chosen so that o< c-xc£<d 
( since ad - 6c = ± 1 it is clear that d does 
not divide O ; the matrix ( ^ c-xcC *) ^ as 
determinant 11 so we can ayam apply the 
same part if c~xd>i ; if c-xd=i we 
may use the 2^ part of (ix) yettiny -the 
product of 2 matrices when a-6c*i and 
the product of 3 matrices when Sc -a = i . 


m) a,*(» 1 x 1 ; x ) so 

i = i ie 1 (x') = i-x = i + (-x)=f 1 (-x); 



suppose "true up "Vo n , “then 

1 rr \ - / OnlrtV 2H41+X 211 + 1 \ 

«•=! m ” 2r >- +1 2n4t ‘ V / 

SO 

f n41 00 3 Un + l + X^Cx)* + 

<]nuw = (en+ 1) f n (x> + (zn + 1 - * ) g„(x) 

fcu*i(*) s Un+ 14 X><J n C-X>+( 2 rv +0 fnC"*) 
fen + i(x) = ( 2 n+i)^ tl (-xH(zn+i-x)f tl (-x> j 
c\w»r\ij f n+1 (-X> = k w -i(*> and 


#)<0 f* 41 (?0 = (2n+1)( f n (*>+<J H (x>) + X f n ( X ) 


- y" ( 2 n-feV. 
"60 (*-*>l ft*. 


2THl)*T l x 

21144 ) x a (n .^ +lV . (fe .ot* 


tln+i) \ r 

*t! \h 


(IH-fc) 1 f (-ntlKlH - fctl) 


1 ^ Vt 41 

jx +x 


_ ^ (n 4 i)( 2 n- k+ 1) I ~ £ . 

“^ s0 (u-fi+i) l 6 t ’ 


6 ) U n+ 0 (f n (x>+ 9 *W)-x< 3 *iOO 

(m-G 

ifc, 


, v H ILL 1 (n-ft+O Un-6)1 fi 

f^nr( in+l ^ -X temPiM x 

k s 1 


£• Un-£)1 f zn + l w-feil ? £ 
til (n-6)l(fe“i)l t fe *" n-ft+4 > 


_ (n.4 1 - fc)(2n- &»i) l „ k 

fee© (n+i- £)! k \ ’ 





Hi-a) 

n 

* Z 

k*0 


fn(X) 


n(ti4i> ••• (2n-i) 
n \ x 2 


n \ 7 « 7 » _ . /- 

n (u+iV*. ( 2 n-iK-n-ft)! 6! and, T or ^ >2 

■nUn-ft-Ol _ 

n(n+iV •• (zn-OCn- ft)! ft l 


4 (i-i 

_ JL rr n - t 

" 6! ^L'o 

r 1 

<o °’ 


ft! * 
lim 


since 




n(n+iV** (zn-i) 
-r f |, m nUn-ft-iM _* 7 ft 

rf _L /JL\ fe - a*/* . 

6) some argument as in (a) ; 


tv) 


fntX) _ _fnOO 

~A n M * 5n('X) 
e^ 2 _ -x 




n(n+i)— 


<3w(-x) 


n(n+i)*-( 2 u-i) 


e* as above; 


<»«d J»« Ja« 

K n U> 

+bus ^>(^^ 2 '“) exists and is e* } 



XIII 


v-a^ multiplicationon the ri^ht side fields 
the left side; 

6 ) [ i, 6 -i f 1 , 1 ,l , 1 , 56 - 1 , !,•••] 

-KffeiX^iV.sjftae?" iXiaGWV 1 )-} 

-. K{((ux^xt«t «Xt‘ 

(yf/fi+l 6 V/lfc+l 3fc\/ y ^ +l \ 7 

= K ll fe i-lH jft l 6 -lft 56 sfe-l) ' " ) 

•«((<(? AM? 

•“((■;* ax? ax? AH-* 1 *! 

w<l have used I ( U ), I (v), E (v- a>, I (tv>, II (w) 
m order ; 

c) put 6 = 1 m ( 6 ) to obtain 
[ 1 , 0,1 , 1 , 2,1 ,1 ,H , 1 . 1 , 6 , !,•••] 


s 1 + 


0+ 


Cl.1.2,1.1,4,1,1,6,1,-1 

= 14 [l,l, 2,1,1,4,1,1,6,1,-1 

= [2,1,2,1,1,4,1,1,6,1,-] . 


rjsrs 
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24 T i \ C, s — s *** — — _ Pi . 

Z4. I t) C,- a t - a,.i-6fO * Hi ) 

^ _ hi «» & i 4 %_ _ flifei * &i *0 JPa # 

2 " a t - |i' * 1 * 1 - 6 * " aiai-S^.t = ~^F > 

suppose true for u-i ; then 

C^s-I 1 s -£*- •*♦ —^ H ~y 

n a ri . 1 * 

c r 

s (&h-i* g~^ Pn-z * Pn-ipn-3 

ivrfe)^-! -6tv-iH w - 3 


n*l ^ vi-3) * 


”2 

Pn 


1 


} 

i)p„ 

-i-6 

n p*n- z 

* * • > 
«» 

6o** 

• J 

n-1 + 

6.- 

• &TV 


£ *•* 2 ^ d +^o^i+*** + ^o**'5 

clearly if a u -i * & n for all ns+nct ecjualt+vj 
holds everywhere j if a^> 6-j+i therefor ni j, 
j^> £<>+»•♦ + £ 0 * ** 6w * chanytny all p^tocjj 
yields the same result for cj n • 



Kill 


'77S 

Hi) M-i-JM.-G.. 

pn^n-i “fa-t * 

dividma bij uiclds +Vic last equalt+M; 

W) <).-_Po ■ 1 

= ».-&, 2 1 =( i«-fo; 
assuming true for n -1 , n - 2 we have 

^n'Pn 31 ^u( J^n- 2 ) 

^ ^n-i “J^n-x)”( ^n-z 

* VrP*-* * 1 > 

if a^-i = 6^ for j<n wehave 

~Pn ~ ^fn-i~J^n-i~ ' * ’ s Jpo = 1 > 

») from (w), after dividing bvj <j n , nvc 

*«■ (,W) 
the sequence is monotone increasing 5 





therefore since this sequence is monotone 
increasing andl bounded above bvj l it must 
converge to a limit s i ; 

if aj>6j +1 and n>^ webave 

JV _ Si Si ••• S-m, 

<?« * q 4 <jo * ^<ln-i 

. Hi “Ho . < jn~ < ln-i _ f _ S.-S, ] 


- 

(-L_ - 5 -V-i 
Mo 

Y— 

' ^n-i %*' 

'-L i 
rQ 

ST 
•* ~ 

1 

6i ,# * &i 

= 

_1_1_ 

% 

l Mi-* * 

iiAl 
W* ) 

♦ 

) 

now, 


1 

<x> 
^ * 

<*> : 

i ^ 

•* k>. 

- > 0 , we 

have 


lim 4 r^- — —i- 


_ Si-Sj" 

{< 1 ; 



t IjV 


) 1 > 

v<) 

when a n * 

6 n +i for 

all n , 



£ll - 4 _l_1_i_ 

— <{tv “ S 0 + , "+6 0 **'6 n 

and the results follow from this equality * 

H t) Since -|j- is positive and the convenynts 
to a n are monotone increasing (seeX ( ivC)), 
weknowo<o< n 5 



since for each n there is a } >n such that 
,wehnowbg l(v)that « n < 1 ; 


for m > n , 


... Si Sn-i 

— z~— ♦ ♦ • r ~r~ 


Si 


Sn-i 


a,- 


a n-i” a « * 

am • thus ration a Irhj 


««.»- 'r Cnm “ ai_ 

where c s —^— • • • — 

W ”' M ^ ^ tim a n — a m 

of ang implies that of a t and hence of 
everg og * 


l?j ra^ - s 6 j 

tw) = af-Sfi iO <Xy t = r ’> 

bg {{) } o<og +1 < i so o<rag-sfg<r ; 


w) otherwise, bg we could construct 
an infinite strictly monotone decreasing 
sequence of positive integers *, 

v) this follows from (w) if a n > 6 n + i from 
nsion; otherwise, 
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suppose this is true only for n 2 m j then oc m 

r r 

is irrational , by (v), hence oc - 


Um- 

(a m . 


_-, ) r ’ - ai “ 

l 'r-t m ]q m z > f rom f ,r,cl 

-l ““m >Wm-2 Mm-3 ' 


( ®^m” fl'm-lXp TM . 2 “’©<^m-Z^ = ~^- i (p r n -3 “ 
the irrationality of cx w -a m . x then says, if cx 
is rational, p TO _ 2 -o^ m _ 2 =p m<r a cj^.,-0 
which implies the false eejuahty 

«, _ Pm.-z _ Pm-3 

“ y m - 3 ’ 


25. i) True for n = 2 ; assume true for n , 
then 

n+i 1 n-i 11 1 *w 1 _ 1 _ 

c ^ C (i = T" c fe"^ c n + C-n+i — £ c fe + —--L_^- 

K*i 6*1 g*i _L , _JL_ 

Ctt i 


1 C z r z 

_ —i— C * * * , _ £nrl _ 

~ c t — c*+c z ~ c n _ 1 ^ t 

*._1 


_ 1 

c 4 * 

_JL + A 1 

Crv ^n-ti 

. * % _CnM 

1 

n 

O 

C t +C 2 - 

C n-i + C w fC n _j_ -•" 1 1 

Cn * Cn+i 

- 1 

C 1 2 

C ^ 


c t +c 2 - 

C *» Z 

C-n+ Cn +1 ^ 



Id) s 



w) usrnq U), 



1 + 


+ M 




»62S 


v) using (#) 



26 . t) for each fixed x 

_ X* n _ i n ~ z (u- i )\m (m4 lV-(m^n-z) 

2 m nltn(tn + iV"(tn+n-0 * X zn ‘ z 

- ** < i 

2*n (m + n - 1 ) 

for n sufficiently large ; 
ii) the given assertion is equivalent to 

f.n.,(*> V, n C~l f'n.» W = £n(*> i 
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the left side equals 


^ (-11* _ A r> S~_ —, r-' n\ - 

1 \t 1 t lfi ft!(m+iV-(t«wlirZ*m(TTt+i 


00 

E 


f-rt ft X* ft 


= 1 + 


s H 


- H 




g - . 

” g 7t 2* (ft * l> 6lm(m+iV-Cm4M 




oo 

+1 


(-ilSc zft 


00 

si+r 


M 5 V 6 


gh (I 


(*♦£) 


= i+i 

a»i 


(-iW £ 


2 t ’'(5 Im (m+1)—(mt 6*0 


* fmW» 


the inequality follows immediately from 

tViei^ ; 


OO 

m) f Vz (x) = i +£ 2 * e ft i xTirnsn 


g (-i) ft x zfe §2 

= 1+ l£t <*<*>'• ^ ^ 




2 

2d 


(zfeV- 

<» f— » (-l^X^^ 

K (x> * 1 + (£l2 i H(-i-".-h £} 


fcsO 

oo 


- tosx 


i if t-rtSc * 6 - r c-i) & x ag _ smx 

1 fe ^ 

f 3/2 Cx> _ tonx 

hW ~ * 






iv) in(ni)put ys-j-to obtain (succcssivdu) 

_1_ lMM fflli! 

TT - l- 3 - 5 -— 7 — 

, ^/4 ("/Xl* ("/„}’ 

X 2 “ —- —— - f f ♦ * * 

1- 3 - 5 “ 7 — 

_ m m* m 2 m z o m, 2 
“ n- 3n- sn- 7n- “*( 2 lv-i)n- * 5 

the riyht hand side of this last expression 
satisfies, for k sufficiently larye , the 
condition (2 (k -i)n > m 2 + 1 and hence by 
*24 E (v) is irrational . 


27 .1. The number of inteyral polynomials 
of deyree n is countable as are the zeros 
of such polynomials; hence for each n there 
are at most countably many algebraic numbers 
of deyree n *, since this means the set of all 
alyebraic numbers is countable and since the 
set of real numbers is uncountable there 
exist transcendental numbers : 




Q i) one merdvj divides f(x) bvj x-c* to 
obtain <^(x), which, be»n<^ of decree n -1 , 
does not have a as a zero 5 


u) since ^ is continuous and cj(oO 4 O 
this is immediate ; 

in) choose integers a, b (b > o) such 

that + then if M is the 

maximum absolute value of y on [a-<5,a+S] 

voe have „ , _ 

, a I | m U I Ml, . 

I w -T FI 3(f) I- M - M 6 n > 

novo f ( t ) b n is an integer and is not zero 

smee if so « would not be algebraic of 

decree n ) hence | o< - -j -1 > M g« j 


iv) choose c= min ,TiTi^ *, then for 
outside [«-5,a*v<3] ) 

-jn 




ED i) kccordmy to XL (iv) if a were rational 
there would be a positive constant c such 
that | a - -g-1 1 -pr for ah integers a , 6 
(6 > o ); but with a= io* n £ io" 2 9 = io 2 ” 

we have 


OC 


a r» 

a-x ® 2- 


*tn 


10 


mrtvn 


< 10 


~Z +1 


IO 


-2 U 11 


and this, for n sufficiently larye ; will not 
be > for any positive e ; 

an alternative proof is to observe that 
the decimal expansion of & has infinitely 
many non-xero digits as well as arbitrarily 
lony blocks of consecutive o’s, hence can 
not be periodic *, 


w) for each n , by II (w) if o< is LiouviUe 
then a is not alyebraic of deyree n 5 
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iu) let n be a positive integer and c be a 
positive constant; choose 6>n such that 
M*io" fi +1 <c and put a*io S! Ia m io' m! , 
6 s 10 fi! ; then 


«- -r = 


L?L a ™ 10 


- m l 
C 


sM-10 

c 

c 6 n 


•(fc+i)Ul M-10 


-6Ui 


(lO ) 


thus bv^ (w) &, \s transcenden+al . 


BT i) let n and c be <pven and choose 6>n 
so that ijjr< c; then with a =■ , 6 - cj 

we have 


<*“¥ 


= a- 


<U 


i . t __i- 


‘‘fc.'U* ' ‘U** 1 < lit 57 = 6* ' 6' 

and the result follows from ID (it) *, 


¥< 


it) take a fe =2 61 , giving 

P. , » 6 , 24 - 120 ~\ . 

[1,2,2 ,2 ,1 ,2 ,-Jj 




iu> wt need +o show ag +1 > ag) 6 * 1 

implies ag +1 > for £ > i) and this, m turn, 
would follow from 2 ^ •••»£>£[£ (for ksi) * 
for , za x > cj= a t *, if true for & then 

2^* *" ^ 6 ^ ^fi+i * ^fc-i r ^fe-*i 

28.1 i) The probability that an arbitrary 
X *n [o,i ] is irrational is l and that proba¬ 
bility is also the indicated sum since every 
X bas exactly i integral value for a n (x) *, 
Similarly the set of irrational x with given 
a t, • * *, a n -i ‘s the same as the set of irrat¬ 
ional x with given a t , • ••, and a n (x) 
a positive integer * 

u) the set of x with a t (x)- £ is just 
the set of x satisfying £ 77 < % < "g - 

and the probability of x being in here is 

. _L. _k_ _ 1 _ 

} U * + &“ fc+l = fe(fe4l> J 




m 


Hi) The set of x wt+h *n and a 2 (x) = 6 . 
*t just the set of x sa+tsfvjmcj 

i it 

< 


n *i <x = 


rv + 


li*i 


thus the probabthtu of a z (x)»fe <s iust 

~. ; i . _ f i 

«*t' n+ 57T " n+ T^*^^ n+ 6^ n + fe7T> 

s ^i6^ 6 + n?i 712 ^ 1 

_ tt* / _£_ S 2 {±l]fejnigIEa.\ 

“ e£(6+i)V 1 ” TT 4 n ~j n i (tn^(n+-gj7)’ 

* € ^> 

. g s (i ,, 'Grii H *eTi7i) 

wbw-4, C t » ,fir 

«* 


-T OO 


tv) for £ > 2 , 

OO 1 OO j 

?2fi Pifi (n+-g-X n4 ^i^ ^ 1 ^W^1 (tt+'2')(lt>+"3^ 

OO ^ OO ^ 

Pi\~P li^, Cn+iUn-4^-) ii ^ n(u+i) = Pn • 


)5$S 





H i) Bq *3 (xiit'-a) the relevant x lie between 
[o,a n --,a n . a ,6 ] and 6+ 1 ] }+hus 



_ 1 Pn-2 ^n-i~,Pn-1 H_n-2 

= 1 A^-( 6+ fetK 6+lt fe)- 


u) the middle (equality) follows directlq 
from (t); the inequalities follow from the 
fact that ft k^y is strictlq increasing on [o, i] ; 


tw) the middle expression is y)^4x) > 
with x s ,and is s+rictlq increasing on [o, i] ; 


I» ■ 


tv) summing (tw) over all positive ^ vj. 
the result when one tabes account of IU )) 


v) multiply the equality in (iw) term btj 
term bv^ the (reciprocal) inequality in (iv), 




>.e. bvt <_l and one obtains the 

J i 2 

desired inequality when one observes that 

^^ai "* t ^ ^* 

® 1 ) 6 5 fef 1 "fTTfe+O " ( T ' ) 

- 1 - 1 - M . 

* M+l ” M + l 1 

«) ,& F («M***» ) s 

~ ^ i > * **> ^n-i > ^ ) 

s P(fli,***,a n .,) " P ( a i>‘**> a n-j)-|“ (i ? 4l fe(fc 4l ) 

s PCa 1 ,-*-,a n . J )(i- T ^ T<) ) $ 


m) usinq (u) iteratively we hove 
r P (a,.***, a n ) = f Z Z P (£»,•*♦, a n .„ £) 

iajSM M ' n ' a,=i a n .,-i fc*i 7 

“ >in < *a&-&-‘ Pia "'"’ a °-' ) 


<♦♦♦< & n ' 1 Z P (a,) » ex 

a ,-1 


- /v^* 1 M 


M+i ; 
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<v) by Cut') , for each M the probability 
that the partial quotients do not exceed 
M is O ; thus the probability that they 
are bounded is also o . 


DT i) Sum H(v) for to obtain 

Z - «- P(*j.•"-<»♦.».&) ,3 , 

< wWc * ,s 

an mteyer satisfying A-i<y>(t)^A ; 

nOW ^ 3 A A+l - <f(t)+l an d 

the result follows; 


it) this follows immediately from (i)erl(i) • 
iw) the result in (vi) may be written 

<p(a 1 ,-» ) a i . 1 >(i, t >AT; 
iteration of this result leads successively to 




< E £ P ** * a t^ 

< p(*i,-,*t-*)(i- X 1 " s(»ec*>«)) > 

• •« 

p( a »» , * , i a -x) J JJ 41 ( 1 “ <4>(p + i ) 

< £ ••• £ p(a lt —,a t ) 


w) the serves E ^, E converge or 
diverge together ; also the series £ ^nyTT 
and the product TT ( i - converge 

or diverge together; thus when E 7^7 
diverges so also does E ^^75 and,since 
the terms are all positive and < 1,this implies 
TT (1 - 3 (^ ( n>+i)) diverges to O ; thus bij the 
left inequality in (tw) the probability that 
a random x v*>ith first >/+1 partial quotients 






fixed satisfies a n (x>< ^f(n) fornsAf is o j 
since this is true for all choices of &t,- 4 
and there are only countably many such 
choices the result follows ; when I 


converges so also do Ij^^jandTT(i-ii^Tj); 
further, yiven £ > o there is an J\f such that 
for t >fiT the inequality 

i ' t< ) * 1 
holds C otherwise the product would diverge 

to O); but then,by the inequali+y in (Ui) t 

(i-e)p(a 1 ,- ; a^)<Ip(a 1 ,--,a t )<p(a 1; -,a y ) 


and, by summmy 

*1 I ' 

a* is a H . ,<4f (M*i) is a t <■ <fct) 


i-£<I“-I Z *" r i 


and the result follows by observing that 
this is true for each e > o . 





XIV More on Primes - Solutions 


1.0 Tor iss<tsjpj we see that all prime 
factors of N t -N s s (t-s)p t are smaller 
than pj} consequently each of p^,***,p n divides 
at most one of N s and Nt *, 

a) since p n .j>2 we may clearly take y n- i *, 


iii) each of then-mprimes p 0 -**, divides at 
most one of the p ( numbers tp, ♦ • • p. t -i, istsp, 
thus, since ppn-t + i, there must be one of 
these numbers divisible by none of the primes 
pi,***, p n } since , also f noneoftheprimes 
p lf •••, p,--! divides any of the numbers the 
conclusion foil OWS *J 


F o 


w) if t s H then tSp^n-i + i’n-s so 
n< 10 * hence t y 4 by our hypothesis • for 





fi. t -* *7-2* S’ *i so 2i; »f 

tK»s last ine^ualitij is true for t = j then 

Pr 2 *pj-M + 2 M + 1 

SO it is also true for i * j*1 3 consequently 

for all i 25 now, usinqtheminimal 
property of v , 

t < p, M -2 f n-(t-i)ti-2 <n-i + i 
so the number o| factors in p 4 ***pi *S 
smaller than the number oj factors in p 1+1 *»*p n • 
The desired inequality follows from the fact 
+Ka+ p,<p u ,,p a <p,. t , — , p,<p ti ; 

v) kij C*i), p M ,<p a ~p, so,usm^ W, p‘„<p r -p„. 

2 .i) Since jsk we dearly have p^sp fi 2 *n and, 
since pj does not divide n we must have pf <n )Cpj*n)sl 

ii) by (i) ,no p^ with jsk can -jail to divide n 3 
consequently p,—p(i|n and,therefore, p, •♦•pgfn 3 



tit) if there is no composite integer < n 
and prime to n then , bvg (u), p t ***p ft f n } 
Since n*49 and p s ? s n * p\ 41 'we see that 
£24 ; therefore, , pl,<fr‘f^<pLx , 

which is a contradiction} 


tv) bg (iii) such an integer must he < 49 j 
direct checking of the integers from 30 to 48 
shows 30 to he the largest integer with the 
stated property . 

3. Bg* 2 (tv), if n >30 there are integers 
a,b satisfging 

i <ai6 , afi< n, (a£,n) - 1 • 
now a<v"n and a|n } this shows no such 
integer is larger than 30 ) direct checking 
of the integers jrom 24 to 30 shows 24 to 
be the largest integer with the stated 
property . 



H. t) The canonical factorisation of n Kcis no 
primes Other than p»,—,pj *, hence n * pf’—p *i 
where the «j2© ; since each positive integer 
is of the form 2 t t c , where fe * o or i ( the 
conclusion follows j 


ft) in (i) the number of possible m is £ vra 
and the number of* possible pf’^-p^ is 2 J 3 
hence • 


tu) put j's TT (n) in (ft) to obtain 
n = Ng W (n) * Vn 2 T,ln) • 
now take natural loas of both sides after 
dividing buj \fn 3 since In n/z In i -too as n-t 00 
tbe number of primes is inpmie j 

wi) in (nO replace each n btj p n to obtain 
thus, p M s 4 n ; p n * H n so the conclusion follows 3 




v) if the scries converged there would tea j 
Such tha+ Z.f< -f; then 

and, therefore, 


<J% < \ 5+1 for all X ) 

this is clcarlvj false so the ^iven senes converges. 

5. if 6 is composite and 3* C *[x] then 
sin -^-is o for some j , 2* js £-1 ,so the 6^ 
term in the ri^ht hand sum is 0 ;if £ is prime 
in the same raneje then i-(sin-^f is always 
< i so its power -* o as m -f ©o and the 

le term in theric^ht hand sum is l -thesummard 
l counts the prime 2 . 

6. Tor fixed n if s is larger than the largest 
exponent in the prime factorisation of n and 
if m > ^(n) then ( *' i) n Tr - is art integer when j'sm 
and is not an integer for o< j < /^(nV, thus 
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for s and m so chosen, 

|S 5 ('*-<“ 5 ^ */»(«); 

therefore,the triple limit as stated is just £(n). 

7 . i) This follows , usm^ 9 4 Civ), btj comparison 
w,+k Jj^f > wU is a convergent geometric 


series ; 


t (t-0 i-i _ m (m*3 ) 

») pu + A t « io 1 r, p„ io *• , 

i(t-0 oq _ m Cmtfl 

®* s, ° itfnW 1 
SOthat io 2 j3 c *A t +0 t j clearly A t is an 
integer and o< B t - ? 0 p t4 j io' Cl4 i Hi+i/2 ^ 


< 1 


for til) thus [ io 2 j3 a ]-io [io 1 j3 0 ] * 

n _ tnfrn+fl 

A n n* IO X !l ° L?™'° 2 ' l0 XiP™'° 1 

= pn • 
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S. i ,ti ) The proofis virtually the same as 
that cpven for * 7 . 

9. i) Put f^s ioi’ >(C '°^ ail+Z \bcise 10lo^art+Ufy 
ikon (a) is clearly true *, for (. 6 ) note that ; 
when V > n , 

a ,M, . i- 

v f ( v ) v t ©'^*** 1 

(0 .t(i.nV l 

and , therefore, 

? a »£w< f io- lw - n, *’<i : 

4*11+1 f(V) V*n+i ; 

- ^ a *fill 50 

V*1 f(+0 

i fan -0 • j»-&e 


s *n > 


n(n+iT 


f » /• TI * J 

or *7 put a v = p v , j(n)» io 2 ; 

fork’s -put a v *p^ j f(n)* >o 2 


201 $ 
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io. \) This follows immediately jrom 

/ _ fmU«-2 V * • i 1 f £zn-0(zri'3V • • i 7 

U )• 1 nl ){ ^ ] 

it) by IV *24 , the highest power of p in (*£) is 

,pT{Cfr] - 4 I^-] ] . 

which ? by IV*I3 ,15 i tp } this shows divides 
TT p*v ; the other division is clear since no 

'p <IU J J 

prime p , n<p£ 2 n ,is canceled from the 
numerator of (™) 8 - when one reduces 

this expression -ho an integer j 

iu-a,&) immediate from (i) and (t'i) • 


"I ,5*'" P * * I J" P i 7 (" (* w* and 

the rest is immediate • 


V) f om (iu-a) we see 2 n < ( 2 nf ( ^ and, 
taking loys, tk is fields TT (in) y 


nltu * 
Ih2 n ) 


now 
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let x>z and suppose 2nix<2n+2 5 then 

s¥'-fef« r * 23 ; 

for z< x<3 f TT> 1 >-^ 2 - -^ 2 ■ x * 


In* ’ 


hence one may take As • 
vi) from (tit-C) ) n< T sin In p < zn In z so 

P L ln P < * n 1 +,£„ ln p; p u+tm< 3 » = !‘" 

and repeatedly usinythis last inequality we 

obtain I s In p < 2 1 * In z + I fi Jn p <••• < 
pit* T p ***' 1 j 

^ . , * L - v - &41 . 


zHn z t z^lnzt • •• + 2 nz< z' 


vii) let z^* 1 * x<2 fe 5 then 

I Inp* I e lnp < z &+1 < 4X : 

>p*X 7 pi 2* J " 

vtti) from (iv) and (vti) } 

Tr(x) - f zA i^ + ^ <(2A+1 ^ iSr 1 
for v sufficiently larye j but for bounded x 

there is clearly a constant B for which 
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TT(x} < 8 -|^r Since f or *22 is bounded 
awavj from o ; +be conclusion follows ; 

ix) immediate from (v) and (viu) . 


it. i) Taking lo<^s in the chebvjshev mecjua ht*j 
we have 

In A t In v - Inin x < In TT(x^< In 3 + In x - Inin x 
and dividing ktj Inx fields 


if 


In A-In Inx . InTfuS 


Inx 


Inx 


< if 


InQ- Inin x 
In X 


+be conclusion follows from the fact that the 

* 

) 


left and ricjht quotients fend too as x-^oo ; 


if) multiply tbe cheb\jsh«v mecjuali+^j term 
b^ term with the mecjuahfvj »n (i) j 


iti) put x*p n in (*)} 





tv) from (iu) it is immediate that 


ninn / ^ ^ n m rv , 

«iw)'r Aci-o? 


n m n 


v) comparison with the series JT ~ n ^ 
fields the result. 

.. /v e _ / en-t \_ Un-tXm-zV** Uti-(n-i)) 

12 . l) Since ( n )--’ 

is an integer and no prime between n and in 
^ets canceled in the division the left mecjualittj 

i 


»$ clear ; now 


SO ( !n n ' , )<i'! I ”' = (5 ! r ■* 


,n*l 


it) it suffices to prove tbe statement for 
integral x ; for x * 2 , X * 3 it is clearly correct*, 
supposing its truth up to and including n -1 we 
liooa , for n turn, TT n p . 1T,.,p < <*”•' < and, 
for n odd (saij ns 2 ^ti), 


TT 


n = ( 




£ + 1 


H 6 S t n 





w6s 


$) ( z n) 8 , since psno.p* 2n<3p, 

we see that p, but not p 2 , divides the numerator 
and p divides the denominator, thus p does not 
divide the quotient j 

iv- a) we prove the left inecjuahtij bij induction } 
it bein^ clearly true for n*z j assume true f>r 


/inn\ . (itmXzn+n / m \ v 2 . in+i . 4 n _ t| w4t . m+i 
\ n+i / (rvtt ) 2 ' ft / ' ti+i 2\/n 2Vtui zVn 2 + 


2Vt7Ti zVn^+n 7 xVtm ) 


6j t or the n^ht mecjualittj note that 

«?)* gU« n >X^ ?)Pn < M^Pn J 

v) bij (tv), P n > i when 4^" > 2 Vu (2n) T ^ * 
raising both sides to the 6^ power vpelds the 

desired result ; 

vi) usincj the binomial theorem we note 

2n r ( i/znf <( 1+ [ ])% ((i+i)^) 6 .- 2^ • 

hence , for n > 500 , 

6 -(2n) 3( ^ +0 < 2 3+,ftta+l8Un, * /3 < H ,0 ^ zb t ^ . 
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Vtt) for n > 500 this was proved in (,vi) ; now 
each odd prime in the list 2 ,3, 5,7, 13,23, 43, 
83, 163, 317, 631 IS less than twice the preceding 
prime in the list ; if n* yoo there is a pair o^ 
consecutive terms p,cj in this list for which 
p s n < cj • since cj < 2 p s 2 n this means cj is 
a prime strictIvj between u and in 3 

vtti) immediate from (vCt). 


13. i) (an) <?„ = n< ^ <in p <(*n) 
and the desired conclusion follows *, 


It(zn) - TT (rO 


the <eojuali+vj follows b^ taking lo^s on 
both sides of the expression for (w) x ; the 
parenthetical expression is > l for the values 
of n specified * 
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iii) immediate from (t) and (ii) ^ 





VV) (TTUn)-TT(rO)lnn < * In P n 

< (n-oln h <- 22 - for nil, 
where o+ the t^mwjualttvj we used * 12 (i} j 


v) direct computation vjieJds 



i TTUnVTTOlU 


in 

itirn 


for n i n 


fU.il 

CS,™i 

{ [36,15©] 

| [135, SO©] 

I [321,1000] 
([720,2500] 


Vi) for n 2 9 © , TT( 2 tt) - TT(n) > -- y^ > 2 j for 
6 f n< 9 © one sees the truth of the assertion 
checking the data <jiven intbeproof of (v); 


vti) bij (vi], TT( ip n ) -7T(p„) 2 2 for p„2 6; since 
p 4 si 3 < 2*7 = zp H and p 7 *n< 2 *n = 2 p y the 
resu It is correct for n* y j 



viu) kvj W ), for n 2 « there are at least 2 
primes between n and en * at most one of these 
maij be 2 en -2 ) direct checking proves the 
result for n*4 and n* 5 j 


wO this follows from (v) and the fact that 
increases without bound as x increases . 


jln2n 


14. t) This is true j”or n * 1 , 2 , 3 , 4, S’ as can 
be seen bij direct checking •, suppose+rue for 
some £ , £ 2 6 , then we have, usm<^ # 13 (v) y 


*rr(2 641 )< ttc 2 6 )4 T * lfi 




7 . 2 1 


5 & Vh2 t ln2 S'6 In 2 




- 3ZZ" % njftio . z* 

" (6+i)in2 % zo6 * cS+O In a 

where onl^ at the last me^ualittj do we need 


£2 


26 ; 


i») let 2 & ' 1 <n<2 1 ' , so that 

TT^ 4j 3 C 2 641 ^ 4-Z 6 ' 1 . ^ a 


n 
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iii) us^ *13 M, ir«n) 


* 1 + 


n 


12 Inn 5 


w) this j*ollows |rom (tt) and (iii) when X* ts an 
m+^or 22 ; sm«. £(-,£- - ^)< 1 and ,s 
increasing the result follows from (it) and (i«) 
(with some special attention paid to 2<x< 3 ) , 


15. v) 7T(iTvn) - TT(m) > 

y 4 m _ 4 m 

7 lalnw 2 In m “ Inm - 


mn 


12 In mn 


_ 4 m 


In m 




it) IT (mn) - TT(m) > TT(2tn) - TT (m) 


m 


_ > 4000 

3 1 nzm ~ 3In6000 


> IH8 > 


4 n 


In n 


'*•4 1T (pr»pn) ’ ^ ( fn ) 

* mtn »n (p m , n ) j 
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ii) this is true by (t) for 2 f n * m , 4 * m • 
thus we need only check the coses where 
ns 1 , 2,3 and n<mj but, bv^ ^13 (vii) , 

P 1 pm s ^p m ^ pm4? ) 

P . P™ > Pm-l-* pm >P»m + 5p m >P„,: + Jpm’Pm^p,,, 

^ptn + 3 j 

iii) immediate from (u) • 


iv) multiply the inequalities in (iii) . 


<f nril* „ n /<f 2TnW. 

17. i) ,17 ,7T (x-e^)sn Tf (x-e n ) 

' <fl« 6*1 V ' cf|n 6*1 V ’ 

n /<f t-TTi £a n-i itMt » n 

s 1T T7 (x-e n ) = TT (x-e"^" ) =* x n -1 • 

/fin ft*l \ ' t*0 1 * 


n. t) jrr tt (x- e 

cOn 6*1 

n/i little/ n-l 


ik<t,n)*c f 


n) J\(x) * x-1 and the proposition is 
true $ assume the proposition is true for a 11 
positive integers < n * then TT F/(x} is momc 
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and integral and , therefore } so also is T n (x) 
Since X n - l s ^(x)^ F rf lx) *, notina that 

cC<n 

there are exact Ivj 'f(n) values of £ for which 
( 6 ,n)» i we see the decree of £,(x) is f (n) j 

m) true for ns i and the identity 
X n -i* 7„(x)j^ F rf (x) 
shows the proposition carries over to nfrom 
integers <n (notethat F t (o)s-land x 11 -l is 
also -i at x*o ) j 

w) if p| F n (a) then p ] a n -i , which implies 

J 

v*a) suppose n=cjt + r,o£r<t • then 
12 a n = (a t )^a r = a r (modp) • 
thus r = o (hij defmtion of t) and t |n j 
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6) let c be either p op a+p ;then p divides 
each of* c*-i and F n (c) ) but since, c*-1 
and t |n , t <n , we know (c) , and 

therefore also p 2, , divides c n -i • J 

hence c fr -i so (mod p 2 ) j 
C)from (6) ) 

(a+p) n *i » a n -i+^(^]aip n 'J sna n ‘ l p (modp 4 )* 
but (a,p)s i so p | n *, 
d) if p \ n then , by (a) and (c), tr= n * 
but a* 5 ' 1 * i (modp) and, since t istbesmallest 
number with a^si (modp) we must havet|p-y 
since tan, n|p-i • 

vi) that jp t •«p fe ) > l for y sufficiently 
lar^e follows from the fict that the leadmy 
coefficient of F n (x) is l ; since 

typ 1 ...p & 2 o (mod np t —p fe ) 
it is clear that F^nypj—pJsJ^o) (mod np^-pn); 
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fbe lost congruence follows j’rom (w)* -pnmallvj, 
let p be any prime divisor of F n (nyp^-pg) 3 
then p # pj for if j'$ & and also pjnj therefore, 
by(v*cf)> p*t(modn^ * 

vw) by (vi) no finite collection 
can exhaust all primes p With p 5 1 (mod n ) • 
tbe conclusion follows » 


m ^ITim . JL 2TT ; m i 

id. v) (c OT )* s e n “n * = 1 precisely 
wKen a|m j since tbe Jeriva+ive of x* - 1 is 


ILy a 
« * 


we see no zero ot Jf*-l 


is of ord 


er > 1 ; 


U) tbe number of elements m Aj which 
divide <f is just (j ) * consequently tbe power 

of*" 4 " in <j(iO IS just (n + ( S sV(s) + - j 
note that V-£ m is not a factor of F n (x) Since 
d">i j similar reasoning applies to f(X) j 



in) vo tan appears exactly once 

in each of 7 n (x), x n -1 and »n no other factors 
of and f *, thus^ since and f are momc and 
have tta same zeros to the same orders ) and 

s.nce hksms)*-■ i + ( s 2 ) + (5) + **‘ we 

conclude f and cj are identical 'the result 

follows * 


w) the -Aj corresponding to np are the 
same as j©r n • thus , since x 01 = (x p ) , 

the conclusion polk 


lows • 


v) let , i * r + i , he the sets corresponding 
to the .A j for n-then 7 n p(X) > n (X ) s 

..V, J Aj ’ 

for each a containing the factor p the factor 
x~®^-i in tta expression for 7 n _ (x) is canceled 
hy the factor x* 7 ? - -1 m tta expression for 7 n (X)j 
consequently the ri^ht side is just 7 n (X* 5 ) j 



\i) from (V) , r y (y) s + 1 } 

vii) 7 t (0*r-i so 7j(0*o- t'j C^)^j,(i)* r M (Oj 
thus ^fi(i) 8 (!)•'•••* 7 y Ul, and this last 

cjuantity is p, by (vv) *, if n has zdistmct prime 
factors j say ns my® where tn>i y (m,y)*i, 
C| prime then , ustny (wOand 00 , 

r m u) 1 ) 




s • •• s 


vui} this follows immediately from (u»)* when 
d* contains a syuare we do not find x^ -1 in 
either numerator or denominator • when cfs l 
we yet the factor x n -l and whencf isthe 
product of j distinct primes then x 7 -1 is in 
the numerator when j is even and in the denom¬ 
inator when j is odd • 


ix) usmy (-vuj), we see that when </* , 

>>«*)■ l so x^ 1 • 1 is a factor of F„ (v) • 




all other factors than those of this f?rm are 
congruent to -i (mod x*’ t+l ) since all exponents 
of x in these factors exceed p t *i as a consequence 
of pi + pi>pti the 2 ^ congruence follows for 
similar reasons *, 

x) for each i, 1 f i < t-1 ,there is a f, 
osjip^-i jor which s j since 

there are t-i such i the result follows . 

I9.<) This is htj direct examination j 

it) for nr7, each of 12,13 ,--,29 are m S* 
(and in S T ) so each of 12 1 p 7 ) i 3 +p 7 ,-*,ea + p 7 
are in S 7 5 if 12,13 ,***,29 + p 7 * + p n . t are in 

Sn-i (and S n ) then i 24 p n ,i 3 tp«,»~ 2 <*+p 1 +~+p T1 
are in Sn *, these blocks overlap since (usmq 
T \l vu; ) 12 tp t < 2<^ + p 7 + *** + p 6 M fir k2 ft ) 
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Hi) immediate from («) *, 

W) direct inspection and ) 
v) direct inspection and civ) . 

20. i) *f } S , and unions of open sets arc clearly 
open 5 if & lt '»,&t m ©pen and x e (3; (V ♦ • 0 <3^ 
then there are integers Si,*”,St such that 
xtns 1 € for all integers n *thus x* j ns t * , *s t td' i 
for dll i,is is t ; and all integers n* i.e.r is in 
an arithmetic progression contained m ^n***n^ t 
and,therefore , this intersection is open ) 

u) the complement of an arithmetic progression 
with difference cf is a union ofcf-1 arithmetic 
progressions with difference cTjsince both sets 
are open and theij mutually exhaust S thev^ 
must both he closed j 





w) immediate from (it) ; 


w) this is true since each integer other than 
± t has a prime factor • 

v) if there were only finitely many primes 
the set A of (w) would he dosed and consequently 
would have an open complement * since the 
complement [-1,1^ is not open we conclude 
there are infinitely many primes . 

21 . when n is an odd prime WiIson’s theorem 
tells us (n-2)i 5 - (n-i)l 2 1 (mod n) so 
f )S an oc JJ , n +^ cr . wht.en n is 

composite ix^n tells us [^r' \ • is an 
wen inteyer • therefore when either nornt 2 
is composite the term of*the summand correspond¬ 
ing to n will be o since the sine of an even 
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multiple of £ is o , while if n andn + 2 arc 
each prime then the term is the product of 
the sine of an odd multiple of 4 r wt+h another 
sine of an odd multiple of y- , hence is * 

the 2 accounts for 3 ,s and 5 , 7 . 

22. t) Immediate $ 


4) F( (O = l + TT (m) bvj (t) • now if m<p n 
then i + rr(m)<n , while if m > p n then i+TT(tn) 7 n j 

Z ln 

since p n < 2 in , bi^ ^(w), the sum J.JttW)] 
counts 1 for each m< p n 5 thus this sum plus 1 
is exactly p n . 



XV Quaternions, Complex Numbers, b -Sums 
of 4 and 2 Squares - Solutions 

i. t) The determinant of ^) is |a|* + |6|* 
and tints is o if and onlv^ if a = 6 s o j the upper 
left elements inthe two products of *** ) and 
(-1 -i) arc -1 an ^ zi ' i so C' is non-commutative} 
for a, 6 real (.■§ J) * ( *6 a) 5 atl e,s « ls 
routine verification ; 


it) the correspondence is („ a & a) a + *6 5 
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make the correspondence 



the assertion is now a matter of routine 
verification ; 


w) one needs only show the 4 4x4 
matrices of R" which are displaced in the 
proof of (w) are independent and this is clear- 

v) that this set is a subfield is clear and 
the non-commutativity is proved by the 

example yiven intheproof of (0 j 

vi) this follows from associativity and 
distributivity properties of addition and 

multiplication . 




2. t) s 2(<6 + ]c + £cf ) = o if and 
onlvj if b = e- d = o since v,j,6 arc independent; 

ii) Af o< * a. + & + c +■ cf 

s aV(-£)%(-c)%(-d:) 4 = Ara 5 

Toi * ia * (a+ jc*6cf) 

*(a-i 6 -jc- 6 cf)*cx+oi ; 

w) Afcx = aVBVcVoC 2 * o if andonivj if 
a = b = c*cf=o * ix. if and onlij if cx = o • 

w) direct verification ; 

v) cx • i s a = T-cx , 

oil = ta -6 - kc 4 jd = - 6 - ta -jef + 6 c = 

(-i)(a-i 6 - jc-6cC) = T « ] Similarly oijrj 6 ?, 

cs£ = ie oi ; now use (tv) and distributivitvj 
to obtain cxj3 s p oi 5 


vi) clear ; 
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\ii) Af(«£)*(«£)(«£) = (<*£)({3 

= c*(A/j3)o< = (cxoO(A/j3) = (ATcx)(JV p ) ; 


viti) substitution yields the result immedlately. 

3. i) Let fiOi) a o, where f is a momc integral 
polynomial j since cx also satisfies the principal 
equation there is a momc integral irreducible 
polynomial y , of degree l or 2 , satisfying 
ij(a)sO) »f a is not rational then y(x) = o 
is the principal equation ) while if cx is 
rational g*(x^ = o istheprinapalequation3 
in either case Tex and Afcx are integers ; 
the reverse direction is clear by r 2(vu*) 


vi) clearly C<=K and p e H ^ C * if 
sp+cx^^a + Lb^jc+^cf e C then 
Tp = p+o< + p+o< » 1 + cx + o< 

■ 1 +Tcx * 1+ 2a e *£ y 




Afp = (p + oO(p + o0 = pp + <*p + o<p+acx 
* (i+4“ f t + i ) + ( a • 6 - c-cC)+(a 2 + 6 2 + c 2 + cf 2 ) e 2 
so, btj (0, K<= I ; now •|-i + -|j»s not m K 

but T (-J-t -v-if-j) s O £ "H , Af(-^-t + jj) = o + 25 s ^^^ 
SO -fUfjeI • 


ii<) when A = C this is obvious •, when 
A = K note first that p 
so if asp+p e K) p eC ,then cxsp+peH* 
further ) t(p+p)* p * ( -1 - j+fp) so when 
p + p e X , p e£ , so also is i( p+p) in H } 
similar arguments work for ^cx and fea * 


vv) put cx = y t + j j * bijthe proof of (u) 
wc know a e I * now ion - -y + yk and 
T(ioO = --§-£ I, thusb^(i) <a 4 I *, 


v) as we have seen in (iv) I is not closed 
under multiplication and is, therefore, not 
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cm integral domain • using (tii) it is routine 
verification to prove £ and >f are integral 

domains j 


vi) if oc r a t t £ t jc t kcT is in an integral 
domain of I which contains >( then since cx y 
- toe, - joc, - £oc are all in T, we know 
Toc* 2 aeZ , T(- tex) * 26 e*2,T(-joc)= 2 c €? ; 
T(- lecx) s 2 cTe 2 ; further Afo* a 2 +6 Vc 2 +cf*e “H j 
if anwj one of a, £,c,cfis half an odd integer 
this last fact implies theg are all halves of 
odd integers * since a, 6 ,c,cf are all integers 
or all halves of odd integers we see oe € M 5 
this shows U is maximal in I 5 

vtt) apttC+jc tkef is in C and hence in 34 
when a is even; when a is odd this eguals 
p+jS, where j3=(a- i)p+t£+jc+£d*€ £ • on the other 
hand j>+oc»( 11 2 a)p 1 t(G-a)+j(c-a)+k(cf- a). 
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4. i) Each clement of C is its own left 
associate ) if oc e K\ C we maij write 
a* z(a+*6 + |c+ £<£)+o<,, where 
a, } e ; f,q, ^ <* r eall * i, 

a,6,c,ct are in 2 • since JSfa, ® i, ao^is a 
left associate of o< * finally 

(a+i6+jc+£cfXe-if-jg-£6)+ i e £ • 

4) let «* ap + th + jc + kef and tr\j for 
p* ep + if+jg + k(a ♦ then cx-mp * 

a*me ./a-me*26-2mf - a - me+ 2C-2m<* f a-me+2<{-2Tiifi. 

2 + 1 2 * + J 2-»♦*-I-> 

now choose e, f, q, h so that each of the 
following four quantities falls between 
and -*p- inclusive : a-me } a ~ rr f*— -mj ) 
*'T ZC - mq , mfi • with these 

choices, Af (oi-mp) < ^L 2 < m 2 * 

w) let m = pp and choose so that 
AT( j put ^ s o< - (3 * 
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then a = and mNjj = Af ( pd^) = 

Af(pcx- mtfj )< m 2 • consequently A"*?, <m = Afp 5 
the other j?art yoes the same way5 


tv) under the hvjyotbests each of is 

a (eft divisor of the other; thus J* ^ <5', 
£ t =33 ~ <$! <5 3" and cfc5 H -1 'j this means 
and dj are left associates • on the other hand 
if 3 is a left ycd of oc and p and d,=Jpthen 
fromtfs^tfj wefnd tfsd'jp' 1 #! ;thus 
left divides all numbers left divisible by <J, so 
3 , is a left ycd of o and p • 


x) let <J be an element of minimal positive 
norm in A ; further, let be a common 
left divisor of a and p • then, by (in), 


o-<5a,ta 2 , N& 2 <tfd ) 
p»Jpi+p 2 > Kp 2 </sfJ ’ 
, Af<5 w c.N'cJ j 



since a-<5o( t , are in A we must have 

M& z sNp z s o so o^js j3 z *o and <T is a common 
left divisor of oc and p ; also since d,isa left 
divisor of cs sve know a is a left divisor of 
<5, so fy-dd' is inA which implies 6" s o and, 
therefore, J is a left divisor of J t * 


vi) if « = a + ih + jc+&cf and Noi= i then 
a 2 +h%c 2 +cP = isince a, 6,c ; cf are erther 
all integers or all halves of odd integers the 
units are precisely those guatermons cor¬ 
responding to (a,h,c,cf ) one of: (21,0,0,0), 


(©,ll,0,0),(0,0,ll,0), (0,0,0,± l) , 
(-t , i t , t t t) , and there are pisi 2 t 
of these *, that everg unit is a two-sided 
divisor of each element of X follows from 
(t»t and the fact that no element of K has 
positive norm smaller than 1* asforthe 




units m C, this is clear since a 2 +b 2 tc 2 +c£ 2 s \ 
■for integers a, b,c,cf onl\j if one of these is 
*1 and all the others are o ; 

VU/) if (c*,n) = cxp + ny were a unit then 
i = (ap+n V )(<*)> *nV) ®(o<jo+nOXjOoaVn) 
s o (mod n), contrary to fact. 

5.i) if cx is a prime and p *jOo<S>, where 
jO and S> are units then Afp = Afcx > l so p 
is not a unit j if p r $d, Aftf > i, Af<J>i then 
cx * (jO V)( d V' 1 ) ; AT(jrt )*AfS >i ^ //(cN* 1 )* 
Afd > l and o i would not be prime } thus p 

is prime ) 

») if a is not a prime in H } cx = p 8 } 
Afp > l ) jsftf > l • but then Afcx = AfpAf# is 
not a rational prime j 



ni) let TT * (ex ,p) , Of-ITcx,, p * TTp t ♦ by 
# *f (vw), JSfTT > l 50,from p i sUp = -ATTI ./Vpj , 
either jvtt *p or yVTT =p 2 j in the i s ~ cose we 
are done; in the other cose Mp t *i and, 
therefore, cx = TT cx x - pp t o( t which means a 
is divisible by p) this contradicts the hypoth¬ 
esis that cx is primitive } 

w) for p an odd rational prime *there 
are rational integers m and n for which 
i + tn a + n 2 is divisible by p (see 
let cx = 1 + »m + jn *, then (p,o<) is prime 
and JV((p,oO) *p ) also £s(i+iXi-i)J 

v) m view of (ti) we need only prove one 
direction j let cx be a prime in X and sup¬ 
pose p is a rational prime dividing JNfcx * 
then if (5= (o<,p) we must have o^do^and 
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b\^ (tiO, N <5 sp ; since cx is prime in H this 
means Noi t - l so N& ~ Af<5»p ; 

vi) since 2 |Xcx ,cx-a + tb + jc+£cf eC and 
a+6+c+cf = Afex = 0 (mod 2 ) ; 
now put p = -r((0'+b) +*(6-<0* j(c+cf)+£(cf-c)) 
and observe that a-( 1 ♦ i) p j 


vw) bg (vi), a * (1 + i )* X , where A*# is odd) 
(i+i)*s2t so (1 + i) s = (1+ i) r n,jO ,where n is 
a rational integer ? jO is a unit ? and r *o or 15 
how X s t <5 , where tel and <5 is primitive; 
thus cx= (1 + = ( 1+ i) t *mpp y where 

= pp and jsTp ~ Hd - KX is odd ; if p is 
not in C , bu *4 (i) we can mahe it be in C 


bg altering the unit p) • 


vtii) bg (tit) if TT t = ( X ,p t ) then AfTTj = p t ; 
putting 2U TT, 5 2 we see tha+ p z divides Af 
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so,a<p*in bvj (iit), if TT 2 s (& 2 ,p 2 )then ATtT 4 *p z ; 
repeating \pelds s / n , 1 *‘*Tr$ 5 now, bij (vu), 
ex = (i + i) r pp for some primitive £ of odd 
norm tn C and JO some, unit j bv^ the impart 
(with we see ex = (i+ifTT, -‘-TTs (rr s is 
the earlier TT S multiplied on theri^ht bij ) 0 ) 3 

tv) let p= z i --Z s ; then JVp sp, "’Jp s and 
TT \= (p,p t ); since divides each of p andp t 
so Zi divides TT 4 3 since Z t and IT, are primes 
tho^ must be associates 3 repeat with 

p 2 -Ti**’t: s ,^p2*p4**'p s ,etc.3 

x) immediatefrom (vii)-(pc) 3 

XT) 7 = ( !+(♦}+ 2 &)(l-i-J- 26 ) 

S (l-i-J + 26)(l+< + { -26) . 
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6. i) All quaternions of theform (i + t)>> , 
where is a unit have norm 2 and, bq 
*4 (vO, there are 2.4 of them - } on the other 
hand all quaternions of norm z are in C 
and a 2 +b 2 +c 2 + <f*-a implies precisely 2 of 
the a, d ,c,d are t 1 } the number of such 
quaternions m C is 4 (J ) = 24 *, 

w-a) “for each quadruple A, B ,c, D 
inq ( 1 ) there is exactly one quad - 
ruple CjjDt satisfipnq ( 2 ^ namely, 

let Aj*A ,D t =D and B^C^ be chosen so that 
- a A + B x = B ; - b A+- C t = C (mod p) • 
the reverse direction »s dear j 

6) we mavj choose a, 6 so that a 2 + b%i is 
divisible bq p (seeXI *<4(i));then usmq ( 2 ) we 
have B 2 +C%D 2 = 2A(aB4kc)-(i+a%6 2 ) A 2 
* 2 A(aB+bC) (modp)j 




c) from ( 3 ) we see , when BsC (modp), 
that Ds o (modp )) hence.thep solutions 
are obtained from A , since all p possible 
values of A will be suitable; when B^C (modp) 
and a,£ are as in (£) it is clear that 
(B,C,p) * (a ; 6,p) *1 • thus, without loss 
of generality, (B,p)*( b,p)- 1 ;then there 
is a unigue E such that B * bE (modp) and, 
for this E f we have C 5 - a E (mod p); hence 
Os B 2 +C*+D 2 s (b%a 2 )E z +D 4 s-£%D 2 (modp)} 
therefore Ds t E (modp) j with A arbitrary, 
£ any non-eero value (B^C (modp)) and 
Ds t E (modp),wefind altogether 2p (p-i) 
solutions ; 

cf) as in the proof of (c) we notethat 
(a, S,p) * i so that we may assume without 
loss of generality that (b,p) * i; thus for 
each of the p possible values of B there are 
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p-i values for C such that aB + 6 c^o (modp),* 
for each of these p 2 -p choices for B,c and 
every one of the p possible choices for D 
there is a unique A 3 consequently there 
are exactly p (p 2 -p) quadruples A, B, C, 0 
sa+isfyiny (3) ) 

e) by (c) and (cf) the number of solutions 
is p+ 2p(p-i) + p(p*-p)= (p 2 -iXp + J ) + 1 ♦ 


iit-a) tf the assertion were false then p 
would divide each of a < , 2 *a 1 2 ,a/ 4 a 2 2 ,a < , 2 +a 3 2 
and then,since 1 +also divides Na*a 2 +aJ+a 2 +a 3 2 
it would divide 2 a 0 2 ; thus p would divide a 0 
and,thence, also ai,a 2 ; a 3 so would divide a, 


contrary +0 supposi+ion j 


s a e + a^tyt a^ +1 iv 41 + a^ +2 tv-*- 2 = o^ 3 



similarly the expression “(or x »s correct; 

2 ) this is clear since if commutes 
with itself and with scalars ) 

3 ) for a, 6 scalars (at6i v )i v+1 s 

at v+J + - &if 4 j- &i^ 4i if - if 4 ,(a-£ h\>) j 

c) let V be as in (a); 

ax s (pr)-^) + (p^+^0 Vv+j ? 
since pr)-5l’ is of the form at£i v and 
( ft +tf)) S +1 's of the c i V4 4 + efi v+2 ; 

with a, £, c, cf scalars, we see that when p 
divides ax it must also divide each of jSiytfS 
and j on the other hand if p divides 

pi)-^5 then p>) s S% (modp) so, multiplying 
by ^5 yields (modp) *, but 

p does not divide 
a e 2 + a v 2 ) and pp =-%% (modp) (sincepdoes 
divide Mo<) we see 13 8 z -p& (modp) and, 
therefore, 


since pp#o (modp) (since 
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p$- = -&0 (modp); hence, if p divides 
i+ also divides p$+£y,and, 
therefore,divides ocx • 


cf) by (c), ocx 5 o (mod p) is equivalent 
to J3t} 2 #$■ (mod p), which in turn, after 
multiplying by p , is equivalent to 
(■Np^y * p2f£ (mod p )) now p and are 
fixed and, since p docs not divide p, each 
of the p z possible & values yields a unique 
0; thus there are exactly p* solutions 
X s 0 *£*v 4 i af ocxapo(modp). 


iv) Each prime TT in C with ATtt *p gives 
rise to one of the (p 2 -i)(p + i) non-trivial 
solutions of Afcx5 0(modp),oc^o (modp); 
conversely to each such a there is (see 
*5 (iw)) a prime TT »n C with J^Tl-p • since 
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TT x s o (modp) has (see ( iii-d)) exactly 
p z -t non*trivia\ solutions each Tt must 
arise from exactly p*-i different o<;thus 
there are p*i (= ) distinct TV. 

7 . i) The presence of such a pair of 
consecutive factors means that 

V ( = Pv 

so p v divides cx and a is not primitive; 


U>) the proof is by induction ; the 
proposition is vacuously true for the 
case when the number of factors is \ ; 
suppose the proposition true for t -1 
factors and let cx = Tr 4 — TT t 20 (mod p) 


for some prime p m 2 • if TT 2 * ** Tl t ' 5 n °t 
primitive the conclusion is true by (,t) 
and the induction hypothesis * otherwise 
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ITiTT^ •••TT t s (ATTT 1 )TV**Tr t s 0 (modp) 
and , therefore , NT \ i mo (modp) • but then 
.N’ITjS p ; hence 

p rr 4 .-*rr t »Tr 1 tr 1 TT Jl *«*TT t * ^pp , 
for suitable (3 ; but then TV*’TT t * TT^ and, 
bg *5 (x), ir 2 and ff^ are associates ; 

») »n the product Tr vl ---TT V0(v there are 
p v + i choices for TT V1 bg *6 (tv), and for 
each other TT^ there are onlg p v choicesj 
since, bg (tO, consecutive factors mag not 
be conjugates ; the multiplier 8 comes 
from the possible 8 factors which are the 
uni+s in £ j 

tv) bg (it) a non-primitive & will have 
consecutive factors one of which is an 
associate of the other each square 
which is a divisor of m arises from a 
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collection of disjoint such pairs ; thus if 

cf J m then associated with this cC there 

are, b\j (w) 11 y) primitive elements 

of C of norm , each of which when multiplied 

bvj cf 2 fields on a in C of norm m • the 

total number of such is just the left 

hand side of the indicated expression j 

now, for each dim if we let d' he the 

largest square factor of we find 

r r _L 

cTlm & t 

' ^ ( 1 + v> > 

where t is squarefree throughout • 

vj there are 24 elements of C of norm 2 
(see*6(t)) and thexj are merely permuted 
bvj multiplication bij the 8 units of C ; 
thus, bij (w),sve have 2H0'°(n> such a : 
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vi) since A foe is a sum of 4 squares for 
everv^ oc in C the desired number of solutions 
maij be obtained from (tv) and (v) • let M 
be the number of divisors of n not divisible 
b^ 4 j if n is odd then M = a(m) b\j (<v)and 
the number of cx is 8M ; if n is even then 
M s o°(n) + 2 J®(n) * 30 ,o (n) and bvj (v) the 
number of cx is 8 M . 


8. v?e sketch the argument in 7 steps . 
t) G has exactly 4 units j 
n) *5(iv) »s replaced bvj; rational primes 
of the form ^6.+ 3 are primes in G *, no 
other rational primes are primes in G but 
each is the norm of a prime in G ; 

w) *5(v) is replaced bxj •* a primitive and 
prime in G implies AT oc is prime in Z 3 



tv) "’5(vtii) remains the same but it should 
be noted that if ex is primitive and an odd 
prime divides Ala then that prime is of the 
form 4-fe+i j this implies that A f c*, for ex 
in <3 , con never have an odd power of a 
4&t3 prime in its canonical prime factor- 
ization • 


\) *5 ( 5 ) is replaced bvj ; if oi in Gj is 
such that Xoi = 2 r cj 1 2 --*cj t 2 p 1 -**ps, where 
the are 4 ^ + 3 primes and the p v are 
4 &+i primes then there e*ist unicjue, up 
to associates ; primes TT^-^TTs in Q such 
that oc = (i 4 -t) r <j 1 -~cj t TT l —TT s , Anr v -p v 
for 1 s V s s * 

vi) the methods of *6 mavj be used to 
prove; the number of distinct, up ho 
associates J solutions of JVos o (mod p) 
where p is an odd prime in “2 ( is o or p 
depending on whether p is a 46+3 or a 
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4 & +1 prime-, while the number of solutions 
of AT & s p , aejain up to associates, is i ; 

vtf) from n * 2 r c| 1 2 *“Cj t 2 p 1 ***p j , where the 
cj* and p v are as in (v), we ma\j write 
n=(i4 if(i*t) r TT cf TT (a+ 

* A%S**(A + iB)(A- tB) 
and so, bvj unique factorization 
A4iB» t 0l (i+i) r ’(i-i) r ' n TTcj Vl TT(a+i6) ,5l (a'i6) ,J ' ,5> 

A- i B* ('tf(l4i) r * ri (l-if l TT <j V *TT Ca + i6f"^fl-t6) Al , 
where ■v,,+ v 2 siV ; from this we see tj * t? 2 
and, since 1 + v and i-i are associates; 
the number of possible pairs A,B ispjst 
the number TT ( p + i) of divisors of TT p* 5 j 
the sum of all odd divisors of n is 
TT (1 4 cj -+c^ 2V )TT (l+p+.-tp* ) *; 
replacing each cj bvj -1 and each p bij 1 
fields, on the one hand TT ( 1 ), and , on 

the other hand , cf t (tn) -cf 3 (m) . 



9 , i-a,6) These follow from the fact that 
+be product of z odd numbers is of the form 
4 (e *3 ifondonlvj if evoctlvj one of them is 
of the form 4-6«*■ 3 • 

c) let (a,6)»l; tben,usm0 (a^ch^er^s, 

«cf 1 (a)cf 1 (6)+d" 1 (a)cf,(£)-cf,(a:)cf,(6)-cC(a^cfj(6) 
. (<f,(«)-ef,(ft))(cl 1 (6)- <£,(6)) *7 r,(«) ir 2 (6) 

w-a)th»s is a restatement of Jacobi’s 
theorem * 

b) let (a,6) * 1 ) then usw<^ (a) and the 
multiphca+whj cf O’ we have: 
for ab odd , 

f H (a6)*T r 4( a6 ) s0r Ca6)s o , (a)or(6) 
s T r *MT r *&)*U<x)h{i) 



while for a6 even (without loss of general i+y 
take a even, 9 odd ) 

f^(a6) s -|- r 4 ( a ^) s 30'°(a6)» 3<r 0 (a)o ? (6) 

8 3 *ii r H(fl)i^(6)= f 4 (a)£(6) ; 

tw-a) if is cVj 2, + a 5 2 then s 2 2 and all aj 
except for 2 must be o; the z which are not o 
are each ei+her ± i • thus the total number of 
solutions is 4 times the number of pairs of 
the aj which ma\j betaken to benon-^ero • 

6) similar to (a ) * 

c) if 6= a, 2 + ♦♦♦■ra s 2 then 52 3 and either 
6 of the dj are 11 or 2 of the are 1 1 and 
i other is ±2 j the total number of wavp of 
dotn^ this is 



cC) 3) = 

^(s-OU^Xs-tX*-*) 3 


c) *f £ were multi pi teat ive then 
fs( 6 Vf s (^)fs( 3 ) would have to be o *, but 
(d) ) th»s con happen onlij “for s - 1 , 2 ,4,8 




xvi Brun’s theorem ~ Solutions 


i. Let n,n+e be primes ) \<n<>Jx ; thenumber 
of such pairs with 1^*3 is lessthanorecjualto^ 
and each pair with n >3 has (a*,R)*i so contributes 
i to S . Hence Tr 2 (x)£ S . 

z. Suppose a n ~ ofcf , where d | R and (cf, R) = 1 ) 
if d~ t then (On,R) * a and n contributes 1 to S t 
and o to Sj, d i i, so n contributes i tothe 
ri^ht hand side of the^iven expression *, on the 
other hand if cf-pr-p^, i*j £ lb ,thenn 
contributes i +o each of the (]) terms S^, 
where £|cf , ) thus n contributes 

to the ricjht hand side. 

3. when p is odd exactly two, namelijthe last 
and third last, of the numbers 



a,M* v*‘, a p 8 p(p+0 

are divisible bvj p , while when p=e onlv^ tVic last 
is divisible kvj y ) thus when V (d) * 1 the express ions 
for y (d) arc correct • assume them to be correct 
for and examine V(dp) t where dp j 

and 1 as we mavj assume without loss of general itvj, 
y is odd ; now pi + j ) isisd ) iffsp is a 
complete system of residues modulo dp so we 
wish to find the number of solutions of 
(pit j)(pi+j + 2 ) so (moddp) *, 
the number of solutions of this congruence is 
ecjucd to the number of solutions of the 
system (pi+j)(pv + j+2)5 0 (mod p) , 

(pt+p(pi+j+ 2 ) = o (modd)j 
from the congruence we see that 
j(j+z)so (mod p) 

and hence there are exactly z values of j 
possible for each of these z values of ^ the 
numbers pv+j , constitute a complete 
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System of residues modulo $ so the number of 
solutions of the 2^ congruence is p(cF) ; 
thcref?re the number of solutions ofthe system 
is ep(J); this <yves ^ (<Jp) s , where 

e is o or i depending on whether Jp is odd or 
even •, this completes the induction. 

t. Let x - cj J +r , os r< J ; then the numbers n, 
l f n f [x] foil either into one of comp lete 
systems of residues modulo J or into a remain. 
in<^ portiol system of residues modulo cT ; the 
total number of n with J|a n is S$ while the 
number in each complete system of residues is 
p( J) j thus there is a , o s < \ J such that 
S s -t A ?(£) 

putting /&s A ' ^ 'j 1 ^ 5 the desired result. 



S’. Usm<^ *z and wefind 
S. 5 

»x r fcSS*!*^ | di-xfUd) 
(5|ft,v0te26 3i*,>)(<J)*z& * 


<5i* ,>)(<?)* z£ 

.sia^-J E ; dnf'kd) 

am <ji*,vc3)>2& ^ 

f *( 5 ^f) 4 I 0$) 

0\K J\*,VG5)sz4 

*X (Tj+T 4 ) + T 3 j 

the alternate expression -for T* is a direct 
consequence of *3 as is the inequality in the 
expression for T* * finally, since the number 
of c? such that V(J)* j and ispAst 
where V(£) «tt (^ ; we have 

t ’-£ j, .^iCTV- 

1 ji*,v(<3)m’ 1 


6. By xiv*ii (w) j there is a constant C such 
that C n In n < p n for all n j thus 

1’cX^ s i( 1+ £*fc<M< A ln t 

table positive A, with eAln 2 > i . 


for sui 
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T. The last 2 inequalities are dearlq true for 
x sufficiently larye * the itf follows from the 
fact that as x- to© so also does ^ plus the 
■fact that the left side is ofthe order of* Inin x> 
vohtle the riyht side (seexiv # io (tx)) is of the 
order of . 


8. Usiny # 7 , 

so 2<7 > <Jx • further, 2(2 *tr(^ = V(R). 


In (a) the i s ~ inequality follows from*5(a) 
and i-^r< (1 -^-) 2 , the z 1 ^ inequality from 

the 

3 ^mequality from the fact ^-A> f -±-d^ ) 
in (B) the inequality follows from *5(6) 
and I ( I ~h i the inequality 

&n*i ° \ 

from *<o and the fact that -i-c l+ f + 2 ! + "**yr +, *’ jr ^> 
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tbe 3^in<ic|ualt+vj “from 2eAlnln:*)< £<4- Q ftd 
^ (t) 1 * , tKa tnccjuali+vj “from *6 and 

& In? > eeAlnilnln^ slnln^ • 
in (c)the intCjuali+vj follows from # 5(c) 
on a (^^w^ 4 ij!^ )tkl n/ an a 3 «r 

manualt+its ‘from 

t4j<l4r*c 2 <A and TT (?>)<•*> . 
yO y yO V 

to. Trom the definitions of ^ and 6 cpven in 
# t and # 8 we see 

ln^ * ^folrnr i inln7j*lnln‘jc-lnlnlnTC- InfceA 
and, therefore, 

j&rdHXn'te)', 

c z&Alnln^ i_ tUn'nic glnfeeA 

X Z *°< X ’*A' n,n * s X 3 " TlnTnx” ' TTr\lnx _ ^ p , 

thus, usincj * l, y, 8,9 we find 

ir,(iO * v s * vx ('t, ■♦t 1 ) *t, s ^♦ x (-^i) * 9^ 6 
S Vx + x(6hA') ! (B+i)(C xt-! 5 ^) 2 
for suitable -positive C and x suffiaen+kj lar^e. 





it. Tor r sufficiently larye 

thus if* p n w the prince for which p^+2 is 
prime then 

n-TT ( t > )< c — P n 

n-TT 4 (p n )< (lnjJw y/*< ( \ nu) 3/z 

SO a"d +he result in (a) follows 

immediately by the comparison 


c JL < y_c_ 

n(lnn ) 3 ' 2 


and the convergence of the riyht hand series; 

(fr) follows from (a) by splitting Zj into 
the sum m (a) and a sum dominated hy the 


sum in (a). 



xvii C^uadiraticResidues ~ Solutions 


i.i) Multiplying the congruence by 
Ha leads to the equivalent congruence 
nafex)so ( mod Ham) , 

Since Haft*} = (zax t£) 2 - D tine result 
■follows } 


w) suppose (a) is true and x 0 2 5 a (mod m) , 
where a* a'cf, m r m'cf. Then,smce <$* | x*.* , 
X* = 5y c |or suitable y© .Thus y/sa'i (modm't) 
and,therefore, t divides y, 4 .But t is squarefree 
so t divides y© and y 0 f 0P suitable s .This 
means ts 2 s a' (mod m'). Since any common 
prime factor of t and m' would divide a' and 
( a' ,m')r 1 , we must have (t,m'W . Hence 
ts* 5 a' (mod m') and (ts) 2 5 ta' (modm') are 
equivalent. this proves (a) implies (£) . 
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Suppose, now (6) is true and ta'(modm'). 
Since (t,m')si there is an s such that 
X** ts (modm') .Thus tVs ta'(mod m') and, 
since (t,tn')»j this last congruence implies 
( indeed , is equivalent to ) the congruence 
tS* 2 a '(mod m'). Multiplying bq t<5*(*cC) we 
obtain (t£s) 2 * a (modm) .Thus (6)implies (a). 


2. t) if x 0 2 s 12 (mod 45) then l|x 0 - butthen 
since 3 Z | 45 , we would have to have i 1 ] ^contrary 

to fact; 


ft) Tahinq a s 252 = l 2 •'3* *7 } ms 3 z *5’ 2 *7 in 
# i(ft)Nvefmd 7,cf* 3*-7 and (t,^) = (7,i5) = i j 
thus x z 5 251 (mod 1575 ) is equivalent to 
x 2 s 26 3 3 (mod 15) . 

3. i-a) In this case the congruence becomes x 2 *i 
(mod i ) • thus, modulo 2 ( there is exactly i solution j 



(j) in this case x ? s a (mod } since 
(a, 4)* i, modulo H , X must be ejtber i or 3 ; in 
either cose x 2 s i (mod t) ;thus as i (mod 4 ); 
on the other Viand ij^as 3 (mod m) tVi«nx*i,x*3 
arc both solutions } 

c) see +be proof of (6) *, 

cf) since a must be odd so also must x be 
odd •, but the square of every odd number is 
congruent +0 i (mod 8) (see ix*8(t))* on the 
other hand if as 1 (mod 8) then all possible odd 
x satisfy x*sa (mod 8) since each of 1 ,3,5,7 
satisfies the congruence • 

e) it* »s clear that solvability of (*o, + ,) implies 
solvability of (*«); thus, suppose (*<^ >s solvable 
and that x 0 is a solution ‘then x 0 is odd and 
x 0 2 = e^-t for suitable t ♦ choostny s sothat 
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t+x c s so (mod z) we see that 


or ^io<-z 


(ic;+s.2*" , )*«x # Sx 0 s2 8, +s l -2 
= a + (t + x e s)2 <x +s l 2 ?or ' 4 s a (mod z* +1 ), 
where the last congruence is true smce 
2«-2 sa+(a-i) i« + i when cx>3 • 
thus solvability of (*«)implies solvability of (** 4l ) • 

f) if x 0 l sas y 0 * (mod z*) then 
{*• 4 YX x o-y») 5 o (mod z a ) • 
since x„ ,vj e are odd exactly one of the even 
mteyers x 0 ry 0 ,x o -y 0 is divisible by m • hence 
X^s ± vj 0 (mod Z^' 1 ); thus there are at most 
the 4 solutions X, x e , x 0 + z"* 1 ,-x 0 + z 0 " 1 ; 
since, when. x 0 is a solution , all of these are 
solutions and since they are pairwise inconyruent 
modulo z a this proves there are exactly 4 
Solutions ♦, 


y) this follows from (a)-(f) . 
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vC-cO from x* s a s y* (mod p} ^ conclude 
Xs iy (modp) *, thus there are exactly the 
2 mconyruent solutions X ,-X ww icua 
solution j 

£) let x 0 * s ci t £ p* and note that (2x 0 ,p)*i j 
thus there is exactly one , modulo p, value 
t such that k + 2X e tso (mod p) and for this 
t we have (Xe+tp 01 )^ X e *+eXotp'St^p 10 '* 
a + (£+2x e t)p*tt*p tor sa (mod p** 1 ) • 

c) this follows immediately from (h) 5 

cf) if x*s a s if (modp w ) then,since p 
divides neither x nor y , the quantities x+ y , 
x-y are not both divisible by p * hence 
x * ty (mod p“) jthis shows there are at most 
2 solutions ( since -x also is a solution whenx 
is a solution and since x 4 -X (nnod p) this 
completes the proof ) 
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iii) since everg solution ofthe system is a 
solution of each individual congruence , Nyo 
implies Afj>o ‘for all j , i < j < r * differen+, 
modulo rn,- m r , solutions of the system 
lead to different r-tupies of solutions to the 
individual congruences since if xsx' (modm^) 
for all j , \ < , then x 2 7 c'(mod ; 

hence Af s AT X * * on the other hand if 
*i>***,Xr is an r-tuple solution for the r 
congruences (i.e. Xj is a solutiontothe^ 
congruence) then if 1 (modrn^), 

if j'f r,wehave x- 

a solution of the sgstem • ftnallg if x' 
is a different r-tuple solution for the r 
congruences, x'= x t 1 1 r 11 ^^»—+ x r ' t r -^-™ r 
is not congruent, modulo Tn t -**m r ? tox since 
otherwise for all j , i< jsr,Xj*Xj (mod m/) ] 
hence A/V“Af r f H • the conclusion fallows 5 



w-a) this follows from (iw), (i-b), %r (i-of) j 
ffjthis follows from (tt'-cC) er (a). 

4. v) Bi^ Fermat’s theorem (a^n^a^-i) so 
(modp) \ consequently a^~s tl (mod p”) * 
since p is odd not both are, possible since that 
would imply eso (mod p) • 

it) from a (mod p) WO find 
a^ 1 * x/* 1 s i (mod p) • 


vw-a) by tbe remainder theorem in algebra 
web now = (z-a)y(z) t a^“-i, . 

where y is a polynomi al of decree ^-is • 

replacing z by x 2 vjieids the result • 


£) immediate from (a) and Fermat's theoremj 



iv) if a is a cjr of p then , h^ (uy ) 
w 1 (mod p) ; 

on the other hand if a^s i (mod p) than, h^ 
(vw-f) ,since <^(x*) is of decree p-3 m rand 
hence not always congruent to o modulo p , 
there is an x for which %*-a so (mod p) • t.e. 
a is a cjr of p j the rest follows from (iy. 

5 . i) Since x-a satisfes X 2 sa 2 (modp) it is 
dear that (^) = i; 

Wy immediate from # h (vv) and the definition 

°f (f) 5 


iit) (^)? a^"s £^"i (•£) (modp); 


since 


if) art d (|-) are 11 and since i 4 * i (mod p) 
this means (j) * (|-) } 







v) a) if a 2 i£* (mod p) then as + b (modp ) ) 
which cannot happen because of the conditions 
on a and 6 *, 


G) for o<a*p-i there is a non-zero number 
c, with aic (modp)} putting 

£s |c| fields the desired result • 

c) immediate from (b)and the meaning 

°f If)* *5 

ii) (y) * (-if*-(mod p) ) bij (ii) • sin<a botVi 
Sides are t i and p is odd this implies the ecjual it ip 


6. i) Trom *s (i) j 
vt) from * 5 (#) 



tu) from * 5 (w ) ) 


tv) by the proof of ix*20 (t-cf) voe know a 
polynomial of deyree ti may have no more than 
n zeros modulo p ) thus l and X^s -l 

(mod p) each hets at most - 3 ^- solutions * since 
all the integers i,2,**-,p-i satisfy exactly one 
of these conyruences each must have exactly 
solutions • the conclusion now follows 
fom ^(iv). 

7 . i) Let n® pf'*** Pg* fi j since we know 

pfn so, by *5(iv), (£-)« (&)* (^-f 1 ***1 'thus 
for some -j ( a ^ is odd and »-1 * this implies, 
for such a j s o ; bat then , see VIII *27, 

rcf^.Tl i cf if r „.(-£)*o(modto, 

where we have also used *5 (it) *, 


ii) this is merely a rephrasmy of 
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m-a) since , by *J(iv), (y) * (f)(^) n «+ all 
three of these Legendre symbols may be - 1 5 

S) since x*-iix‘ t +3*x 2 -36s(* 2 -'2)(x , *'j)(x 1 -6) 
and Since, by (a), one at least of z , 3,6 is a cjr 
modulo any prime other than z and 3 the 
conclusion follows as soon as v»e observe that 
2 and 3 divide the value of this polynomial 

when y * o j 

tv) from ax 0 z = -6y c 2 (mod p),usiny *5(t) ? 
v 5 (tii), and •'sciv) we see that 

(fMfVefnf)- 

8. i) By *500 every cjr of p is conyruent to 
exactly one of i 2 , 2 2 , ; since, by^wjj 

there are ex’actly cjr of p we see, usiny 
Wilson’s theorem , 
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TT a* ?•!*••• 5 

the other conclusion follows jrom 

"(y)7 a s ( 7 «)( 7 a)H (p-i)l«-i(modp )5 
(f)**> (f )* 1 lfV-» 

ui-a) when p s i (mod 4) is even j 
consequently ,when a^* i (mod p) so also »s 
(-af^s l (modp) • this implies the desired 

result *, 

when p s s (mod h) ) p£- is odd • 
consequently when of^s i (modp) then 
(-ar* s-i (modp)*, this implies the desired 

result j 

c) immediate -from (a) : 


cf) the part of (i) combined with (a) 
and (f) yield these results . 
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i) la^*|cy|implies iaia ( »taj-st^a (modp) 
wWK implies (it j)a is divisible by p • but 
ist<jprecludes itj bemydivisible by p 
and we are yiven p|a • tKe conclusion follows • 

w) tKeeyuality follows immediately from (i) 
and tKe congruence follows from tKe congruences 
a<sta (modp), l si s -fij — j 

iw) immediate from (it). 

io. i) Since V is tKe number of numbers amony 
2 ,h, —, p-i wKicb Kaveneyative least 

absolute residues tKe result is clear • 

u) by iv * M and ( i ), ^ * [£] - [■£-] *, 

'f r- t<k + i then 

LzJ M -U J l J i (mod i) if tesor 5j 




*ws 


w) this follows from , when p* 36+ i t 

PM _ &4&*4t6&t + i*-l ® if i *1 1 

^8— 8- 3 ~er* r sV ; 

l 1 if i*U 


w) this follows from (ii) (or (iit^ and tbe 
Lemma of Gauss. 


11. Since V is the number of numbers amonc^ 
6, •♦*, 3j } “• ,-|-(p-i) wbicb have negative least 
absolute residues and since onivj those between 
\ and p bavetbis property tbe result is clear • 


u) +be proof is similar to tbe proof of*io(u)* 
w) this foil ows from (tt) and tbe Lemma of Gauss. 


12.1) Tbe number of s, to , sj , with 

negative least absolute residues modulop is just 
tbe number of j indicated ) 




i\) tkisfoli ovos [rom (i) ) 

Hi) rbis follows j’rom (ft) and Lemma of 
Gauss . 


13. \) When psicj (mod 4a} nci+Wp nor cj 
divides a so (y) s ('0 v , ('fW'O* 5 , vcbere 

t vwr\ i 

if ps icj + Mat then 

*•&] = 

i even 

i even 

since for even j from \ to a the c^uantrhj is 
not an integer (if ||- s s 1 since js>a,s< 4"j so 
jej * 2 as is impossible as cj does not divide anvj of 
2, a, s ) tbe last sum is jo ♦ thus V s jO (mod z ) 
and tbe result is proved ] 

^ if ps<| (mod 4 ) then p-<j *4a for suitable 
d and (a ,p<j) si • if p^cj (mod 4 } then one of 





p, cj is of the form 4 6+1 and the other of the 
form 4& + 3 • thus their sum is of the form 4 a 
with (a,pcj)*l ; 

Hi) makmcj use of (t>, (ii), and the properties 
in *5 we have : for some a,p = ±cj 44 a, and, 
therefore, 

m - It) s Cf)-(f) * 


£ V A\- 1 (?) 'f P 5 T (rncd Ml __ 


w) from (tii), 

if X“p) = 

(-i)^if pscj (mod 4) 
( l otherwise 


otherwise 


= (-!)' 


ill 


it. By the reciprocity law (yXf) ls ^fncaniny 
(f) * (y) except when each of p and cj is of the 
form 4S+3 in which case (-|f) = - . 



15. t) this IS obviOUS *, 


it) this is true Since for each p^ the legend re 
symbols (jr) and are ec|ualto \ } 

tit) when a is a cjr of m it is a cjr of evervj p^ 
and hence all which implies (^-) = 1 3 

w) U-) - * 1 hut X 2 5 2 (mod o>) is not 


SO 


Ivahle 3 


\) this follows from the corresponding 
property -for the Legendre symbol since when 
ash (mod m), a 2 h (mod p) for ojervj prime factor 

p of m 5 

vi) immediate from the definition 3 

vti) follows from the corresponding property 
of the Legendre symbol 3 



vvu) write, rn s^-^cjt > where, the primes C|j 
are not necessarily distinct ♦, then, since each 
<jj-i is even and the product of2 or more such 
factors is a multiple of h , we see that 
rr\-\ * — 

for suitable £ ; thus 

vCf write m as in the proof of iyvti) and note 
that, since the square of an odd number is 
conyruent to 1 modulo 8 , 

y-O+O * 1 

for suitable £ •, thus 

, % , ’ mk 

( w )" %)***(%)-('0 8 '' -(-0 8 5 
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X) wri+e mr c| t *** cj t , n* } then 

<SX*W$^(p-"® 

tfc.i)MaWmcj beav\^ use of # i5 voe bave 

(wt) s {ji) z (w) s (It) * (H) * ("ft) s (ft) 
s (ftHft) s ' (ft) s " (ft) *" (ft) s * 1 ) 

6) l«-)-(iArX«)-liSf) 

S " ( 1 5 ?S ) * " (“ 525 ) * “ (iZs) * 1 ) 


C) (l2SH5,678<*^l 80 (ft^gl 1 -) •* not 

defined 5 

tt*a,^) since M* 4 * 22 +1 and 8 ^ and 197 are 
prime *14 fells us tkat (a) and (b) are both solvable 
or botk msolvable 5 bvj (v-a) voesee (aVsnofsolvabl 
so (£) is also nof solvable *. 




5 


c) this is solvable because 1050 is a c^r of 
ii and 13 and hence of all prime fetors of 1573 * 

d") this is not solvable because IS73 is 
a <pr of the prime f actor 5 of 1050 j 

e) using *1 (»-£) we see aT =3 -1 so 
y-= 73 and the congruence is solvable 

ifandonlg if (3,73) and 'X 2 ? Hf 2ss(mod73) 

is solvable 5 but (3,73) is egual to 1, 73 is a 
prime and (‘73') * 1 ) thus the congruence 
in (e) is solvable; 


f) again using # 'i(«'&)weseecT=3 - 1 
so 37 and the congruence is 

solvable if and onlg if (3,37) * 1 and 
x 2 s 219234 (mod 37) is solvable ; again, 
as in (e) the modulus is a prime and 
(* 1 j thus the congruence in if) is solvable. 




(Tbis problem shows that all possible situations 
mav^ occur for pairs ofcongruences of tbetijpc 
X z 5a(modb) , x 2 s 6 (mod a) 5 
either both arc insolvable, exactly one is 
solvable, or both arc solvable . ) 


17 . i) Bv^Ui) , f(x)sO(mod p) if and onlvj if 
(eax+S ) 2 5 D (mod 4am) \ i«e. if and onli^ if 
( 2 X+i) 2 5 -i 63 (mod 4 p)) but,making licavvjuse 
of tbe Jacobi symbol and *15 } we see (^js-i 
for all primes< 41 so the conclusion follows j 

U ) this is immediate from (i) • 


vm) all of tbe values 


are positive and smaller than m 2 so all are prime. 




is. t) if Z 0 a sZ 0 b then Da sDG (modp) 
and,therefore 1 a56(modj0’ similarly for T D * 

*) T o (V) = T 0 (D?) rT^Da* 1 )* D^Ff 1 
= DD^a *a * a , for all a m A • 

m) TpTj(a) *T 0 (<P) :T D a' 1 * DtO' 1 s Da 

sZ d<* 5 

w)T p x =x implies Dx' 1 *]? wKick.m+urn, 
implies x 2 * D (mod p )) Gvj*3 (ii-a J+ta conclusion 

jollovos 5 


v) since T 0 is an involution its cyclic reprc~ 
sentation , as a permutation , consists of 
cuclcs of lena th l and transpositions 
(cvjcles of lenath 2 ) • therefore s^nT 0 = (*i) 2 
from (w) we find 

S^nZ„.(s<jnT 0 X^nT,)*(-ir * ■(-») * 



vt) this follows from (w} since 1 is a cjr of p 5 


C* a +i 


vvt) bg (v) and (vi), sgn Z 0 = (-1) 2 • when D is a 
cjr of p this is 1 and when "D is a cjnr of p this is 
-1, as we see bg noting tbe value of a 0 from(w») • 

m) tints follows from (vvi} when we tabe 
A. 5 

9 )taking A« •••, -1,1,2 ,•• • 

then Z.j gives tbe permutation 

£1 ... t -i o ... -£± 

and clearly transpositions lead bacb to tbe 
original order ofA; bence (y) = sgn 2 ml »; 
taking A - f l, 2, • ** ,p -1 ] then Z 2 gives tbe 
permutation 2 , 4 ,***, p-i,i ,3 ,»**,p -2 and tbe 
number of transpositions putting it back in 
+be original order is £jr-+ ^ 1) t +1 s 


= ? 2 -i 


i-so (|)ssgnZ 2 = (.i) • 



i«), t) Since whenever a cA so also is -a eA,we 
have from a '< a" and "Da' > Da" the following: 
-a^s-ct'and -Da" = -Da" > - Da's -”DcT' j 


ii) a', a "and -a",-a'are different unless 



Hi) sqn Z 0 * (-i) 0 * where oc is the number of 
inversions of the form -a,a ; for exactly such 
inversions a eA + and Da * -a e A” j 


tv) take 0 = cj and T>* p respectively in the 
above and use (iii) as well as *\s (vii) : 


v) if <jx-jnj so then cjx = p\j so p would 
divide x , which is not possible since 
thus, since cjx’-ptjt 0 tbefour inequalities 
exhaust all possibilities j 



xvn 


vi) tbe mapping x,vj 

proves tbe assertion ; the e^assertion 
■follows ‘from W ) 


x 


vw) b^(vi), j0 +V s total number of pairs 
vj m (v) s 4y- (mod z ); novo use O) . 
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xviii exponents, Primitive "Roots , 
Poveer Residues - Solutions 


i) Let s-fc s qp(a) + r , o*r< P(a^then 
a 5 * a * * *PW»♦* s a t (a*’)* a r s a V s a * (mod m); 
Since (a t ; m) s 1 this implies a r 51 (modm) *, if 
r^o then P(a) would not he the exponent of a j 
consequently rso and P(a) divides 5 -t 5 

u) (a) and (6) follow from (t) by, respectively, 
pu+tinq t*o and s*f(m),t s o* in(0 the qtven 
quantities are clearly solutions of the stated 
conqruence 5 if a 1 5a 1 (mod then by (t), 

P(a) | i-j *, but this may not happen for i, j 
amonq unless isj 5 

ui) (aS^si (modm) ifandonlyif fetso(mod?(a))j 
this last conqruence, is equivalent to the one obtained 
by divtdmq all parts by (k,P(<0) and then dividmq 



all parts, except the modulus , bq the new 
coefficient of t, which is pr t me to the modulus 
and hence results in an equivalent congruence 5 
the result is tso (mod ) since the least 

possible positive value for t is clearkjthemodulus 
in this last congruence we have the desired conclusion^ 

w*a) if t\ f (m) then t can he the exponent 
modm of no integer since all such ^ponents must 
divide ,as seen in (u-6) ; 

G) exerq number prime to p has some exponent 
which is a divisor of (tn) * since no number has 
more than one exponent the sum on the left is 
clearltj just the number of inteqers^ mod m } prime 
to m,».e,'f(m) 5 

0^ let P(a) = t ; then a,a 2 , are prime 
to m and their exponents are cpven bq (vii) ; the 
number of £ in (m) for which P( of) * P(cO*t is 
|us+ the number of £ for which (£,P(a))si t i.e. 





f (P(a) )s ^(t); thus is at least as larc^e 

as f(t) ; 


v*a) in this case, when Pp (a) * t , then 
a.aV’S** are aff the solutions ofx^Umodp); 
hence bij (ivt) exactly <f (t) oj them have 
exponent t *, 

6) (w-6,c) and vm*"^ we have 

thus - ^^(t) ; this with the 

mecjualit^ in (w-c) fields the desired conclusion] 

v) immediate from (v*h) when one takes 
t- p -1 . 


2.i) f (p)=p-i, p-i|P ? «(cj) ,and Pp«^)|f if) 
• p^p-i) 3 thus Pp«(^)= p^ip-i) for some 
0 6 oi-\ ] since ^ l (mod p*) this means 
and the conclusion follows j 



w) since ( g+p - g^* 2 p # o (modp*) 
we see that not both (g + p)^ 1 and g?*’ are 
congruent to l (modp 1 ) j the result novo 
follows from (t) since we know g and g+p 
are primitive roots of* p 5 

\\i) using iv *24 it is easg to see (f>2) that 
the highest power of p in ) is > p+2-f ; thus, 

if q is a primitive root of p* then q?* 1 * i+c?p, 

1 1 ( J Ja (-2 u 

where pq g; hence g ? *(<y y 

*( i+cjp)^*-i+gp**U moc ^ p*) j 

the result now follows from (i) * 


tv) a*si (mod 2 p a ) implies a t = 1 (modp*) 
and a is odd j if a is a primitive root of p* 
then the largest t could be is f (p“)*f Up*) 5 
this completes the proof} 


o) this follows from («), (i«), (A>), cind y j(m) j 



zSH-s 


vv) for all other numbers the function X(rrO, 
introduced in ix*9 is smallerthan f(nOandthe 
conclusion follows then from that problem part 
{i) * for powers of l larcjer than z tbe conclusion 
also follows from lX*fl(6). 

3. i) if is a primitive root of p* +1 but not 
of p* then for some t , o< t < vf (p a ) ) 
fs l (mod p 01 ) • but then <j t s 1+ sp* and , 
therefore , ^s(i+sp°‘)’J ? 5i (mod p** 1 ) 5 
since tp< p sp(p*) = p*(p-i)* f C p 08 * 1 )tViis 
contradicts cj beinc^ a primitive root of p* +1 j 

if) the numbers in cjuestion qreall primitive 
roots of p and, defining cj^ bvj (jP' 1 * i+cjp, we 
see that ((i + sp)<^V s (i+<jp)(i-sp) (modp 2 )j 
except when s 5 cj (mod p) this ri^ht hand side is 
not congruent to 1 (mod p 2 ); con sequent Itj 
bu *2 (i) the conclusion follows j 
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iu) bv^i^vt} there are (p-i) primitive roots 
of p •, bv^ (u ^ } to each of these there are p -1 
primitive roots of p 2 5 hence the number of 
primitive roots of p 2 is 

(p'0f(p-O = f(plp*i)) s f Wp 2 )) ; 

w) bvj tv) and *1 (w) if is a primitive root of 
p<*, ov * 2 ) then cj is a primitive root of p 2 , 
and,thus ,a primitive roo^ oj” p a+1 ) but then 
1 ) <j + p°V*’> c J + (p' l }p* are aII primitive roots 
of p 0 * 41 and exhaust those congruent to 
(a^ainbij (i) ) ; 


v) bij (tit) there are ^(‘fCp 2 )) primitive 
roots of p 2 and b^ iterated use of (vv) there 
are then p 0 *'* (f (p 1 )) primitive roots of p*} 

but f ('f (p*)) = f (p®* 1 ip-i))*^*' 1 )f(p-J) 
cp^(p-i)f(p-i) = p a ' ? f (fcp 2 ))} 





vi) this follows from (v) ,*e(tv),and direct 
checking for z and <4 . 


4,i) Bvj*i(iu), P(a u ) u*,um) 


uv 

'-vT-‘V 


it) let ?(a)s u, P(G)*v , P(a£) * w 5 then 
is (a£) uv »(a£) wu S 6 wu s («6r v ia" v (modm); 
hence each of u and v divides w which,mturn, 
divides tiv 5 


tit) with m = 7 , a s 3 , G * 5 we have 
P(3‘5)‘-t hut [PC«,P(5)]» [b ,&]**65 

w) let ?(a) = u , ?(£)=v and choose u*,v 0 
such that ti 0 |u , v 0 |v , (u 0 ,v 9 ) = i ,u„v c * [u,v] 
(this can he done for exom-ple htj usinc^ the prime 
factorizations of u and v ) 5 put c* a Wo *h Vo ) 

then, usin^ *\ (m), 

*(%?!?(*))*(£,»)* Uo y 



and similarly , P (£ * ) = • f bu 5 , btj («) , 

P(a^,6^*) *u,v 0 * [u,v] ) 


v) lit P be the largest exponent and suppose 
(a,m) * l • then, bij (tv), there is an integer c such 
that P(c) = [ P, Pea)] 3 but this means 

PiP(o)*P so P = [P,P(a)]and ?(a)|P 3 


vi) let P be tbe largest exponent of* tbe 
prime p 3 then, usmej (v) , x? s \ (mod p) bas 
f (p) solutions so f (p) < P 3 but P| f (p) so 
P £ f (p) 3 this means P * f (p) and p bas a 
primi-hve root 3 

vt i) if* is a primitive root of* p then cj fr is 
also for all t satisfying (t, p-1) = 1 since, b^ 
*Kw), -P/„tt W - .P-* - 



5. \) if a has order u and 6 has order v choose 
u c ,v 0 ,C as in the proofof * 4 (w) ♦ then the order 
ofcis [u,v] ) 

ii) the proof is like that of # H(v) ; 

w) if the cjroup G is of order cj and the 
maximal element in A G is P then Ps cj and 
x p = i has solutions *, hut m a field the equation 
x 13 *! has at most P solutions thus P* and 
the desired result follows } 

iv) immediate from (t») • 

a cyclic cjroup of p-i elements has ^p(p-i) 
generators j similarly voe can deduce *3 (v) 
from (tv) . 
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$>. \) Let be a primitive root of p 5 
if x n s a (mod p) and x = cj s (mod p) then 
ci^~i 1 (modp) j 

on the other hand , if a ^ * 1 (mod p) and 
asf (modp) then cf ^ 21 (modp) so cf 11 
and tgns (mod p-i) is solvable for s vpeldincj 
cj^cj^sa (modp ),so x rt 2 a (modp) has 
as a solution 5 

u) this -follows from ci) hvj taking n*dT » 

w) since the number of 6*^power residues 
modulo p cannot exceed -£^-< p-i , see (u) ; 
the conclusion must he true j 


to-a) let t he the exponent of modulo p; 
then,since ’ = A^* 1 21 (mod p), we know 







t j *, but, since A( ^ $1 (mod p) we know 
that t< pAi t$ false ; thus t= pA*} 

b) since for it], voemaij 

use the finite extension of r 4 (ii) to obtain 
P(B 1 ***‘B5) s P(0 1 )***P(Sg) s p,* 1 * * • p^fc 
= p -1 . 

7. i) We first find A 1 ,A 2 ,A 3 sothat 

J2L 1 !ai mz . 

Ai 2 fi , A 2 3 fi, A 3 7 f l (mod 4 3 ) j 
where the 2,3,7 are the prime factors of 42 , 
42 * 2 ♦ 3 • 7 * it is easvj to see wemaij take 
A,-2 , A^-7 ( A 3 s 3 

and that 2 ZI s-1 , 7 W ;6 , 3* *-2 (mod 43 ) • 
since all o< i *i we find 

T3j * 2 ZI , B 2 *7 14 , B 3 *3 6 so (mod 43 ); 

therefore 12 is a primitive root modulo 43 5 
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*) 

usme^ 12 we h< 

m 

the tabl 

e: 




power 

of 12 -t 

l 

2 

3 

4 

5 

6 


no. 5 

to ( 

>m©d 43 ) — > 

© 

15 

8 

10 

© 

21 


exponent-* 

42 

21 

14 

21 

42 

7 


7 

5 

9 10 11 

12 

13 

14 

15 

16 

17 

18 

-6 

It 

-4 -s 0) 

II 

® 

-7 

2 

-19 

© 

-27 

6 

21 

14 21 42 

7 

42 

11 

14 

11 

42 

21 


20 

21 22 23 

24 

25 

26 

27 

28 

29 

30 

© 

-18 

-1 -12 @ 

-8 

© 

9 

-21 

6 

© 

4 

HI 

21 

2 21 42 

7 

42 

21 

14 

3 

42 

7 

31 

32 

33 34 35 

36 

37 

38 

39 

40 

Ml 

42 

® 

17 

-II -3 7 

-2 

© 

13 

-16 

-20 

© 

1 

Me 

21 

14 21 6 

7 

42 

21 

14 

21 

42 

1 

voe have 

circled the 

pr 

imitive roots 5 

the least 

is 3 and the least absolute i 

s 3 ; 

for an easier 

method to carru out +h 

ese 

computations, 

see 

ch.8o 

f Uspensky er Weaslet 

i lunmtarij dumber Theory. 




S. 't') when ( 3 , p-0 * l all integers a, prime top, 
are cubic residues of p (see * 6 ( 0 )) thus since 
(3,4) ~ (3, io) * i all integers are cubic residues 


modul 


o y an 


d ii : 


ti) this follows as in the proofof (v) since 
(5,0 = i ; 


VM 


w) when n is odd , (n,«0 * (n,»0 = l *, thus 
the conclusion follows jTom*’^}; 


w) if all a j p \a , are power residues 
modulo p then (n,p-i)*i since otherwise no 
such a would have exponent p-l and this contra* 
diets the existence of primitive roots for all 
odd primes *, thus for all odd n, (n,p- 0 s 3 3 
this means p-l must he a power of 2 and, hence, 
p is a Fermat prime *, the other direction is clear 
since when n is odd and p is a Fermat prime we 
always ha\>e (n,p-i) = i • 



v) btj Xiv * rr (vit) cyven n> 1 there are infinitely 
many primes p of the form nk + i *, for each of 
these (n ,p*t) *n and therefore if all integers 
were power residues then such p would have 
no primitive roots contrary to fact. 


9. if p-i]nthen »i (mod p) so the left 
side is congruent to p-i and hence to-imodp 
otherwise let y bo a primitive root modulo p 
and note that i, z, are congruent, in 

some order, to y, <f ,***, y?' 1 j hence 
i n + e n t••*+ (p'0 n = y n+ y 2n + ty (p ' 1)n (mod p) • 
now, since p-i fn , 1 - y n #o (mod p) sothere is 
an X* such that (i-y n )x c si (mod p) and 
X 0 *o (modp); now 

l n +"- + (p-l) n 5(J n t l ?'^ n 

5 X.(l-5 W f'^S ) 

= o (mod p) . 




10. if 01*11 (mod a n -i) then t *n ; since 
a u 3i (moda n -0 we see that n is theexponent 
ofa (mod a n -i) *, the conclusion now follows 
from r t (u-d% 


u. Let cj be a primitive root modulo p 
then the product m question ispist,usin^VUl*’i^ 
TT a* s cfiM *?***1 (mod p) 

li,p->Vl 3 J r 

Since f (p*0 is even and 5 1 (mod p) . 


m 

TT 


12. if oi is a primitive root modulo m,m>z, then 
: fry ; y m, ‘ ‘' 1 ^'s (j ^ (modm) j 

since (^^+i)(^^-i)5 o(modm) and 
(pPli ^ o (modm) we have tbe desired conclusion; 
on the other hand when m has no primitive root 
we mavj follow the lines of the proof of tX # I2 
except that now it is not true that x a 5T (modm) 
has onlvj the two solutions l and m-\ since 



the, number of solutions is cyven in XVH * 3 ( 1 #) 
and is 

if 4^3 if Him ,efm 3 2 fe+ * if 8|m, 
where £ is the number of distinct odd prime 
factors of m 5 if n has no primitiveroo*t then, 
b^*i(vv), either 

t«o, 8 |in or ; H |m or £ 2 z 3 

in all of these cases the number of solutions 
is divisible bv^ 4 ♦ noting that the solutions of 
X 2 s i (mod m) fall into pairs x , -x vvit K a 
product - x 2 5-1 (mod m} we see tbat tbe 
product of all solutions is (-i) s , where s is 
the number of pairs 5 but s is even since the 
total number of solutions of x*s 1 (modm) 

IS divisible btj 4 3 the proof 15 now finished in 
an identical wavj to that of 1**12 . (If should be 
noted that the method of the 7^ half of tbe 
proof to this problem is also applicable to the 
half - namely ,*to the case where m does have a 
primitive root .) 




13 . (A) First we show that c^as defined is < k ; 

Case i. t even j if 2 ** s-i (mod ex + i) 
then Q^t-l <|t 5 ( 2 K + i)^ s * j 

if 2**^-i (mod 2X+0 then iTCti is not a prime , 
for if it were (2** + 0( 2^* • i) = z t -1 so (mod 2xti) 
and 2**i j (mod ix+i)j thus t| 'f(ixti) <2X 
so c^» t*i < x *, 

Case2. t odd • here (:xn)<x so 


Q^s t-i < x ; 

(B) suppose now that t is even and 
2**s-1 (mod 2 X+i) *, then 2 ** = -i + cj (zx+i) 
for some odd cj, savj cj r 2S + i (for x Mthe 

assertion m the problem is obvious ) j then 

J _ _ - *. 

-s (2S+l)X + S 


a „4t-i -l + Ui4i)UX + 0 

2^ s 2 s 


is in 


the progression ; further, if i x ~ (zs+ Ox+s 
j'or some s and if <s is as small as possible we 
have l** 1 5 2XS'i(modzx-i0so2 2O<+z 5i(mod2X+0 
thus oc -l and t| 20C+2 so and 2^ 

is the smallest power of 2 in the progression 



(O suppose finally that t does not satisfy 
tbe conditions of (B) *, then e a+1 s e f M^(tx +0 
for some odd c[ , sai^ cj* es +1 ) thus 
2 * -t « -1 + 14 ( t< u)x »s 
is in tbe progression * further, if*:“*is(is+i)x+s 
and oi is as small as possible then 

2* 41 s i+ex s 1 (mod ex+0 5 
thus & < t-1 and t|«+i so « *t-i . 

ih. if 2 a were m tbe sequence then C^>3 since 
i,z,H,a are not in tbe sequence* if s+7X = 2^ , 
Q^> 3, then x is odd , savj X s 2 x t +i, wbiob 
fields + and Xj is e»en ; 5 a^ x t =2X^ 

vobicb fields 3 + 7X 2 * 2 a ' 2 and x 2 is odd , sa^ 
x 2 = ix 3 f l,wbicb fields 5^7X^= i a ' 3 j thus 
if 2 a , o, > 3 , is in tbe sequence then 2 a * 3 is 
also in tbe sequence } iteration leads to a contra* 
diction j if s+7X = 2^ -l then since 0 , 1,3 
are not in tbe sequence *, from 5 , +7x = 2**1 we 





see x is even, savj x * 2 7C a , which vyelds 
3*7X t * 2*" 1 wWc Xj is odd,saij x^Xj + i, 
voV-mcK vjtclds S + 7X ? s2^' J , which we know is 
impossible bij tbe first part of tbe argument. 

15. >) The identity is clear as is the congruence 
modulo 2 n+a ; noting that 5^+122 (mod 4) 
we see that none of the factors s* 3 + i are 
divisible bv^ t and the incongruence assertion 

follows j 


ti) this is an immediate consequence of (i) j 


Hi) clearly 1 , s, 5 1 ,5 2 ■ and-vtfj-sVyS* * J 
are pairwise in congruent modulo amo^ 
themselves j further, each of the qroup 

of numbers is congruent modulo 8+0 either 
1 or 5 , while each oftk qroup ofnumbers 

IS congruent modulo &to either 3 or 7 j 



thus ho member o| the l s ~ <youp is congruent 
to a member of the <jroup modulo 8 , 
and , therefore , since oc > 2 , modulo z* . 




xix Special Primes and tbe 
Lucas - lebmer Theorem - Solutions 

'• V ^ (4) 5 14) ’ (i) =■ 

Y -1 

(-1) 8 s-i, vobere we have used the fact that 
F n 5 (-1) 2 4-15 2 (mod i) * 

u) btj kvjpotbesis i 1 *"* 1 *! (modr n ) so 
^V n (^) | ”l and this implies P Jn ( 3 ) is a power 

of 2 ; but this power cannot be smaller tkan 
P-rv -1 rkself since 3 ^ ^ 1 (modF n ) • 
consequently P Tn (3) s F n * 1 *, finally, 

* 1 * ^V n (3) - f (^n) - P n " 1 
50 *f (^n) s Pn" 1 and r n must be a prime • 

*•*) wken T n is prime then, bij ti) ; r - 1 
and, bu Euler's criterion , seexvn*5(u), this 
|m plies 3 = -1 (modp) * tke opposite implication 

is precisely tke statement in (u). 



1 . t) 2* n i -l (modp) so I* 1 ”? 1 (modp) and^ 
therefore ) ? ? (l) 12 n+1 ; if P p (i) * Z m , m < n + 1 , 
then l* n 5l(modp) contrary to fact 3 


u) since Pp (i) | f (p) we know i n+1 | p -1 ; 
hence p*-i s (p +4 Xp*i) is divisible bijai least 
the 4 ^ power of z (recall that n> l and p is 
odd ) 3 therefore (p-) * * 1 (mod p) and 


the result follows 3 


w) since , huj (u) 5 (p)* 1 Euler’s criterion 
tells us i * 1 (mod p); thus Pp (i) *2 n+l 
divides -Pj 1 5 


w) from (i)- (toi) ; 


v) since the P n are pairwise relative^ prime, 
see IJJ # <3 («.£), prime factors of different T n 
are different 3 now let p,,pt,pi,**‘hea sequence 




of prime numbers such that p n | F n > then, by 
(w), p n is in the stated sequence for all values 
of n > (e - z. 


3. t) Ts z t +,294,967,297 with possible 
prime divisors of the form i + e 7 *t } i$t< 2 75 } 
calculation shows i + 2 7 ‘i IS not prime for 
t* 1,3 ,4 but is prime for t * 2,5 j "or t*2the 
resulting prime 257 does not divide F 5 while 
for t»5 the resulting prime em does divide 
F s with quotient 6 , 700,417 ‘ 

(the total calculating time here was <iominutes;) 


u) (we follow Sierpinski [laen*] ) 
compute r 0 where r c s (mod F 7 ) • 
now compute r,,r t , *••,r t20 successively ) 
where Ty? s r j (mod 7 1 ) ] then, since 
3 fi «r 1 .3* ,tT ir l * 0 *-l (mod 7 1 ) f 
we see that J 1 is not prime . 
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4 . i) if n*a 6 , a > 1 , f>> i then 2 a -i | z a ^-i 3 

ycp+n 

(^) = C*0 s (* 1 ) 1 ** ) 

6 ) if q ) 2 P + 1 then = 2 "^“ 5-1 (modCj) J 
which saqs in contradiction+o (a) j 

c) Since 2^+1 = + 

= (2 p +i)(2^-i)5o (mod <q) 
and since, bv^ ( 6 ), qj 2 ? + i , cj must divide 

Mj,= -l • 


iu) these are all immediate consequences of (k-c)j 


iv) each of the examples m (tu) is a counter* 
example to the converse of (i) . 

5 *. i) U l »i,V l »Z suppose now the assertions 
are correctforn *, then U n +i s 

+ -Vi)] = 

^{(i+^r-ct-^r+^v^.u^-vvn, 



V um s + n/ 3 ) n ( 1 + \/T ) t ( 1*» n/ 3 ) n ( 1 - >/3 ) 

S (l + V?) n +( 1 -V 3 ) n +V 5 ((l + VT) n -(l-V 3 ) n j sV n + 6U n 3 
+ he assertions now follow for n+1 j 


vva) multiply out the ricjKt side and cancel 
terms ; 

6- e) similar to (a) 5 

f) put m*n in (c) and use (O 5 


• (p ■, 

k) similar to (a) 5 

c) put n=p in the expression for U n+1 in 
(') and put m:j f ri =p-i into (ti'£)to obtain 


lU p „«iU,+V p> HUpo'-iUy+Vyj 
multiply these equations to obtain 
8u 3 D«‘- , p. 1 = -tU p 2 +Vp 2 s-H + t zO (mod p) , 
where we used (a) and (6) at the 2 W last 


congruence ; 



w-co ky (it-a) *, 

$) ky (u-6) ; 

c * j) ky (ttt*c) 5 

l) if n*qu p *r ,osr<Wp, tken, by (a} 
and (6), if r *o tken r * n -cjWj, is in S p *, but 
tkis contradicts tke minimally oj co p • kence 
r*o and,therefore > w ?l n 5 

v-a) from (tt-c) witk m* z?-i ,n* i >we 

kavc ,usiny (iu-a, 6), 

IV „ * »V 2 ,. t t I 2 U J?0 s 4 112 (*fc) (mod zM) 5 
now zT s 8 (mod n) and,tkerefore, as we- sec by 
induction, all odd integers S , larger tkan 3 ; satisfy 
2*5 8 (mod n) ) kence for suck s ) 2 s -i»- 5 (modit) ) 
and >f or tkose vsikick are prime ) we kave.by xvii 
*u (w), (-^y) 5 -l ; consequently on< ^ 

2 V 2 pS -8 (mod zM) j 
6 ) tkis follows ky setting n= z ?* 1 in (&* 0 ; 
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c) immediate from (6) and (a) ] 
cf) immediate from CO since 

i^nHM p ); 

vt-a) since *(• 1)^-1 5 -2 (mods), 

we see p 4 3 5 

6) from we see U^sU vl V v , so 

from p| V zV , we conclude p | U 2 * 5 
c) bij (6), 2^ is in S p so,b^(w*c-2) ; co p |2^* 
cf) if u>p| 2^ then , b\j (vv-c-2), 2^ is in S ? 
so p | and } therefore, bij (u-f) we conclude 
p|('*) 2 ^ +2 , contrary to fact *, 

e) immediate from (c) and (cf) } 

f) j-rom (w-c*i) we know u)p = 2^£p+i • 
thus 2^ -1 f p * but p* so Mp • 


.. . . ,1-1 

MU) VjS 8 s 2 4 ‘4 so put S, = 4 • suppose 
)S£ have been correctly chosen • then, 



.6/ l 


usincj (.w-O, 

V z (i4iaV : s +(-2) - % 

^omput S fc 41 «S* -l } 

vim') if Mpis prime then ,bvj (v-df), Mp|v 2 p., 
and, therefore, htj (\u) } Mp| Sp., } on the other 
Hand, an\^ odd prime divisor of Mp must, when 
Mp divides V lJM , which is true when M y | s p . n bij(tri), 
ecjual Mp; i.e. Mp is itself a prime ) 

\%) we maij note that all Sg are e>Jer\ so we 
maij suppress a factor of 2 in each term j this 


fields 


t, s Y s 2 > 




xx Pell Equation ~ Solutions 

1. {•a) Since o<y, for y an integer, is never 
an integer it must lie between two consecutive 
integers j let x be tbe larger of these integers j 
G) for each of the m+i values of y } osg^m, 
we select x as in (a) • the m+i resultmgnumbers 
must contain a pour within^ of eoich other and 
their difference fields the desired result ) 
c) this follows from (£) since * 


| x+^n/dI - |?c-yN/0 + 2\j > /o | 

£ |x-y\/5)+ 2 yv/D <^j+ 2 y>/D ; 
multiplying this inequality by )x-yN/D|<y- 
gields |x 4 -D\j z |<^T+2v^D £ i + 2s/D ; 

6) since infinitely many pours x,y lead 
to | x* -Dy 2 |^i + 2 v/D there must be some 
inf mte number of x 4 - Dy 2 having the same 
integral value ; 



io^s 


O modulo £ the integers X are all m 
£ 4 pairs of residue classes ; since there are 
infinitely many such pairs x,y sometwoare 
in the same pair of classes j 
cf-o Xj-x.x.-oy^.x.'-oy 
= £ so (mod £) 5 

y 5 s x t ^ 1 -x 1 ^ = x J ^ 1 -x J vj 1 so(mod£) } 

2) if y 3 =o then x 2 =-^ so 
£« r, ! -oy z^t.'-oy) -- fc 

and, therefore, vp = ^ 2 j but then x 3 *x z and 
tbetwo pairs are not distinct • 

3 ) x, 2 - Dy 3 2 = (x, 2 - 0^‘Xx, 1 - Dy, 2 ) r £ 2 3 

e) by and (s) voe seethat 

(^) l - 0 y = i is a solution. 


2. V) x 3 2 -D^ 3 2 = (x3 + \j 3 Vo)(x 3 -vj3^) 




ii) this is clear since the x and vj appear in 
(0 onlej to the empower and therefore, either 
one or both of x,v^ ma^ he changed to their 

negative } 

14*) from \< x + ij N /o we have 
o<x-^v / D*'^^<i and-i<-xt^V5 <o 5 
adding each of these new inequalities to the 
qiven ineejuaIitej fields 

1 < zx and o< zvjv'O 

from wh ich our conclusion is immediate • 

w) let xt ^n/o he a positive solution5 then 
for suitable £we have 

(X # ti^/o)*£ Xtq>/ 6 < (x 0 +v ^>/5 ) 6+1 5 
multiplying by (x,+ q oN /5 )“** fields 
l* x'+q'VS = (X+VjVD)(x 0 +^N/D)‘<X # *iVj o v / D * 
if x'+cj'n/D is not 1 then, since by (tit), x'>o, 
q'>o we would have a positive solution smaller 




than the smallest positive solution *, hence 

j" 

t+vj'v/5*. i and .therefore, $ 


v) this follows from (ii), (w), and the fact 
that K 0 -V^ s *^Vtf * 


3 ,i') x 2 -3vf*~i is not solvable because if 
it were the congruence x 2 * -l (mod 3) would 
be solvable (but o ,\,z fail to satisfy the 
congruence ) 

u) this parallels the details of } 

uj) if a + py/6 is the fundamental solution 
of (i) then (a + p v ^D)(%'+u / N /D)i3 a solution 
of (i) and hence equals (x'+m'>/5 f +1 for some 
positive integer 6 ) thus oc+^n/o = (X'+vj' \/o ) z ^ 
and its fundamental character dictates that 

6 = 1 . 






4 . i) if X 4 -Dv^ 2 sl then (cr*) z - D(Ovp 4 »0' 2 • 


t> direct com 


w) 


putati 


on 


wi) consider the equation x 2 - with 

V^Jin/D ** ? tvjy5 * felt 8 ^ 5 

w) when o-^D then cr|x as we see jrom ( 3 ); 
the rest is easily seen h^ computation 5 

\-a) this is clear • 

£) 4 D 5 O ’ 2 (mod HO 2 ) ijtelds D5p 4 (modqp 2 )j 
hence D = D'p* and D' = 1 (mod 4 ) • 

C) from x 2 - Dij 2 = X 2 - D'p^prO 2 = 4p 2 
voe see p|x • hence (p-) Z -D'\^ 2 » 4 •, but,b\j(&) 7 
D' is odd so y and vj have the same parity 5 
c f) x i g - XtX ^ D ^ z s p 2 

s p ? 

Vj,s * novo 



observe tViat x/ andvp have the same par itij 
for i= i,i and the conclusion follows since D 

IS odd *, 


Mi) ,f 

l^P- <i <m A 

O' S) ) 1S cr = © 


JL< JL 

oc 5 


so >1 


5. i) Bv^ direct computation * 
i\) if x+vj\/D is a rational solution put 



W) = S, 3 • 

W) direct computation . 
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6. 0 The fundamental solutions to these equations 
are, respectively , i+v/T and j 

thus all solutions are yiven by, respectively , 

U + v^) 2 n * 1 *(i 4 \/ 2 )( 3 t 2 \/ 2 ) n and (3+2/2 ) n * 


O ’f s n * a +(a + i) then a ? t(a+if * h n 2 so 
S n 2 ti = (ia + t)*+i s 2 (a 4 +(a + t^)» 2h n 2 and, 
therefore, s n +h n /2 *( i + ^)(3te>/T , ) n ) where 
we have used (0 ' n the form s n * - 2 (\ 2 s - 3 • 


Vi) ( (lX + O + Z/2 )(3+ 2>/T) 

5 (6X + 4X*3) + (4*+3Z+2) 
so the “next Pythagorean triple” following 
(K,X + 1,X) «S (3Xt2Xt'l ) 3Xt2Zt2 ) 4Xt3Z+2)3 

i») follows from (iVO)j 


V) (3,4,0, (20 ,2.1,24 ) , (114,120,164) , 
(646,647,485) . 



XXI Wcvjl’s Theorem on Uniform Distribution 
~ Solutions 


\ i-a,b) These are clear jroin -the definition 

of ^C«,6J ; 


*) tij Ca) and (6) if 4-i, f (sJ-» ff then 
and,therefore , {s n ^ is unijormltj 
distributed } 

tw) immediat-e from the definitions. 

2. Let e>o he cyven and choose <ph,n satisfying 
the <pv>en conditions and b- £ ‘*a, •?<*»’> 

and, therefore, 

1*JL fCO-Jf l <*•; 

this proves f(s n )~* f f. 





3l6 s 


3. Using * i (it), (iii) we see that because of 
the additive and homogeneous propertiesofthe 
arithmetic mean and of the integral the result 
is true whenever f is a step function * since for 
any 'Riemann mtegrahle f the hypotheses of *2 
are realisable with g and la step functions the 
desired conclusion follows immediately from*2. 


H. t) This is clear since when u and V are real, 
^ ( U t tv ) s fut t f V J 

it) by (t), f (sj 5o e ' WiCx ^ r ° ♦ 

5, t) P implies e 2TT, ^ Sn /vie which,mturn, 
implies each of 

(*) cos 2TT £S n /vo and sineTT£s n '^s^o * 

but T\x)® ? (a 6 cos mGrt b^smirrlex ) and, 
therefore, (s w ) = 

£*{* 1 ** + i, ^f"l, smiTT e ' s ~]; 



hence , since the expressions in the curly brackets 
tend to o, we conclude T(s n )^*o j 


it) to yo the other way we seethat if 
T( s n )^»o for oil trigonometric polynomials 
with zero constant term then both assertions 
of (*) are true and .thus, e ?TrifiSn ^o ) 

tit’) immediate from (t) ard } 

w) if X Cx) * a c *T(x) and T (s n ) ^>o then 

its («»«.♦*£,r(0 -* «.♦ ft. f * 3 

on the other hand , since all trigonometric 
polynomials certainly include those with zero 
constant term the opposite direction is obvious ; 


v) for f continuous and e to there exists a 
triyonometric polynomial V suchthat 





putting , (a» V + we see that all 

the conditions of *z are satisfied so we ma\j 
conclude f(s n ) ^ff 5 

\i^ ejiven a characteristic function y of a 
subinterval of [o, i] we mavj choose continuous 
and k satisfying the conditions of*2 ( we 
are usme^ (v) here) and,therefore, bij 9 2 
X (s n ) fx 5 but then the conclusion follows 

fy *i(uy, 

vm) this is a restatement of and (vv) . 


"£i e =C l—Vrr.Ucv j J 
since the ric^ht side is bounded as a function of 

n, we see that on dividing it btj n the resulting 
expression tends to o as n-*oo • since this is 
true for all (e>o,the sequence [s n ^ is 
uniformly distributed, btj\^exj)*s theorem, 



* £|. t e me(m « + ^ (re ITr,Sm< *), 

and since the sum on the riqht ayain tends to o as 
n-» oo we conclude , as in (i), that £ s n ^ is 
uniformly distributed. 

7. t) n(a,b) *n(o,£)-n(o,a) and,therefore., 
Iim^^-lim nte.6vn(o.a) g |, m ti^£2-|ima^l#£-a: 

tv-toc 1 U4oo n n-tco Ti n+oa ™ ) 

the opposite direction is clear j 

fi) suppose oca < i, o< e <minf a ,i-aj; 
then, for n > Af >4" , 

n ? (o,a-e)-A£(o,a-e)* n R (o,a)c n p (o,a+e)+Af; 
dividing throughout by n and allowing n to 
increase without bound we find - a 
may be made as small as we wish if only we 
choose n sufficiently larye * consequently 
lim exists and equals a ; the conclusion 

now follows from (0 ; 
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ijj) it is obvious that if^ some enumeration of* 
S is uniformly distributed then S is dense in 
Uo.i] } on the other hand suppose 5 is dense 
in [o,i] and [p n ] is an^ uniformly distributed 
sequence j choose a sequence from Ssucb 
that | oc n - p n | < A" and the cx n are d istmet 5 
novo enumerate 5 - £to ^et f * finally, 
place ^ into the jfa n ^ sequence so as to have 
occupy the ^ ^ position in tine resulting 
sequence j clearly since [o^ is unrformli^ 
distributed , bij (ii) ) so also will tbe new sequence 
with tbe $ inserted. 


8. i) Studvj tbe diagram : 





u) note that if p-r ®p-s»^ than r*s and 
one obtains for the pairs (p,r) ec|ual to : 
(<},o), (<jtt ,0,(c[+2,2),*** (<\+ Km ,M-0 5 
thus there areCKaetkj W such pairs* if p-r^p-s 
then.sai^, p-r = cj , p-s =cj+fi , n. >o • then 

and p-s *p-r+h sor-s * (v; thus, 
terms are obtained from the pairs (r,s) 

ecjual+o: (d,o), (d+ijil,**•, ( W -1, w *1 -h) • 
thus there are exactly W-h such pairs ; the 
same argument works for o^o^i;} from these 
observa+ions the desired conclusion follows . 

Usmc^ and the Schwarz’ mecjual»+^ we have 

H'u^r-1 w 

f C<^<M.<k ' X„£h,» I e,E* “p-l-l 1 

* (w +e-0,1, cyV 5 

0 <p<X + Cl 
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usiny •y 


10.t) Put e z "' s< l , then,for o<H<Q k) 

i}\ Z C wt$ '\ l * 

WO. o<fUH H^Q? I ) 

for fixed M the riyht side tends to ■— as Q^-* oo • 
Since, tins is true for any H the left side tends 
to © and we are done 5 


u) by our earlier work we know e i1t ’k (Snt( '* s *\-c»o 
for all positive integers k and k •, thus, by (i), 
-forall positive mteaers k; the 
conclusion now -follows from Weal’s theorem, 

u. (A) Suppose a r is irrational • when r*\ the 
result follows from *6(u);thus suppose r>i 
and that the result has been proved for r- i ; 
for each fixed positive integer k +be yuantity 
f(n+k)-f(n) is a polynomial of deyreer-i with 
irrational leading coefficient ka r • thus the result 
follows from that for r-l and : 



(B) suppose, a r ,arc rational and a s 
is irrational , o<s<r ; let M be such that 
Ma r ,-,M{ 3 , +1 arc integers j if we can show 
{(f(Mntm))] is uniformly distributed for 
each m * 0 , 1 , •••jM-i then {l f (nO] w uniformly 
distributed *, but,modulo i, 

f(Mntm) s a 0 + a 1 (Mn+m) + - + a r (Mn+tn) r 
5 a 0 +a 1 (Mn+m) + *~ta 5 (Mn+m)%a, tl m*V-*+a r m r 
s n‘ , where the ^ are 

independent of n ) in particular, p s s M s a s is 
irrational 5 this is the first case of the result 
(see (A)) so [(f (Mn+m))] is uniformly distrib¬ 
uted for each m and , as we have already observed, 
this implies ((f( n ))$ 15 uniformly distributed. 





XXII Mdbtus runctions - Solutions 


*•<•«) if cfn—.cTg are tbe dtvisorsoftntben tbe 
coeff cient of x m on tbe riyht side, after multiplying 
out and collecting terms , is a^ + • *•+ *,tbus tke 
n 5 U S ,d 4 ,S ?,(£«<)*" ; *J t n+,f j .n <3 coefficients 
on left and rtykt yields tbe desired conclusion 5 
6) tkis is shown by induction • for s * l 
and any t this follows from (a) j suppose true 
for s<n and all t • then ( s»n ; t>i) 

0 a <C S d\n,S\t a dS * s$ t S\t a ni 

/ r \ \ dffnt 

S 'efiVi a cfX £ <*S) - W a«r «»♦- a n flt 3 
c) a p c = a! s i ; by(a), a^a^,*osoap=-i- 
also by (a), a,+ a ? + so cy»o ) if y*o 
for 2sksn ,+kcn , by (a), fl,+ " , + y ^*.*0 


50 U p n41 * © i 


d) this is immediate from (S)and(c) • 
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ii-a) this follows from the fact that 
f(x m )= T ^rand the definition of the a j • 

6) for x * the resu It in (a) is true not 
onltj formally but also in the sense of convergence* 
putting x = the expression m (a) fields 

1 — ? _5 _L — _L_ « _^_ w -1- x -1- 

10 mmo^i 9 ^ 9W9 WW 

\ ^ |_ 

“ + 3 

c) multiplipncj the expression in (b) bvj 

9 and then subtracting from l fields 

_L. - i . r qa™ , _1_ + !• _l_L_ 

to * 1 m tj io w *i n in tun mm 

^_1__— ^ -1-«L « . « 

mi u i iiuiiiiu 

2 .i) This follows from *tlie definition and from 
* 1 tf-6,/) since these shovo p(n)sa n and that 
a n is a multiplicative function. 

ii) i f ns p,^ 1 then 






{a) - Ccf> put f(<f) respectively equal to 
1, cf , JO(cC) in (ti) • in CO also recall the 
expression for *f (n) • compare tins with xjV*i8(viu). 


3. iy From left to riqht we have 

’t" 5 •, 

in the other d irec+ion 

kn °i^’kn Jw ) ’k Jd >Hm) f( m ) 

■aj* - S) 

■ f w > 

a) if nr pi* 1 *** pg 1 ** then 

r A(cf) = £ 2 A(df) = £ oe Inp; sin n ; 
cfln ; 7 j* 1 ^Tp*i i sl 1 Jl > 

now appltj CO and use*2(u>0 j 
G') applij (0 to the expression 'f(n) * Jj^p(cf) 
ohtamed in *z (m<) • (compare With ) j 

c) imitate the proo K (0 exactly • note 
that if all quantities were positive we could 
take loys and obtain (*) from this result j 



of) appl^ (c) tc the formula X n «i*TTJ^(x1 
of XiV*i7(t); compare with xiv*i8(via) • 
i) from (v) we see that ¥{n) • 
if n contains p 3 for some p then either cfor^ 
co ami p* so each summand »s o and * 

otherwise, if n= s 2 v , (s,v)* i, we have 
't ( n ) /0(scf)/0(s-^ ) 




/ ’(-e) t if v > i 


dh 


dHv 


'f 


IT V * 1 


W) ^( n ) = J r ?n ^ ( n ) s Jfr Jin// ( nirf 
; “ n cr,nl»a r/«C,n/cO*i 


) 


now applv^ (i) to obtain the desired result • 

а) put f (x) s C ZTUX m (ti) and observethat 

, <j(n)*o for n>i 5 

б) with S R (iO/n ft s ^i(^ ) 6 ) 

<j(n) *l n &f * ifit ;V ng " to ob+Q ' n 

S ft (tv) / n* * 1 |0 (cf) c) (-J-), from which the desired 
result follows • 




put £ = i in (6) and use *2 (iv -a,c) 
plus 14*1+ • ••+dC s. 

2) put £*2 m (£)and u$e* 2 (ii -a,6,c) 

plus 

3) put £«3 m ( £) and use*2(tf-a,6,c) 

plus i 3 +2 3 4*'*tcf 3 s j 

4) flpplij (i) to+he result' in (£)j 

c) use (u) with f(n) s^Jnf, <J(tO b l"$r J 


«) Ja>u6 t f(£ 1 )*if(£ < )5 p(<f)««f(oj 

a) m(«), put s [x] , £, = ( i } ), and 

f(£^» l, isisN j then S^* [-J] and 

+ "n” * 1 , 

we have used (i) at the equality ; 
s) TT(x)-TT( v /7)+t = f(x,\/x') • compare v»i # 24. 
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4. n I K)(n) (ifx.mn) ■¥ £ ,fO( n ^(x,mn) 

' tnnfx 6*1 mn*fc ' 

*6?i JSft (m) ^ (* *k) s & fe t* > k) J R V 

* (*,£.) I s k(*\0 ) 

1Ti\k 

u) j-row Icjt to n<jKt wc, have,, usincj tO a+ 
the last cxjualitv ^ ) 

Z x p (n) J>(n^* n C >>(n)Pin)jj^ P(m)ffe) 

f life) = fCx - ) j 

in the other direction, usin^ (i)ot the lastecualitij, 

J,*(")f (*) * tJWJ* 

M v ' l nm ) “) l t 5 s) 5 1 (* 1 1 

lii) j’rorn left +0 riaht we have 

I, VW <51*10 *l,J J ln)!,f(mnx ) 

in the other direction, 

I, f< wx 1 * J,|, p(tv)<j(iw»x)*<5(x) 5 
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tv) [rom left fo rujht we have 

I >> Ct ) FCtef) s I jd(t) r 6 (stef) 

tic& td?t& st di& 



in the other direction, 


f g(S)* r r 

f,Se3 dlS,St& tSi& 


» 5 F(Ncf)I pet)*/(<£). 

vrfeS' t,v 



\xm Some Anal^+>£ Metkods - Solutions 
ui) * 

JL,/ w<j<>" + o s 

F(N)<j(N+i) ♦ 1 B jjj[F(m-0-F(m))^(mV F(/V0q(M+i)= 
F(N)<j(Nvi)- w> j^ i f(tn)qC n '> , smee F(N\)sO 5 

*' UL^t" 0 !* 

\T{H) I Cj (N} +JL J cj(tn+O- <J ( m ) I 

4 JliSX inm)|{^(N^Xji("'* t Vl‘ , ">l] 

f ma^i |F(m)| [q(N) + <j(Mn)-q( N ) ] tf « decreasing* 
* I*?® IF(m)| [^NV^(M+i) +c j( N ^ l f ^ ismonjasing* 

from voktek tkc desired result follows • 


iii-a) tke result tn (fO, first part", skows tke 
sequence of partial sums is a Cauchy sequence • 


£) I, frozen) * J.favjou XJ (n) 1 <n) 

and, 5 inc 4 lj. t t,fC’v)fn )|4 ^(Cx:\nja ? JF(m)|, 
we know %.^ 1 f( n ) 5 ( n ) * 0 (q(CxD) 5 



w) let r be the largest index m for which 
\ w f X 5 then = 

X O'w 5 ,(t1 & * C r(t ’ t w * 

■£rc\j £7f(*)A»nxo^w* 

* I’, 5 : 1 (‘<5(.O--^M)♦ Kx) ( =5 (X)- < 500 ) 

s ^’(X)^(X)-f 1 f(tn^(\ tn ) • 


v) in (w) we, put X^a^X^* a+ j- i,f(tn)* 1 
■for all m and obtain 

Mtx^ m )*(^’ a+ 05W’D Ct > a + 1 )< 5 Wcft, 

and , after noting that 


J^(t)cTt r x<j(x)-aa(a)-£t<p(t)c£t, 

we see that this agrees with the<pvenexpression- 


vl) b^j(v) } 

= ±(cj(x)-^Ca)) + |^(a)|+|^cx)|-0(|cjCa)|+|^Cx)|) j 



and, Since 11 -[ t] | < 1 , <j3j ; (t)<ft»g(0 we know the 
ri^ht side is , in absolute value 1 smaller than 
i|^(iO| } we are ustn^ cj(xH° asx-4 
guaranteeing the infinite integrals exist 


oo m 


2. i) "Put a*i , cj(x)*X' 5 m *i( v 0 j 


H) put ast, <j(x)s-L in *1(vu) +o obtain 
tbe expression for^X -J- with 
tbe other expression for V follows from the 
obtained expression * 


tU'j put as i , cj(X')* In x ] 

wO £ In -S-s I In x - I In n 

' niV n n*y ni* 

*[x]ln x -(xlnx-X40(lnx))= ([x]-x)lnx +x + 0(lr>x}, 
and tbis last is clearly 0(x) j 





ms 


v) first of all note 

ln p {HfO + - ] ••• 1 


a r Jn£. + r In y _ . 

J»x ? j»x jHf-O ) 


usinc^ Ntv*’ ii (v) tke last sum tends to a limit as 
x->oo and, therefore, our 1 ^ ecjualit^ is 
proved ; the z 1 ^ ecjualitij is immediate from 
the definition of A • usin^xxii*3(i-a) we see 
that In n r T A (c f) so 4- I Inn * * I I A(c() : 
for each cTsv , A(cf) will occur in the last sum 
precisely as manij times as there are nf* with 

/N(cf) ; but 

tkis , with dijferent notation, ipelds our 3^ 
ecjualitij j tke laste^juali+ij is a consequence of (iw) j 


vi) tke ecjuali+vj is contained in (\) • for 
tke 2 ^ we kave, wkere we use (v) and tke 
chekijskeo inecjualit^ seexiv^iotw), the in~ 

*&(*"K] VA(nl +* IJS J A(n) 
l n * + 0(0 * InxtO(i) *, 
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vti) put \^spj, f(tn)*l for all m, 
y(X)s in *1 Civ) • then 

s OC 0 + ^TT(t) 5 

the result follows immediately hy taking 
a difference . 


3. i) The l 5 ^ eyuali+y follows immediately 
from *z (vi) by takmy a difference ) the Z n ^ 
ccjuality is 5 the l 5 ^ inequality follows 

(for N sufficiently larye) from our assumption 
that the Itm exists and is less than 1 \ the 

x-foox/mX ' 

i^ineyuality follows from suppressing the 
term and mteyra+iny ) the result is false 
because 1 + says that for sufficiently larqe N1, 
-^-InNrO(i) 5 

ii) parallel to (0 ) 

iii) immediate from (i) and (ii) . 




■*[*]([*]♦•) 


“) cltdrltj N* » T^in) • now, us xxii' 2'iV-c), 
we find this latter expression equals 

»><fn >,< ^5'* ( £? | i! a S lfN n > 

cCln 

»«) substituting the result of(t) into (w) 
fields N**j£ x’ly+O(i))*r 

U-&* 

wKere we have used xxu *3(iu-2) -this last 

excels 

where <j(N) 3 -4^^ufi t _io(N)-tO asN-too j 
fmallvj, note that 


so the desired result is correct ; 



VV) M's anc l J^r-^1 OS N-♦OO 

therefore, usmy (tit) , the result ts immediate • 


v) this IS just a restatement of (to) after 
replacing n* t>uj its value -£- . 


5. t) The series is merely the Tailor 
expansion of In \ since 
TCU + f’t^+-<X(l + X tXV")*^* 2 * 
the inequalities are correct 3 


if) first we note that if either series 
converges it must he true that all x^ with 
j sufficiently larye satisfy the conditions on 
x in (i) 3 hence we may, without lossof generality, 
assume o*Xj£| for all j ; hence, hy (t), 

and the desired conclusion follows 3 




jjas 


this follows from (it) and the continuity 
of the logarithm function since 


f In =-* In ft -r-^r: 
i" ‘* x i i ’ 1 J * v j 


6. t) if for some integer s, |f(s)| > 1 then by 
the complete multiphcativity of f we would 
have f unbounded on the sequence s, s 2 , s 3 , • ♦ • 
and this would contradict the convergence of 

f<p > 

U) this follows from 

where the i ”* sum is over all those j exceediny 
tn and having no prime factors exceeding m • 

w) this follows from (ft) by allowmy m to 
tend to infinity . 



1 . i - a, 6) T^ese follow immediately from t he 
existence of tlx, integral f*V s cfx and the 
inequality f x' 5 dx< 1 + x* s dx 5 
c)from(G), i< (S-i)'fCS) < S , andthe 
result follows ) 
cf) put fOO* X' s m *6(w) 3 

e) take logarithms in (cC) and then use 

the equality of * 5 (v) 5 

f) from (e) we find 

OS lnf(s)-l fl = Z j? 

ku+ „14 514 p ( 1+ ? + "■) 5 ; liwc « 

I ! ^»< X ^,<! nfe’l and tU conclusion follows 

ii-a) the result in (t-c”) tells us ^(s) must 
tend to 00 as s -t i + the resut in (cC) says 
this could not happen if there were only 
finitely many primes 5 
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6 ) since In exists for sm , (t>f) skows 
us exists j by (i-f) we seetkat 
I -~i -4 oo as s -* i + : 

p P ; 

Since for all so l , f I n p< f f„j w <- *«-tkat 
t diverges . 


a - ( -^ ,ian 
alternating scries witk terms in absolute 
value tending strictly monotomcallij to o * 
kence tke convergence follows by tke 
Leibniz,’ test * 

£) tkese j'ollosv immediately from tke 
fact tkat m sucb a series tke error made in 
a partial sum approximation never exceeds 
tke magnitude of tke omitted term and 

kas tke same algebraic siyn ; 
c) tkis follows from tke uniformity of 
tke convergence of tke series in a small 
neiykkorkood of i 5 



<£) bvj *7(1-0, ^cswoo as s-*i + and bvj 
(6)and (c), L(s) tends to a finite positive limit 3 

r wWtfksum 
is over all integers n all of whose prime factors 
are of the form H&+ 3 • thus the product, 
which is monotomcall^ increasing as s -* i + , 
is always hounded above bij $(2) ) thus the 


assertion is correct } 
f) hv^ r 5(iii) and *7(i-a) all products 
converge ; the result for 'S(s) now follows 
from the truth of the identity for all integers 
n when all primes are restricted to he £ n } 
the result for L( s) follows from the complete 
multiphcativi+vj of \ , an argument like that 
leading to *7(i-<f) ( except that one now tabes 
f(x) and the above argument for the 

^(S) identity • 
cj) from (f) we see that 




now the, left side, bi^ (cC), tends to o© as s-m 4 
while , bvj to ) the product on the far ricjht of 
the ri^Kt side tends to a finite limit • Kence 
Since yt^t also tends to a fmte limit it must 
be the case that TT . (i-p*M* 2 -t oo as 

J)2 l CmooMV J ' 

s -t i + ; but this implies there must be inf nitekj 
manv^ 4^ + j primes • for the i+k*3 primes we 
corn'd*- ; tk 

left side tends to infinity as st i + and,therefor^ 
So must the ri^ht, and that implies theexistence 
of inf mtelij manvj primes of the form 4 £+3 * 


w-a, b) follow from the same argument used 
to prove 

c,S IniCs)4\‘‘(a)lni.(5)5 [ 4tl 3 ^®^+0(i) 
f* p.JnvJo?* °tn ; 

l f or a « ; 

since, usin^ (t -c) and *7(t-c) ,the left side tends to 
infmtu as s-tl + md«)endentof a the conclusion f»llov»s. 



9. i-Ot) Direct checking • 

6 ) when asn (mod 5) this is clear since in 
this case each summand is i and there are <4 
summands ; when a 4 n (mod 5) the sum is just 
a sum of column entrees in our table after each 
entrvj is divided bij the corresponding entrij in 
another column *, direct inspection fields the te-sul+j 
c) for each \ under consideration each 
senes hreabs into a real and a complex part j 
the series of the two parts are eachalterna+mcj 
and converge hvj the same argument used mthe 
proof of *8(i-a) j that thetj are not z.ero 
follows as in the proo fcf 

<f) these follow from (c) and the alternating 
character of the real and complex parts oft he senes J 
C) from the formula of (d () we have 

J v X(n)^ L = xL 0 ('\) + O(i) ; 
now put P(n)s \(n) , f(x)* X in the Shapiro jorm 
of the Mobius inversion formula, see XXII , 
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to obtain 

xs J^ Cn) ^ n ^(« L *(X) + °CO] } 

tLs implies n l v(n ^ X(n> * L # (\V*[ 1 -<f I x jO(tv)\(n)}; 
the conclusion follows since | p (tv)\(n) | s l for 
all n $otheri<jh+ hand side of this last equation 

is 0(0 3 

f) from XXll^s^-a-i) and 9 z (it -a) } wehave 
A (n) * jO(ef) In -J- 3 this alonc^ with the l n ^ 
formula of (cf) fields 

'£. *$*& ^ WVO(^i ,? 3 

the result now follows from (e 1 ) since L^X) is 
a constant and jf 0 is dominated 

bvj an expression -J- JF 0 ( In -J) = 0(0, bij * 2 (tv) j 

tt-a) hi^ the definition oj A(n), the sum 
on the ru^ht is dearly ecjual to the left hand sum 
plus the 2^ sum on the n^ht • the rest follows 
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from «*f ) and 

^ i? r* 


sr-^+4+l 7—bn-*o(tv, 

f J z 2 I** C'j-m 1 

6 ) multiplying the expression m (ii-o) by 
\(a)' 1 and summing over all characters ; 
tnclud iny \o ; we find , after us my (i * 6) ; 

i x(«r* 

x -psx V j>*x , 7 ’ 

p*a(mod 5 ) 

on the other hand the left side is equal to , 
usiny (a) , 

r t*-+ 5 xw 1 i-^+oco ; 

r* p *5x r* ? f« r ' 

finally , putting these together with * 2 («-v) 
we have 


r - jl r ]rLP 
f*k. T ’ Hji, f 

pra(mod5) 


f r ^+o<o«4-lnx *o(i) •, 


l) this follows immedia+du from (b) kij 
taking a? t ,2,3 ,4. 





XXIV Numerical characters 
and the Dirichlet Theorem - Solutions 


i. t) This is clear • 
w) b^ complete multiplicativiti^ 

X(o* X(M)*X(n\uv, 

thus either %(0 ■© or \(t) s i . but \(i)*o is 
prohibited from the definition since 

i«) bij Euler’s genera luxation of Fermat’s 
theorem (see IX*7(ui)) weknovo 
a^ (£) si (mod d) • 

btj periodicity and multiplicativity of % we 
have (X(a))' p{6> = XU*^)) * %(i) •, but by (ft) 
X(i)“i so we are done • 


tv 


) v ) by direct checking • 



vi) kj (iii) for (a,6)M , X(a) is one ofthe 
f (le), roots of unitv^ • since (a, 6) >\ 

implies %(a)*o we dearly kave nomoretkan 
possible specifications for Xon the 
set of a prime to le } 

vft) implies (a,cf)* i so X*(a)aX(a)^o • 

if (a,6) >1 then X*(a)*o *, if (a£.,C)>i then 
\*(ab)so*\*(a)\*c6 ) ;>f (aG, &)*t then 
\*(aG) s \(aG)-- \(a)\(6) s X*ca)X^(G) • 
finally if* a s G (mod G) then (a, le) = ( G, £,) so if 
this is >i, \*(a)» \*(G) = o , w hile if tk is is 
e^ual to l , \*(a) = X(a) , \*(G) * %(G) and 
aiG(modd’), so \*(a)« X(<*) s \(G) * \*(G) j 


vwi) since X is not principal there is an a with 
\(a)*i , (a,6.) * i • now a, 2 a,***, lea run over a 
complete system of residues modulo £ so 
\(a) f X(n) s n l X(^ n ) s £ t \(n) and ,therefore, 
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£X(n)*o •, 

since XCa 1 )- 1 the conclusion follows j 
vk) direct chechtncj 5 

K) if not then there are two mod £ characters, 
sa\j X,X\ suchthat X(«)Xi(a)» X'WX^a) 5 
but for (a, fi)* J this means X(a) s X'(a); since 
X and X / are zero on all a , (a, (e) > 1, this implies 

x= V. 

2. 1 -a) This is clear buj direct checking ♦ 

6) for X(d)»i with (d,pP)ri we wow id 
have to have \= o, which implies cfs l (mod p?) • 
0(cf,£). l and pP|(e implies (cf, p?)si* 
thus bvj (b), X(d)# 1 J if we let X* he the mod £ 
extension of X , see *\ (vw) ,then 
X*«f)s X(<f)# 1 *, 



tt) since cfs -l (mod4) we know (d",6,)* l 
and * XCcf) * - i 5 


tit- a) first of all we note that, by the proof 
of Will* 15 (tit), \ is m fact defined for all odd 
n ; Since the product of two odd numbers is 
of the form tle+s precisely when exactly one 
of them is of thus form we see that \ , as 
defined, is completely multiplicative (this is 
clear when a factor is even )) the rest is clear • 
&) Since (d*,(e)n we know (of, l 01 )s 1 
and , therefore if X* is the mod (e extension 
of X we have X*(d) s %(<f) ; if then 

t-o and ait 1 (mod 2 ^contrary to assumption* 
thus X*(<d) i i • 

iv) the hypotheses imply k is an intayer 
yreater than 2 ; thus either some odJp rime 
divides £ , or £ = 4, or (e is divisible by 8 * 




in any event , by (i}, (u), (iu) there is a mod C 
character such that X(dh#i. 

3. v) if (a, le)^ 1 the result is clear* otherwise, 
if a*l(mod r) then the sum equals I \(i)zc ; 
while , if a £ 1 (mod k) then, by * z (w),th ts 
a X, with X,(a)it l ; multiplying by X^a) and 
recalling *i(x) we see 

and , therefore, ( \ t (a )-l) £ X(«) = o * since 
XjCa )-1 * o the conclusion follows * 

w) usiny (i) at the l 5 ^ eyuali+y and *i(viil) 
at the 3^ eyuality we have 

c -\£ i si ^)*i, j 

iu) if (n, £)* i then the sum is zero • if 
(n, (e) = 1 we may select m so that am 3 n (mod £.); 
note then , usmy (i) and (m), that 



I xcay'xcn)* £ \(a)'‘\X X("0 

f f(d) if m-i (mod d.) • 

( o if i (mod d); 
but tnsi(mod d) is equivalent To asn (mod d) 
and we are done , 

iv) since X(a) is a rootofunit\j,sce*’i(W'D) 
X(a)\(a)si •, thus \(a>* XW-XCaV 1 and the 
result is the same as (ii*). 


i*. {) -^p is an root of unttvj and with 
the exception of 1 all of them satisfy the 

*" w i m 

equation x-prsx +**"»VsO ’ 


ii) the i st equality is immediate fromtf)* 
on the other hand 

I | 1 (^) 1 -'|^5XCa)^|^XX(aM ; 
but, bij *3 (i), Cii}, the inside sum on tberqbt 
is o unless a*si(modd) when it is f(dV, since 
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©nlvj for jsm is the latter true we see that 
the ri<^b+ hand expression is merely 


5 . Taking f fo be \ and cj (irrespectively, 

to be 4 i -,-ir* ) ^ ,n X*' 11 *Kw*) we obtain all 

of these results. 

6. i) Since \ is multiplicativetbeiriultiplicativi+ij 

of F follows from \l\\\*Zi(,i)) the expression 
i^iven for F(p* 1 p 4 *‘) is immediate ^rom the 

multiplicativi+y • 

u) this follows from the expression in (t) 
and the observation 

\Cp* i ')*\U^X(p^+%(pi) l +-tX(p,.)^ 

r«x f +t if x<p,)M 

. J l if X(p t )s-» and oi | is even or if \(p^» o j 
( 0 if XCpj)*-i and #,■ is odd, 
plus the fact that for n 4 all are even j 




ni) this »$ an immediate consequence ©“f (tO 
Since ? ^£2 has a subsenes whicn dominates 

n*i <Jn 

the harmonic scries T ~ \ 

n*t 1 7 

iv) the ecjuabtij is clear from the definitions 

0^ G and F *,the, ows ^rom a consideration of 

the lattice points under the ^ 
t^raph of <£$*“X in the <^raph 
to the ri^ht ) 

v) bvj comparing and ^ ^ >vith 

f^x"*dx and x** dx we hiave 

4i S2 V^ + O ^O(V?),^-2^tO(l) + 0(^) ; 

from the last part of *5 we have 

r r h.f ^ ‘°(^y°(w) ! 

substituting these into tw) and simplifying fields 

Mfa Hr* 

»4</i5 + 

«»V* U\) + o {0 ; 
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vi) if L c (%) *o then, from Cv), G(x)» 0 (i) 
and tints contradicts C«0* 


7. i) Put P(n)s %(n), f(v)*x ; <j(x)= J„ 
into NXll^4 CiO, to obtain *= w I x >)(m)X(w)^(^)) 
novJ noting that , bvj ^s ) ^(Y) = X L 0 (\) + 0(t) 
and substituting we kave 

^“ixWWim^W+Oii) ) 

5 Z^frOXlm) • 

since tke last sum is o(x) tke desired result 

follows ) 

«*> 

= x Imc (L 0 (%)+o (i)) - x (L t (X) + o ( J V L )) 
s-xL.CX) t o (Inx ) ; 

6) usincjxxil *H (it) on the expression for 
<^(x), taking f(x)sxlnx , we find ,usmc] (a), 
x Inx =1 P(n)X(n) a (-£) s r o(n)\(n)(-£ L,(\)+o(lfi£)) 

.-*L l Wi^o( A ln«i 

tke desired conclusion novo follows from XXill *z (iv) j 



iii) for L e (\)so tints fallows from ;iO and 
for L e (X)*o this follows from C i) . 


8. TUs proceeds alonc^ lines similar to xxill *9(u)* 

r stg^+ow* £ x ‘ 1 ? 1 " 1 ’ + 2 r ^V" 7 


jr* y\*x y 3 


f 5X * ?** 7 

XM\M _ V(c 6 \(cf) c XC<S)ln<$ 

n 3 & <f ^ 


* I 

n*K 


usm<j *7 (tit) completes tke proof. 

9 . t) **(vi) no swell % mcivj be real- thus if 
Lo(X)^ 0 +ben L 0 (\)#oand \ f\ *, thus N is 
at least 2 * 

ii) the left mecjualiti^ is clear * the e^ualrfy 
follows from *3(i) ,(w) since 

X^I«£_. r Jnj. t X(tJ); 

x yiv p j>*x p x TM 

finally ^ making use of *8 and XXlil ^ 2 (' 0 ') we see 






r r Wfllny t r Ja t x»)l"y , - MW Ini. 

* ?" f T l.&» * mV* ? 

%*X» X*X 0 

slnxtO(i) + N(-lnx+0U))+O(i)* (l-N)lnx + o(i)j 


lit- a) if N>1 then tk 

rtc 5 ht side. in (ii) would 
tend to - ©o, contrary to tk inecjuahi^ there 

stated • 

6) bij *8 evervj contri tutor to tk sum Q^x) 
is either O(i) or oftk form -lnx + O(i)*this means 
that ( f some contributor were of tkfirm -lnx+0(i) 
then <^(x) would tend to -oo as x-»oo -this contra¬ 
dicts (a) j but then, b^ X, satisfies 

LA\)*o 5 

O this follows from (b) and *8 . 


10 . The ecjua litij follows from *3 and the 

ecjualitvj from *9 (ii*) and XXlll*2(v) • if there were 
onlvj fini+Jij manij primes p t p * a (mod (e) then the 
left side would be finite in contradiction to its 
beinq equal to lnx+0(i). 
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Notation is integral to mathematical meaning , and 

where notation is displaced with more Repressive 

f lability than standard type allows, the clarity 

and continuity of tl^pcesentation is enhanced along 

with the appearance, of thepage. This proposition is 

demonstrated by this wholuphand-calligraphed booh. 

The ayyroacU of the t^ct is almost as unusual as its 

format. Joe Roberts, "Professor of Mathematics at Reed 

Collie, has devised a sequence ofproblenijj that will 

leg^ <**t u d*nt without-much mathemc^c^Jtraining 

or sophistication to anl understanding of a number 

of the better known results of element-ary number 

theory . The problems-also offer a great many results 

that are &mply interesting in themselves, andthat are 

not usually me luded even in more q^vcmced courses. 

_ ^ The cheaters are largely independent, and be 

^ undertdBenSfy the serious studgntrilmoi;tat^arfdom. 

Mowpier, it should be nottJ that some of theproblems-3 

are really guite difficult, and no one should feel thqjf * 

consulting the second half of the book, in which 

solutions are presented in detail, is an admission 

of defeat - ij^s^ither a Sheiks of access to a 

' ' er understand mg. 
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